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PREFACE. 


The present volume is intended to serve as a text-book of that part 
of the theory of alternating-currents and the allied branches of the 
theory of electricity, which are necessary for a complete study of 
heavy electrical engineering. In the first chapters the phenomena in 
alternating-current circuits are treated at length. For the calculation 
of alternating-currents the symbolic method has been chiefly used, 
•* because this is the simplest and forms the best connecting link with 
the practical expressions for the watt ’and wattless components. 
Alongside the symbolic method, however, the graphic has also been 
systematically developed by substituting the corresponding graphic 
constructions for all analytic operations. Thus, expressing the well- 
known Kifchhoff s Laws symbolically, the equation of any circuit 
appears as the simplest possible analytical expressions, and these 
formulae at once supply the graphical method for the complete 
solution of the problem. In this way not only can every problem be 
expressed mathematically in the simplest possible manner, but also 
we have the great advantage that the result obtained by the graphical 
solution shews straight away the behaviour of the circuit under all 
conditions. 

In the following chapters the measurement of electric] currents, the 
magnetic properties of iron and the electric properties of dielectrics 
are fully dealt with. In the last chapter the constants of electric 
conductors and circuits are calculated. 

The work has been carefully translated by Dr. fi. P. Smith, 
Lecturer at City and Guilds (Engineering) College, London, and lab* 
Chi'ef Designer at the General Electric Co., Witton ; in addition, 


VI 


PREFACE 


Mr. B. P. Haigh, B.Sc., of the University of Glasgow, has greatly 
assisted in preparing the matter for the press. The customary English 
symbols and expressions have been substituted throughout in .the 
text and diagrams. 

Great credit is also due to the publishers for their valuable 
assistance. 

J. L. LA COUR. 

0. S. BRAGSTAD. 

February , 1913. 
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rNTEODUCTOEY. 


1. Continuous Currents. 2. The Magnetic- Field. 3. Electromagnetism. 4. Elec- 
QuaSfties 10 Muct;10n ‘ 5 - Energy, Work and Power. 6. Complex 


In this introductory chapter, only the more important laws governing 
electromagnetic phenomena will be summarised. The electrostatic laws 
referred to in the later chapters will be found discussed in Chapter XIX. 

?• Continuous Currents. If an electric difference of potential (p.d.) 
exist between the terminals of a conductor, in which there are no 
electromotive forces (e.m.jI’s) "active, a current will flow along the 
conductor from the higher to the lower potential. If the potential- 
difference is maintained constant, the current-strength will also he 
constant. 

Ohm was the first to prove that, with constant temperature, the 
current-strength in a conductor is directly proportional to the difference 
ot potential at the terminals of the conductor. 

The ratio of the terminal pressure $ to the current i is defined as 
the electric or ohmic resistance of the circuit. 


Thus r=-? ^ 

The ohmic resistance r of a uniform conductor of constant cross- 
section is directly proportional to its length l and inversely proportional 
to its cross-section or , ^ 


P is called the specific resistance of the conductor. 

In the electromagnetic system of units, r has the dimension 




and is measured in ohms. 
Thus, 


, volt 10 s _ 

0llm = ampere = T0-i = 10 C ‘ G " S " ™ its ‘ 


A.C. 
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2 THEORY OF ALTERNiVTHSTG-CUBBENTS 

Specific resistance is taken as the resistance between two opposite 
faces of a cube, the length of whose side is one cm. Expressed thus, 
the specific resistance of copper is : 

p = 1*6 . 10" 6 (1 + 0*004 1*6 ( 1 0*004 T°) microhms, 

and of aluminium, 

p = 2*7(l -f-O’OOdY 0 ) xnierohnis, 


where I denotes the temperature, in degrees Centigrade and the 

factor 0*004 is the temperature-coefficient this latter happens to be the 

same for both copper and aluminium. 

Ohm 9 8 Law can be written thus : In any part of a 
circuit in which no active JS.M.F. is present, the current 
equals the ratio of the fall of potential along this part of 
the circuit to its resistance - . 

Now, since electricity cannot accumulate at a point iT, 
where several wires are joined (Big. 1), it is obvious 
that the sum of the currents Rowing towards the 
junction must equal the sum of those flowing away 
from it. Regarding, then,' the latter as positive and the former as 
negative, we have for every junction sucii a,s K : 



Pig. 1. 


2(i)=0. 


.( 2 ) 


This is known as Kirchhojfs First law, 
algebraic sum of all currents flowing 
towards or away from any junction is zero. 

Consider, now, a closed electric circuit, 
as for example in Rig. 2, in which the 
potentials of the several points are de- 
noted by the letters F 1 to Then, 
according to Ohm’s Law, 

V'l = e «+- P l- i> 2. 


*2' 2 ” 

V's = h + P. 


P *-? 3 


-Po 


• 4 ^35 

V*4 ~ ~ ^4 * 

Taking the algebraic sum of ir , 
regarding the current direction as 


which may be written : The 


by 
positive 



when clockwise and as 


negative when counter-clockwise, we get 


Thus 


2(»') = if t + - if 3 - i 4 r 4 = e„ - e b = 2 (e). 

h(ir) — 2(c) 


(2») 


This is Kirchhoffs Second Law , which reads as follows : In every closed 
circuit , the algebraic sum of the products of the current and resistance in 
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4 THEORY OP AXTERNATINO-CTIRRERTS 

In the electromagnetic system of units (c g.s. system) and for a 
gaseous medium or vacuum, /= 1. The mechanical force K has the 
dimension dim. (K) = dim. (LMT 2 ), 

and is measured in in absolute units. 

sec* 1 

The unit of mechanical force is the dyne, and is defined as that force 
' which gives unit acceleration to unit mass. 

The practical unit of force is a kilogram weight, 1 kg= 981000 dynes. 
The dimension of the product is 

dim, n\m 2 = Er 2 = dim . ( L 3 MT ~ 2 ) ; 
consequently magnetic mass has the dimension . 

dim . ('in) = dim. (L^hP 2 T ~ 1 ). 

Unit magnetic mass is defined as that mass which, when placed in air, 
exerts a force of one dyne on a similar mass at a distance of 1 cm. 

In general, the points in a field where magnetic masses appear 
to be concentrated are designated j)oles. Unit 
W magnetic mass in a magnetic field is acted on by a 

/Jf mechanical force H. This force H is defined as the 

3 field-strength or - intensity , and has the dimension : 

'M ' dim Anechanical JorcgN = dim _ ( L -i M S T -i). 

/ * \ magnetic mass ) 

L by a line offeree is understood that line the tan- 

' 4 „ „ o-ent to which at any point coincides in direction 

p, °- 3 ' _Llne with the field-strength at any point (Fig. 3). 

Lines of force can he represented by means of iron filings strewn on 

















mmxm 




Fia. 1.— Field of Ear Magnet. 


a sheet of paper placed in the plane of the field. The filings then 
arrange themselves in lines which approximate in direction to the lines 





THE MAGNETIC FIELD 


of force. Fig. 4 is from a photograph taken with a bar magnet, whilst 
Fig. 5 shows the lines of force 
of a horse- shoe magnet. 

Constant magnetic forces 
hare a potential, which, at any 
point in the field, is given by : 




where m is the magnetic mass 
of the field and r the distance 
from the point considered. 
The summation is taken for 
all the magnetic masses pro- 
ducing the field. 

A. surface which, at erery 
point, is perpendicular to the 
direction of the field is 
called an equigotential surface. 
Such a surface is the' locus of 
all points having the same 
potential. 

The element of magnetic flux 
passing through a surface- 
element is the product of 
the surface-element elf and 



Fig. 5.— Field of Horso.Blioo Mag'not, 


the normal component if„ of the field-strength, that is (Fig. (!) : 





and 


II. df = IT cos « df, 

<m 


11 = 


df 


Fig. 6. 


or, 


If we split up any desired surface F into surface- 
elements and tahe the sum of the fluxes panning 
through the several elements, we get the Magnetic 
fmx d? gassing through the surface F ; 

( I> = IZjJf cos a df 


= \TI cos adf — j lf n df 

^ F J 


A magnetic tube of farce (Fig. 7) is defined 
as the space which is bounded by lines of 
force passing through a closed curve O. 

If we draw a number of surfaces through 
any point in the tube, then the same 
flux will pass through all sections which 
the tube of force makes with these sur- 
faces; for, in an infinitely small tube, for any section, wo Imvo 
= M„df= II cos a d/=JId/ n , 



Fig. 7 .-- TiiIk; of |*'om 
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where clj n denotes tlie section which the tube cuts on the equipotential- 
surface at the point considered _ 

Gauss and Green’s Theorem can he deduced directly from Coulomb s 
Law, and may be written : The total number of lines of force d? passing 
through arty closed surface F equals 4tt times the sum of the magnetic masses m 
within that surface. From this it follows the flux has the same 
dimension as magnetic mass. 


H n df=& = 4:r2(in)„ 


Since no flux can pass through the boundary of a tube of force, 
it follows, from Gauss and Green’s Theorem, that the flux passing 
through any section of a tube is quite independent of the position 
of the section, i.e. the flux inside a tube of force is constant. A tube 
enclosing the flux <b = 1 (c.G.s, units) is defined as a unit tithe of force , 
and any tube of force may be said to contain a certain number of unit 
tubes. In a strong field, the unit tubes have a very small cross- 
section. The field-strength at a point denotes the number of unit 
tubes of force of like section which pass through a square centimetre at 
the place in question. 

The above properties of the magnetic field hold in general lor 
a homogeneous medium, as for instance a vacuum. If a body be 




Fia. s.— Weakening of Magnetic Field due 
to Introduction of Diamagnetic Body. 



Fig. 0. — Strengthening of Magnetic Field due 
to Introduction of Paramagnetic Body. 


brought into a vacuum where a magnetic field exists, the field in the 
body and its neighbourhood will, _ in general, change in shape and 
strength. If the field is weakened, i.e. if the tubes of force are widened 
out, the body is called diamagnetic (Fig. 8); if the field is strengthened, 
i.e. if the tubes are contracted, the body is called paramagnetic (Fig. 9), 
whilst if the field becomes strongly concentrated, the body is said to he 
ferro-magnetic. 

The magnetic conductivity of a substance is called its gienneaUlity, 
and is denoted by g. 

When a body is brought into a magnetic field, it is said to be 
magnetised by induction, and the ratio 

if 





THE MAGNETIC FIELD 


7 


is called the magnetic induction or the flux density. d c l> is the flux passing 
through the elemental section df of an equipotential surface in the body. 

In a f erro-magnetic substance situated in a uniform field, take two 
cylindrical cavities, whose axes lie in the direction of the magnetic 
force. The one cavity (Fig. lOe) is a narrow canal, so long that it may 
he considered as a tube of force, since the lines of force are parallel to 
the axis. If we bring unit magnetic mass into this cavity, in order to 
test the magnetic conditions, it will be acted on by a force equal 
to the field-strength E at this point; this force is much smaller than 


H + 4T I- B 




Fig. 10a. Flo. 106. 

Field- strength and Induction inside a Feiro-magnotie Body. 

the above defined induction A?; whence it follows that the magnetic 
force inside a ferromagnetic substance or a magnet is not the same 
dd? 

as that ~jj in a vacuum, but is defined thus : 

The magnetic force, or field-strength, at a point inside a mar/net is the force 
which ads on unit magnetic mass when placed at this point, when the same 
is taken in an infinitely thin canity cut in the direction of the lines of 
magnetisation. J 

The second cavity (Fig. 104) is an infinitely thin crevasse perpen- 
dicular to the _ direction of the magnetic force. The unit mass, 
when brought into this crevasse, will he acted on by tho force 11 
although the magnetic force inside the magnet is, as shown, only //’ 
in order to explain this phenomenon, we imagine the two end- 
surfaces F n and Fs to be respectively charged with north and 
south magnetism. These magnetic masses exert a force on the unit 
mass at point I , which can he calculated from Coulomb’s Law. 

Denote the magnetic density of the two charges by 4 - / and - 1. 

Then the force exerted on T by a surface-element df is If This, can 

he split up into two components— one in the direction of tho magnetic 
oree, and the other normal to it. Component forces normal to the 
magnetic force obviously neutralise one another, whilst tho resultant 
m the direction of the magnetic force is : 

cos </> = I da, 


& 
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where do) is the solid angle subtended by df at P. Summing up the 
components of all surface-elements of the surface F 2 y in the direction of 

# we £ et f IiU -2x7, 

when the surface I s is large compared with the height of the cylinder. 
The same result is obtained by considering the surface F s , so that the 
resultant magnetic force of the two surface-charges is 4=tI, and as 
resultant force on the unit mass in the crevasse, we get 

H + 4:TrI = B, 

where I is defined as the intensity of magnetisation. I is also— as above 
assumed— equal to the density of the surface-charges assumed to exist 
on the boundary surfaces^ and F s . 

The magnetic permeability is 

JB 

^ TP 


and has the dimension of a number. 

Consequently the ! magnetic induction B and the field-strength 11 
have the same dimension. The unit of this dimension in the electro- 
magnetic system of units is called a Gauss. 

A distinction must be made between the iMux and the JEW lux. 
The 5-flux, Le. the flux due to induction, which passes through a 
closed surface F, is independent of the magnetic nature of the medium 
in which the surface is taken, that is, Gauss’ theorem is, in general : 




■<6«> 


or, in other words, the B-jlux remains constant in passing from one 
medium to . another . 

Take two points close to the boundary surface between the two 
substances K x and K> (Fig. 11). Then, 
since the IMux remains the same in passing 
from one medium to the other, we have 



B n =B n 


or Hiir ni = inEn, 


K ih then II ni I/„ 3 , that is, in 
passing from one medium to the other , the 
components of the magnetic force , taken normal 
to the boundary surface , are discontinuous. 

The tangential components of the mag- 
netic force are continuous in passing from one medium to another, 


that is, 


whence 


H t -H t 

A 
A 


<a> 


F\, 

fa 


i.e. in gassing from one medium to another the tangential components of the 
B-flux are discontinuous . 
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From Pig. 11, t an a 2 _/ x j > s 

tan a, . *->• <• ,\i q ^ l O 

Hence, in passing from one medium to another the induction- od'-B-tHibs 
discontinuous. In substances of high permeability therefore like 
iron, the tubes enter and leave almost perpendicularly to the surface. 

In order to treat magnetic problems mathematically in spite of the 
discontinuity of the if-tubes, we assume the boundary surface between 
the two bodies to be replaced by magnetic surface-charges from, which 
tubes enter and leave. Where the flux passes out of a medium of 
higher permeability, e.g. iron, these magnetic charges have the positive 
sign (north-pole, magnetism); and where it enters a medium of 
higher permeability, the negative sign (south-pole magnetism). Such 
imaginary charges are called poles. 


3. Electromagnetism. A. magnetic field is most easily produced by 
means of. an electric current. Oersted was the first to discover that 
an electric current acted on a freely-suspended magnetic needle by 
tending to bring the same into a direction perpendicular to that of the 
current. According to the elemental-law of Laplace, the mechanical 
force A exerted by a current-element on the magnetic mass m at a 
distance r is: . 7 


This force has a direction normal to the plane passing through the 
element ds and the mass m (Fig. 12a). Conversely, the current-element 
is acted on by the magnetic mass in the opposite direction. 



Pig. 12a. 



Pig. 126. 


Electromagnetic Forces. 


Every electric current produces a magnetic field, which surrounds 
the conductor in which the current flows, and acts on all magnetic 
masses m the neighbourhood ; conversely, every conductor which 
carries a current is acted on by a mechanical force when brought into 
a magnetic field. This force is expressed by 

1C —Ili&s sin <j> 9 ' 

where cf> denotes the angle between the current-element ds and the 
direction of the field II (Fig. 12ft). 

As mentioned above, the held at any point due to a current- 
element is perpendicular to the plane passing through the element and 



Fig. 13 .— Determination of Direction of Field 
due to Electric Current. 


Fia. 14 .— Magnetic Field produced 
by Current in a Straight Wire. 


From formula (7) it is clear that the lines of force produced by a 
straight-line current (Fig. 14) are concentric circles, lying in planes normal 
to the conductor, and that the field-strength II at any point r cm away 


from the conductor is 


nJl 

V 


For a circular current (Fig. 15) the field at the centre is 

X— x R-%. 

f \ where R- radius of the circle, 

tj ] From this we can express the dimension of current 

\ / J in electro-magnetic units, 

Y / i — dim . (length x fi eld-strength) 

^ ^ =dim.(/iifb'- 1 ); 

J L, ‘ .and in the same system of units, unit current is 
that current which— flowing in a circle of unit radius — produces a 
field-strength 2 tt at the centre. An ampere is of this unit. 


the point considered. The direction of this field can at once he found 
from the following rule : 

Place the palm of the right hand along the conductor so that the fingers 
in the direction in which the current is flowing— then the thumb points 
direction of the field-strength II at the point P (Fig. 13 ). 

If the conductor (Fig. 12b) is movable, it would be displaced y 
the force K' in the direction as given by following rule : 

■ Place the left hand along the conductor so that thefivx enters the palm oj 
the hand and the fingers point in the direction of the current— the thumb 
will then give the direction in which the conductor' will tend to move. 

This rule can be used for determining the direction of rotation m 
the case of a motor. 
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ELECTROMAGNETISM . U 

At^the centre of a long solenoid (Pig. 16), the strength of the 

4 Triw 


field is 


IL,= 




“ Ien “ id “ d «■■■». 


— f - 

, D 

i 


Fig. 16. — Solenoid. 

When ™ is small, the field-strength may be written : 

iiriw 


E= 


7T’ 


and is nearly constant at all points inside the solenoid. When the 
current is measured m amperes, we get tDe 

h ._ 0-47Ow l-25m iw 

L = ‘ L ~ (TsL ’’ 

iw is cailed the ampere-turns of the solenoid, and is of late referred 
to as the MdgnetoiTioh'va fovea * 

to form f r r ring la ^ ^ m ° re if th ® solenoid be closed (Fig. 17) 

The work done in carrying unit . quantity 
of magnetism, placed inside this ring, 
round one complete turn of length L 
against the force if, is 

HL — O'HtW). 

If the unit quantity is moved over any 
closed curve 0, the work done is equal to 
the sum over the whole circuit of all the 
work-elements Hell, i.e. 




HU 



Fig. 17. — Simple Magnetic Circuit. 


This summation is called the line-integral 
of the rm^Hc force H over the cine C, and is egml to (Hir times the sun 
o/ all the ampere-turns linked mth the curve C. 

| H dl = 0 '4? rim. (g) 

Of reeent years, it has keen customary to start from this as the 

m.m.f. = 1£ amp. -turns. 
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fundamental law of electromagnetism and not from the differential 
equation in formula (7); the former can he deduced from the latter. 

Let the toroid in Eig. 17 have an iron core, and let a current 
pass through the coils, which are wound evenly on the core. Then at 
all points equidistant from the axis of the ring there will be — on account 
of symmetry — the same magnetic force; and, corresponding to this 
force TI , there will be the induction B. Hence the tubes of induction 
produced by the current are concentric and have their path inside the 
ring. The whole body will be magnetically neutral to all other 
bodies, i.e. there are no poles, and is therefore termed a closed magnetic 
circuit . 

Magnetic circuits as a rule have not a constant section as in the 
case of the above ring, and have not the same material throughout, 
so that the permeability varies from point to point. 

Consider, however, one tube of induction of a magnetic circuit — we 
know that the flux in the. tube is constant, and practically sym- 
metrically distributed over the small surface f x ; then 


and 

hence 

whence it follows that 
iw 
0 


B 

W* 


or 


iw _ f 0*8 dl _ p 

<r^/r *’ 




r di 

) c gj x 


where R x is called the magnetic resistance or reluctance of the tube of 
force under consideration. 2 


X = 


IL 


is the magnetic permeance of the tube and has the dimension of a length. 
If several tubes are interlinked with the same ampere-turns, the 
permeance of all the tubes can be added and the reluctance B of 
the total magnetic circuit with which the ampere-turns iw are 
interlinked is -j 

The total flux in the circuit is then 


$ = m r = iw2X 


iw 

T 


or 


_ ampere-turns 
UX ~~ reluctance 


.(9) 


The electromagnetic unit of flux is called a weber. Formula (9) is 
similar to Ohm’s Law for electric currents. From this formula and 
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the fact that tubes of induction possess constant flux, it follows that 
Kirchhoff’s two laws hold for magnetic circuits. 


. Fig. 18a. Fig, 186. 

Comparison between. Interlinked Magnetic Circuits and Interlinked Electric Circuits. 

Tig. 18a shows two interlinked circuits for which these laws hold, 
the magnetic circuits corresponding to the electric circuits of Fig. 18&. 

4. Electromagnetic Induction. When a conductor forms a closed 
circuit in a magnetic field which is varying, an e.m.f. will he induced 
in the circuit. This phenomenon, discovered b y Faraday, is known as 
electromagnetic induction. On the basis of Faraday’s researches, Maxwell 
formulated the fundamental law of electromagnetic induction, which 
experience has completely verified. This law can also be developed 
from the fundamental laws of electromagnetism and the principle of 
the conservation of energy. Maxwell’s Law is as follows : 

Ihe E.M.F. e induced in a closed conductor C equals the rate of chcmf/e of 
the flux which is interlinked with the conclude • C. 

Thas « = (10) 

The current produced in the circuit C by this induced E.M.F. is called 
mi induced current, and the field which induces the E.M.F. is called the 
inducing field. The change of flux: can take place in various ways, 
e *£\ by a change of field- strength, whilst the conductor retains its 
position, or by a. change of 
position of the conductor in a 
constant held. In the first case 
the direction of the current is 
always such as to oppose the 
change in the field-strength — 
hence the negative sign in 
formula (10). By means of 
the hand-rule, we get the direc- 
tions of the induced E.M.F. ’s as 
in Figs. 19 a and b for increase 
and decrease of the field-strength. In the second case the E.M.F. is 
induced by a relative displacement of the conductor in the field. 

When only a part of the conductor is in the field it is easier 
to determine the induced e.m.f. by means of the elemental-law of 
electromagnetic induction. Such a law cannot be proved, and it must 
suffice that from this the fundamental law can be deduced. 
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This elemental law is as follows : 

If an element els of a circuit be moved in a magnetic field, an E.M.F. mil 
be induced equal to the flux cut by ds in unit time , i.e. 

*— ir < n > 

To determine the positive direction of the induced E.M.F. the following 
hand-rule is convenient : 

Place the right hand in the magnetic field so that the flux enters the palm 

and the thumb points in the 
sf ^ direction in which the con- 

H ductor moves— the fingers 

I II 4§/v m'W then point in the direc - 

A* tion of the induced E.M.F. 

. Ill id I (or of the current ), as in 

Fig. 20. 

\1 Often the circuit C is 

i J not a simple curve, but 

consists of several turns, 
some of which do not 
| JfV ^ embrace the total flux. 

1 ^ In every case, the E.M.F. 

m |||| induced in a turn is pro- 

portional to the change 

Fi<3» 20.— Determination of Direction of E.M.F. induced in a tr • .r > , ° 

Conductor by Motion in a Magnetic Field. UUX 111 til at turn. 

Hence, to find the total 
e.m.f. induced in a circuit or coil, the sum 2(& x w x ) of all the inter- 
linkages of flux and turns must be taken ; thus, in general, 


»- jm^> t (10a) 


that is, the E.M.F. induced in a circuit equals the rate of change of the 
number of interlinkages of the flux with the circuit. 
e.m.f. has the dimension 

dim. « = dim. /field^tog&xsurfa_ce\ 

\ . time / 

= dim .(M-i). 

The absolute unit of electromotive force is that e.m.t. which is 
induced in a circuit when, the number of interlinkages is altered by 
unity in unit time. The practical unit has been chosen equal to 
10 s times this absolute unit, and is called a volt; hence 

«- - 10-8 volts. 

dt 

5. Energy, Work and Power. Every mechanical system of forces 
possesses a certain potential energy. Such a system always tends 




ENERGY, VOIiK AND POWER ! 5 

to assume a, position of equilibrium, in which the potential energy 
will be a minimum. When the potential energy is decreased, work is 
°ne oy the system; when the potential energy is increased, energy 
is a -ten from outside, i.e. work is given to the system, 
iil ectr om ague tic forces also possess potential energy, which win ho 
Jtermmed from the fundamental law of electromagnetism. Tim 
itential energy of an elect™ 



“777“ 1101,1 runaamental law of electromagiu 
potential energy of an electric current i interlinked with a magnetic 

linlirf w>wt ndenfc ° f b ^ 6 , CUmnfc is wllere 4> is the flux inter 

linked with the current z, the direction of the flux 

] emg he same as that of the flux due to the 

curren (Fig. 21 ). If the conductor carrying the 

+hf+ e +v. * - 1 * < , ls ^ lac 1 ed ’ or the field is varied, so 
at the, interlinked flux changes from 4>, to d> 
the forces exerted by the field on the current 
will perform an amount of work A equal to the 

° Thus ° f potentia * suer Sy in the system. 



According as <f> 2 is greater or less than <f> the energy of the Hvsiem 

“ d ,h8 “ *‘e w SKI, ft, ST 



cl A = id <P } 

and the power exerted by the field at this instant will be 

„ r dA , d$? 

w= jt =u -3t 

or wr 

w — — „ # / j $,) % 

where , is the e.m.f. induced in the direction which’ iemnr, mi. 

Thus w is positive and wSkTs done bv thfJ "{i°V ng . tho (nmmt 
a motor. On the other hand if Z if 1 > d Tllls ifl the ease of 

be induced in the same direction L £ ctrentTZlhe’* ^ 
negative. The work id , 1 ^ MirrentJ z ana fcho power \v 

generator. We thus see thwt thecZenF^Vd^ediVj] A A™ “ 

ptm % zs:tA nA ?r te lhi Mm r 

supplied to a circuit in the* element oTtime ^ifalw^s" ^ ^ Wurk 

dA-eidt, * /itix 

5s„» 4 >re to *« ““ ' 

^ j^sas rr ! 


HaU'K! 
is the mm*. 


w = ei. 
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-U a oc in Fi°- 21, but has several 
s,stem “ 

If the circuit is tl the system > minimum. 

M t on it wA » n if the distribution of the flu* 

SXbTsulh ft?«he™umb.r of inttrlintag- of tubes of force tends to 
become a maximum. field is not independent of the current in 

the^leetrie ciieuit Jiut itsreluetaiiec constant, then the pot.nt.nl energy 
Of such » system is - 1* c „ ysl<im „ „ clc e tri e 

The simplest foim of si ^ produced by the current in the 

s? tt i ss«: ». as the 

l V" Jf Z~ clA = - d (It = idS(^A)- 

If the reluctance of the field is constant, *, is proportional to i, a, id by 
integration we obtain ^ = f*^S( Wa .$ x ) = 

which is the magnetic energy of an electric circuit , with i eonstnnt 

reluctance. Substituting in this fermuln the relation J 11 H- 
energy of the held per unit volume is expressei y 

a-\S£-\m. 

. i i-rt 4 -Via AY-nrpssion for tlio worlc of def orno <ition 
which is q'nte analogous th ^ for tho fiekl energy per unit 

in a purely elastic body. holds quite generally for all mag- 
netic fields. . , 

If an iron ring with an air gap, as shown 
in Fm 22, is magnetised by means ot a 
continuous current, the energy supplied to 
it will be which will be stored 

in the magnetic circuit. ^ Ihis energy exeits 
a force on the magnetic circuit, which strives 
to reduce the reluctance of the latter. In 
the present case this could be accomplished 
by decreasing the air gap. The magnetic 
charges which we can suppose to exist 
on the boundary surfaces possess opposite 
polarity and attract one another, thus 
the force of attraction between these two surfaces stresses t ic w o c 
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ring like a spring, which condition on ly ceases when the current, and 
with it the magnetism and stored energy, disappears. 

The attractive force between the two surfaces Q may bo easily 
calculated. The magnetic charge on a surface exerts a force of 2?r7 on 
each of the IQ units of the opposite surface. Consequently, the force 
of attraction is j£_ 2 ttI 2 Q 

or, if we put B ^ txi, 


then 


Sir 8 7T 


Power has the dimension 


dynes. 


dim. (power) = dim. (E.M.F. x current) = dim. (IAMT™' A ). 

The practical unit of power in the c.a.S. system is a watt. 

Watt = volt x ampere — 10 6 * 8 x lO" 1 = 10 r units of power in the electro 
magnetic system. 

The unit of work in the electromagnetic system is the eiy: 

1 erg— 1 cm dyne ; 
and the practical unit is the joule : 

1 joule — 10 r ergs. 

Thus the power of one watt corresponds to one joule per see. The 
engineer’s nnit of work is the Idloqmmm-'mdre (kgm) or the foul 
pound (ft.-lb.). 

Since 1 kg - 2 *205 lhs. = 981000 dynes 

of 1 lb. = 0*453 kg. = 444000 dynes, 

and 1 metre = 3*28 ft. or 1 ft. = 30*5 cm., 

then 1 kgm = 981 000 . 100 ergs = 9*81 joules 

an d 1 ft.-lb. = 444000 . 30*5 ergs = I* 355 joules. 


The practical unit of power is known as a hr/rse-power. 

The horse-power in the metric system as used on the Continent is 

1 p.s. = 75 kgm per second = 75 . 9*81 = 736 watts - 
and in the English system, 


1 h.p. =550 ft.-lb s. per second = 550 . 1*355 = 746 watts. 

The unit of ’heat is the ederia, and is equal to tins mean amount <4 
heat required to raise the temperature of unit mass of water by one 
Centigrade degree. 

The small or gm-caloru is equivalent to 0*428 kgm ; thus a gm-ealorio 
is equivalent to 4*2 joules or the power of 4*2 watts for one second. 

The Urge or hj-ealorie is 1Q0Q times as large as the gradation©. 


6. Complex Quantities. It is well known that any given positive 
or negative number can be represented by a point in the abseiswi axis 

OX, by taking the direction from the origin 0 towards X an ’positive 

A.C, n 1 
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and the opposite direction as negative. We can extend this system of 
representation by letting the complex number -a+jb 9 where j = «/ -1, 

be represented by a point 
in the plane of the co- 
ordinates, which is obtained 
by setting off the distance 
b along the ordinate at a 
in the .X-axis, b being set 
off in the direction of the 
X-axis when it is positive 
and in the opposite direc- 
tion when it is negative. 

Thus every number , whether 
real or imaginary , has a corre- 
sponding point in the plane 
of the co-ordinates (Fig. 23) ; 
conversely, every point in 
the plane of the co-ordinates 
corresponds to a definite 
number. 

In the following, symbolic 
expressions for complex 
quantities will be denoted by placing a dot below the letter. Thus, in 
Fig. 23, let a = r cos ^ anc j j) _ r s i n c />, 

where r—sfaF+b * and tan<& = -; 

a 

then the symbolic expression for the point X is 

X—a-\- jb = r (cos + j sin </>) = rd^, 

where e = 2*71828 is the base of natural logarithms. 

r is called the absolute value of the complex quantity A", and equals 
the length of the line joining the origin 0 to the point X. <j> is defined 
as the argument of the complex quantity, and is the angle the vector OX 
makes with the axis of positive real values. Positive real numbers fall 
on the axis representing positive real values, i.e. to the right of 0 on 
the abscissa-axis (see Fig. 23), and have the argument zero, whilst 
negative real numbers fall to the left of 0 on the abscissa-axis and have 
the argument 7 r. 

Similarly, positive imaginary numbers have the argument ^ and lie 

on the positive ordinate-axis; negative imaginary numbers have the 
3 t 

argument -x- and lie on the negative part of the ordinate-axis. 

M 

Two complex numbers which have the same absolute value and 
whose arguments are equal but of opposite sign are called conjugate 
numbers, as, for example, a +jb and a ~jh . Two conjugate complex 
numbers correspond to points in the plane which are the images of one 
another with respect to the axis of real values. 



imaginary aaw 


COMPLEX QUANTITIES 


1 i) 


We must now extend our conception of complex cpianiities and nee 
how the same can be subjected to the process of calculation. This 
extension can be so effected, that complex magnitudes can be calculated 
by the same rules as those which govern the operation of real magni- 
tudes, and the fundamental laws for real magnitudes can bo taken 
as special cases of these rules. For this purpose, we deduce the 
following formulae : 

Addition and Subtraction. 

Let X — Oj 4 •jb l and Y = a 2 -f-/A a . 

Then Z—X± Y~a+jh 

= {a x 4-/J x ) ± (a 2 4 -jh ) « dj ± a 2 4-,/ (b v ± A,). 

Both X and Y represent a point or a vector in the plants of the 
co-ordinates. 

Let a. point Pin the plane of the co-ordinates be represented by two 
complex expressions, e.g. P=a+jb = c+jd, then we must have 

a — c and b = d, 

for the point I has only one abscissa and one ordinate. Hence every 
complex equation such as a-+jb = c +jd can always bo split up into two 
real equations. This is due to the fact that, strictly speaking, j in 
merely symbol or index, which serves to distinguish between ordinate 
and abscissa magnitudes in analytical expressions. 

From the above Theorem of Addition, it then follows directly that 
d = a 1 ± a 2 and h *= b x ± b 2 , 
when X = eq 4- jb t ; Y=a 2 +jlh 2 ; 

and Z=X± Y=a-+jb. 

Hence Z is represented hy a point whose co-ordinates are the sum 
of the co-ordinates of X and K 

As seen from Fig. 24a, the radius-vector Z is the geometrical Burn of 
the vectors X and Y ; or, in other words, X is the resultant of the two 
components X and Y. 



The point Z i s obtained by drawing a line from the point X parallel 
and equal to OY ; or, in other words, starting from the one component ,\\ 
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the sum Z is obtained in the same way as when the second component Y 
is found by starting from the origin 0. 

Similarly the diagram in Fig. 24 b represents the process of 
subtraction, 

Multiplication. 

Let X = tij + jbj = r^cos <^>j 4-./ sin <^) = r^ 1 , 

and Y— a 2 4 -/i 2 = r 2 (cos <£ 2 4-/ sin <£ 2 ) 

Then Y=XY= a L a 2 - bf) 2 +j (a } b 2 + b x af) 

or = ? , 1 r 2 { (cos ^ cos <£ 2 - sin <^> 1 sin </> 2 ) 

-f-; (sin ^cos <£ 2 +• cos sin <£ 2 ) } 

= V 2 { cos (<£i 4- <i> 2 ) +> sin^ 4- cf> 2 )} 

= r 1 r 2 € ; ^ 1+< ^ 2 ), 

that is, the multiplication of two complex numbers is effected by multiplying 
the absolute magnitude, of the one by that of the other and lading the sum of 
their arguments. 

The product of two conjugate complex quantities is a real quantity 
and equals the sum of the squares of their absolute values; thus 

(a 4 jb) ( a - jb) = a 2 4 b 2 . 

As seen from Fig. 25, the product of two vectors can be regarded as 
formed from one vector by multiplying the absolute value of one vector 



by that of the other, and at the same time turning the former vector 
through an angle equal to the argument of the latter vector. Such an 
operation is called rotation in geometry, for the vector ^ is considered 
to result from the vector X by rotating and by increasing ' X by an 
amount given by the second vector Y = r^<k. The rotation is ‘counter- 
clockwise when </> 2 is positive and clockwise when <f> 2 is negative. 
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the sum Z is obtained in the same way as when the second component Y 
is found by starting from the origin 0. 

Similarly the diagram in Fig. 24 b represents the process of 


subtraction. 

Multiplication. 

Let 

X = +/&!=? i (cos 4>i +j sin <hi) = n 1 e jc ^\ 

and 

Y = « 2 +/J 2 ==r 2 (cos (j> 2 ~bj sin 4 2 ) = r 2 e j<f> \ 

Then 

Z=XY= a x a 2 - bf? 2 +/ (a } b 2 + l\af) 

or 

— V2 {(cos (f>i G os $2 - sin £]Sin </> 2 ) 

4- j (sin 4>\ cos 4% +* cos 4>i sin 4 %) } 

= 2 {cos(</> 1 -I- 4 2 ) +j sin(<^ 1 + cj> 2 )} 

- r r J(4i+4a) 


that is, the multiplication of two complex numbers is effected by multiplying 
the absolute magnitude, of the one by that of the other and taking the sum of 
their arguments. 

The product of two conjugate complex quantities is a real quantity 
and equals the sum of the squares of their absolute values ; thus 

(a +jb) (a - jb) = ci 2 +. b 2 . 

As seen from Fig. 25, the product of two vectors can be regarded as 
formed from one vector by multiplying the absolute value of one vector 



by that of the other, and at the same time turning the former vector 
through an angle equal to the argument of the latter vector. Such an 
operation is called rotation in geometry, for the vector Z is considered 
to result from the vector X by rotating and by increasing' X by an 
amount given by the second* vector The rotation is counter- 

clockwise when cji 2 is positive and clockwise when cf> 2 is negative. 
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Let the value +1 be set off along the abscissa-axis and join IF. 
Then the triangles 01 Y and OXZ are similar, for we have 

2UY, and L(X0Z)=ct>^L{\0Y), 

OX 01 

that is to say, the product Z is formed from one of the factors, e.g. from X, 
in the same way as the second factor Y is formed from unity. 

Division. 

The operation of division is the reverse of that of multiplication, as 
seen from Eig. 26, that is, the division of two complex numbers is effected by 
dividing the absolute magnitude of the one by that of the other and talcing the 
difference of their arguments . 

The denominator of a complex quotient is made real by multiplying 
both denominator and numerator by the conjugate quantity of the 
denominator, for example : 

z= £ = «i+A = («i +A ) («v-A) 

Y a 2 +jb 2 di + bl 

_ rqa 2 + bf.^+j - aff) 

TFT 1 

or _ r 1 (cos ^ +,/ sin <£,) 

r 2 (cos <£ 2 +/ sin <£ 2 ) 

{oos(<k - 4>i) +/ sin (fi ~ <l>. 2 )} 

1 2 
r 2 

* Involution. 

From the formula for multiplication, we get 
Z = X n ~ (a + jb) n = {r (cos <£ +/ sin <jf>) } w 
= r w (cos n<j> -hj sin ?i<£) — rV^. 

Hence , to raise a complex number to any power , 
we must raise the absolute value to that power and 
multiply its argument by the index. 

•Fig.. 27 represents this operation. We 
have thus, for example, 

(a 4 -jb) 2 = a 2 - b 2 +j2ab. 



Fro. 27. — Involution. 
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SIMPLE ALTERNATING-CURRENTS AND THEIR 
REPRESENTATION. 


7. Sine Wave Currents. 8. Summation oi Sine Wave Currents ^ ; 

Effective and Maximum Values of Sine Wave Currents. 10. ’]>« 

Representation of Sine Wave Currents. 11. Power givon by bine Wave 
Currents. 12. Symbolic; Representation of Power. 


7. Sine Wave Currents. The simplest alternating-current in one 
whose momentary value can "be expressed as a function of the time 
by a sine wave, e.g. i = jr^ sin ( 2 t ret + <£) 

= I lmx sin^2xj,+-^ 

= j r r„. x sin(<» t + <]>), 

where T ma , x is the amplitude of the current, T the time m seconds the current 
takes to pans through a, complete cycle or period, whilst -y,= c represents the 
number of such cycles the current passes through in one second, and 



is called the frequency of the current. Fig. 28 shews such a current, 
■which obeys a sine law, drawn as a function of tlie time. 
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With polar co-ordinates, the sine curve is represented by a circle 
(Fig. 29), whose diameter OA equals the amplitude 7 max . OB is the 

momentary value,* whilst </> is 

^ called the phase angle of the 

s /Vv current. The point B moves 

/ / \\ over the circle twice in a cycle; 

j / Y\ consequently, o> = 2 ire repre- 

/ 7 sents the angular velocity of 

I \Jy ^ rotation of the straight line 



The current passes through 
zero when 


t — t 0 — 


Fig. 29. — Representation of a Sinusoidal Current by 
Polar Co-ordinates. 


whence the phase of the current 
is given by 

t -±T 


Since the amplitude and phase ^ 4> —j of the current are given by the 

magnitude and direction of the vector OA, the latter represents the 
current completely. Its momentary value is obtained by projecting 
the vector OA on to a straight line OB rotating about 0 in a counter- 
clockwise direction with the velocity w. The rotating line OB is 
therefore called the time line. 

This method of representation rests on the assumption that the 
alternating-current is sinusoidal; consequently, the same can also be 



Fig. 30. — Production of a Sinusoidal E.M.F. 


applied to an alternating E.M.F. which obeys a sine law. Such an 
E.M.F. *can be produced by the uniform rotation of a rectangular coil 
about its longitudinal axis between the poles of a magnet, as depicted 
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in Fig. 30. The poles are assumed to be sufficiently large, so that the 
field in which the coil rotates is quite uniform. 

At the instant considered, the flux passing through the surface F of 
a turn is (Fig. 31) 

= HFcos u)t; 

and since the induced e.m.f. is 

e ~ dV 

the e.m.f. induced in the turn will be 

d(HF cos ait) jj-n . , 

e= — ^ T- = HFo) sin wj. 

at 

Now HF is the maximum flux em- 
braced by the turn during a revolution ; 
denoting this by d> max , we get 
e = 27 rc<£ max sin ut. 

The embraced flux is a maximum 

T 

when o)£ = 0 and is zero when <oc = ^- 
The e.m.f. induced by d> is, on the contrary, zero when td = 0, and 
reaches its maximum w r hen (ot — It is thus apparent that the 

induced e.m.f. is a minimum when the coil is interlinked with the 
maximum number of lines of force, i.e. when the coil is perpendicu ar 

to the field. . , ,, , 0 

This is also in agreement with the previous statement, that the 
induced e.m.f. varies directly as the rate of cutting of lines of foice, 



Fig. 31. — Production of a Sinusoidal 
e.m.f. due to Rotation of a Coil in a 
Uniform Field. 



for, when the number of interlinkages is zero, the coil is vertical 
^i.e. o )t^ and cuts the lines of force at the maximum rate; con- 
sequently, in this position the induced e.m.f. is greatest. In Fig. 32, 
the flux i, and the e.m.f. e induced by it, are drawn as functions of 
the time. With rising <$, e is negative; and with falling c b, e is 


f 

[ 
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positive; in other words, the e.m.f. curve is the differential of, the 
flux curve, with the negative sign prefixed. 

If, instead of one turn, there is a coil composed of several turns all 
in the same plane, the induced e.m.f. will be 

e = H'2(F)to sin cot . 

If all w conductors in a coil-side are so near together that the same 
flux 4> inax is embraced by each turn, then 

e = 2 7rcw& max sin tot . 

Since the field-strength H, the sum of all surfaces *2F of the turns, and 
the angular velocity o> are constant, we can write 

e = E max sm tot. 

If H, F and w are in c.G.s. units, then e and E will also be in absolute 
units. To reduce to volts, we must write 

-#max = 2irCW& max 10“ 8 volts (14) 

A cycle in this case corresponds to a revolution of the coil, and the 
frequency c equals the number of revolutions per second. 

The direction of the e.m.f. induced in the coil at any moment 
can be found from the hand rule on p. 14, and is represented by the 
arrows (Fig. 30). 


8. Summation of Sine Wave Currents. In Fig. 30, all the turns 
of the rotating coil lie in the same plane, and the e.m.f. J s induced in 
. the several turns all reach their zero 



together and all attain their maximum 
together. In this case, the e.m.f.’s 
are said to be in phase with one 
another. 

If the turns are in different planes, 
but arranged about a common axis, 
as in Fig. 33, the e.m.f/s induced in 
the several turns will no longer have 
the same phase, but, in respect to 
time, they will be displaced in phase. 
Denoting the e.m.f. induced in coil I. 

<ot; 

then the e.m.f. induced in coil II. 


Fia 33> will have the same frequency as the 

e.m.f. induced in coil I., since the 
angular velocity w is the same in the two cases, but its phase will be 

different ; thus, . ™ 

’ ^2 “ sm (tot - <£), 


where </> is the constant angle by which coil II. lags behind coil I. 
Thus the e.m.f. ; s of coils I. and II. are displaced from one another by 
the angle <£, which the coils make with one another in space, whence 
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flip anp-le 6 is called the angle of phase-displacement between e x and 

Xthe Jg > Mto * den^s that «, taf. behind, or reo.be. it. 

”“"C£. Of coil III. i. d, spaced fro„ «« 

angle f, in the direction of the sense of rotation. The E.M.F. induced 

in coil III. can. then he written 

e^E sm3t sin(«rf-l-$> 

which means that coil III. reaches its maximum (or ite zero) 

before coil I. attains its maximum E.M.E. (or its zero) by an an ^° 
corresponding to the time taken for the system to rotate through t 
ST This*, is said to hade,, and the angle + is called the angle 
offead, in the same way as the angle £ above is called the angle of ag. 



In" order to obtain the resultant E.M.F. induced in the whole coil, the 
algebraic sum of the mmieiitcmj whies of the e.m.f. s in the several 
turns must he taken. In Fig. 34-, the instantaneous values of the 
three e.m.F.’s e lt e 2 and e 8 , and their algebraic sum e, are plotted as 

functions of the time. , 

We often require the resultant of several e.m.f. s or currents of 
different phase. This can he most readily found graphically, lhe 
several momentary value's e,, e 2 and « 3 are obtained by projecting the 
corresponding vectors E, max , E ia „ and on the rotating vector or 
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time line, in accordance with the well known theorem : the projection 
of the resultant (i.e. the geometrical sum) of several vectors on a straight 
Line equals the sum of the projections of the several vectors on the same line. 

From this it follows that the sum of several sinusoidal E.M f. 5 s, 
■which are represented in amplitude and phase by means of vectors, is 



U/rf — —B 



gaven by. the resultant of the vectors of the several e.m.f.’s (Fig. 35).* 
-1 21 a similar manner, the sum of several alternating-currents flowing to 
OX- from a point (Fig. 36), i.e. the resultant of several parallel currents 
can be found by determining the resultant of the vectors of the several 
currents, as in Fig. 37.* Thus 

i = .Zmax sin (lot + c/>) = J, m&x sin (cot 4- <f>j) 4 - / 2 max sin (iot -f <£ 2 ) 

+ / 3 

max sin ( iot 4 - c/> 3 ). 

^ From Figs. 35 and 37 it 
fk i is seen that the amplitude 

/ \\ of the resultant e.m.f. or 

/ \ \jr current is not equal to the 

-y \ Y algebraic sum of the ampli- 

V / \ \ tudes of the several com- 

\\/ / \ \ ponents, but depends on 

\ / L \ f\ the phase displacement of 

\ \ /\ \A '\ V the latter, so that the geo - 

\ \ metrical sum must always 

\ ® be taken. 

~ 9. Mean, Effective, and 

Fl °* 37. t Maximum Values of Sine 

i . , • . Wave Currents. Since an 

alternating-current is continually changing its direction, its mean value 
taken over a whole number of cycles is zero. Thus, such a current 

an 5 t he ^ ectors denoting the amplitudes of the e.m.p.’s and ■ 
currents are— for the sake of clearness-denoted by B l: I l9 etc., instead of by 

xrmxj ^imax, etc. , 
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cannot be used directly for charging a battery, nor can it produce any 
injurious electrolytic effects when flowing as an earth current. 

The mean value of an alternating-current is always understood to 
be the largest mean value which can be obtained daring half a period. 



V \ \\ 


Consider the sine curve shewn in Fig. 38, representing £,’) [ 

*■=!»» ,sin^<\ (” l 


Then the largest mean value is 


imu — J ^ sdl ( ,J, t^dt 

r\i m s tar 1 

T J e =o 

= -Fr„s = 0'636I ma ,. 


Thus the mean value of a sine curve is 


v yy 
y — yy 


The mean value, however, is not of great interest in dealing with 
alternating-currents or pressures, for the power does not depend on 
the mean values. From Joule’s Law, the work done in overcoming 
the resistance r of a conductor by a current i in time lit is 

cl A — ibdt, 


whence the mean heating effect is 


i fi 1 fr 

yfo'^Jo 


Prdt = rP„ 


where I„ T is used to denote the current-strength which a continuous-current 
must have in order to produce the same heating effect as the alternating-current. 


-M- 


This is called, the effective value (or, in accordance with eq. (16), the 
root-mean-square or R.M.S. -value) of the alternating-current. 

i . y -i Q i < 330 9 


N|5J 
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* = 4«x'sin 
i 3 = -C, x sin 2 (^y t) 

= L |l - COS ^ j- 


This is shewn in Fig. 39 as a function of the time. 



Fig. 30. — Effective Value of Alternating-Current. 

The curve i 2 is also a sine wave, but varies with double the frequency 
of the current i Further, i 2 does not oscillate about the abscissa-axis, 
but between zero and so that 

* 1 H T 2 


whence 




r, effective value 

V * J 

From eq. (15) and (17), it follows, 


J ___ mean 1 -1 1 T 

■ £ efT~~ 2 ^2 


The factor I'll is called the form factor of a sine curve. 
Similarly for the E.m.f. : 


1 C T E 

„ P 2 ,Jf _ "mim 

Z’Jo T*'’ 


an( ^ — 2^ -®mean =1-11 F,„ eaJl (18ft) 

On p. 26 it was seen that the maximum e.m.f. induced in a coil 
of w turns is : „ „ ~ 


-fi , .„ax=2«M4> raax 10~ 8 VoltS. 


From eq. (17a) it follows further that the effective E.M.F. will he 

F e ir - J2TTCW&, , ml 10-8 

= 4-44cjo$„ mx 10- 8 volts (19) 
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Again, since 


^mean -®maxj 


(IT) a) 


it follows that A/ meatt = 4^ max 10- 8 volts ( 20 ) 

This last f ox-ixiula can also be simply deduced thus ---during one 
complete cyelo, t-be flux 4> passes from its zero to its positive maximum 
value #,„« ancl then sinks again to zero— thus in half a period the mix 
changes twice — --similarly, in the negative half-period, the nux also 
changes twice, so that in a complete period T the flux changes 
4 times ; hence in a second, the flux variation is 


44L 


-=4c«i> ir 


whence formula, (20) follows directly. 

Since w©_ have made no assumption in deducing this formula as 
to the way irx which the flux varies, it is obvious that the formula (20), 
i,e. the value of J? mean> is independent of the shape of the e.m.f. curve. 

In practice the effective value of an alternating-current or pressure 
plays the most important part. Consequently, in what follows we 
shall deal almost exclusively with effective values, and in the diagram- 
matic represe nfca/fcion, the vectors will denote such values. If we require 
the momentary* values from such a figure, we have only to multiply 
the projections of these vectors on to the rotating vector by J n 
general, we aha.ll denote instantaneous values by small, and effective 
values by btr^ge letters, whilst maximum or mean values will he denoted 
by the suffixes max and mean respectively. 


10. Symbolic Representation of Sine Wave Currents. In place of 
graphical representation of vectors, it is possible to proceed analytically, 
as in Mechanics, by resolving each, 
vector into t>wo components along 
axes perpencliecilar to one another. 

One axis —the abscissa-axis — coin- 
eides with the rotating vector OB 
(Fig. 40) at the instant t — 0. 

^ 0W i r.rrr 2 J Sill ((lit + <j>) 

*/i/(cos </> sin a>t + sin <£ cos o>t), 

where J, m above explained, denotes 
the effective value of the current. 

Thus the momentary value of a sine 
function always equals the sum of 
the momentary values of the two 
components? into which the vector of the sine wave can be resolved. 

As seen frorix Fig. 40, the current i is completely determined by the 
co-ordinates I cos </> and I sin <$> of the point A. 

Just m a complex number can be represented by a point in the plane 
of the co ordinates, so a point in the plane of the co-ordinates can he 
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represented by a complex number. Thus _the point A (Fig. 40), and 
consequently the current I represented by OA , can be determined from 
/= / cos 4> -jl sin 4>, 

where the vertical co-ordinate is taken as the real axis and the hori- 
zontal as the imaginary (Fig. 41). This method was first introduced 
into electrical theory by Helmholtz and Rayleigh . 

In the expression for the momentary current, 

i =\J'2I sin (W + <£), 

</> is the phase angle, which shews that the current passes through its 

zero value at the instant t Q = - — i m6 £ before the instant t = 0. The 

or co 

greater <f> is, the earlier the current passes through its zero, i.e. the 
greater the lead. If </> is positive, then, as shewn in Fig. 28, the time 

t 0 must be set off along the 
negative direction of the time 
axis. In a similar manner, 
in the vectorial representa- 
tion of the current in Fig. 40, 
a positive phase angle <f> 
must be set off from the 
real axis in the negative direc- 
tion of rotation of the time 
line. In the representation 
of this current i by means of 
complex numbers, 

I — /(cos 4> - j sin <l>) — Ie-M ; 

, , . . therefore the phase angle is 

also + <p ; hence, with negative sign, we always obtain a positive phase 
angle, and vice versa. 

The system of co-ordinates used in this figure can be regarded as 
formed from the co-ordinate system in Fig. 29, which is the one 
generally used in Mathematics, by rotating the latter through 90° 
iri the direction of rotation of the time-line. Hence, in represen tin 0, 
sine wave currents symbolically, we set off the real values along 
the ordinate-axis and the imaginary values along the negative 
direction of the abscissa-axis. 

■ The current vector can be given either by its magnitude and phase or 
by the components of the vector along the two axes. The symbolic 
expression I implies these two components, so that the vector is 
completely determined from this symbolic expression. 

In what follows, we shall denote effective values by simple capital 
letters when they merely denote magnitudes, and by capital letters 
with a dot underneath when the effective value is a vector 
representing both magnitude and phase. This method was applied 
b y Stemmed, who has been chiefly instrumental in shewing how 
technical alternating-current problems can be treated symbolically 
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If the vector OA is moved through 90°, in the sense of rotation 
of the time line, to OA' (Fig. 41), the co-ordinates of the point A ' are 

7cos(<jf> - 90°) = /sin 4> 
and - /sin (<£ - 90°) = /eos<£. 

Thus the complex expression for the vector OA' is 
T = I sin +jl cos 
—j { I cos <j> - jl sin 4 > } 

=jL 

We thus see that multiplying a complex or symbolic quantity by / 
corresponds to moving the vector OA through 90° in a counter- 
g*# clockwise direction. Similarly, multiplying by -j corresponds to 

rotating the vector 90° in a clockwise direction. 

In order to find the components of the resultant of several currents, 
or e.m.f.'s, we determine the algebraic sum of the several components 
along the two axes, or, when we proceed symbolically, we can add 
all real terms together and all the imaginary terms together. Thus, 
for example, the sum of the currents 

Ji = % +j\ and I 2 = a. 2 +jb 2 
is I = a +jb = a x + a 2 + j (b x ■+ b 2 ). 

This complex equation can be replaced by two real equations (as 
shewn in Section 6), namely : 

a ~ 4“ a 2 and b — b x -f- b <, . 

Until now we have always spoken of the time-line as revolving ; it 
is possible, however, to suppose this fixed, and let the plane of the 
co-ordinates rotate about the origin. This must then rotate in a clock- 
wise direction* with the angular 
velocity w, and the projection of a 
vector rotating with the plane on 
to the fixed vector represents the 
momentary value of the sinusoidal 
magnitude represented by the vee- 
' tor revolving with the plane. It is 
easy to see that the mutual position 
of the vectors , also their position with 
respect to the co-ordinate axes , is the 
same whether we hare a rotating time- 
line and fided system of co-mlinates 
and vectors , or a fixed time-line and a 
rotating system of co-ordinates and vectors . Since it is customary to 
imagine the whole diagram, i.e. the plane of the co-ordinates and the 

* This direction of rotation is opposite to that adopted, since these drawings 
wereprepared, by the International Committee for Electrical Symbols, ‘ ° 
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vectors fixed in regard to it, as rotating, this method will also be used 
in what follows, and the arrow will represent the rotation of the 
diagram— which is always clockwise. Of two vectors, that one always 
leads which is first in the clockwise direction. Thus, in Fig. 42, 
Tj is leading I 2 by the angle xp. 

11/ Power given by Sine Wave Currents. It has been shewn 
on p. 15 that the work done in an electric circuit in time dt is 

dA ~ ei dt, 

where e and i denote respectively the e.m.f. and current in the circuit 
at the moment considered. 

Siting 6 = J2E sin (ut -f <^) 

and i = J2I sin (ot +- <£ 2 ), 

where ^ and I are effect ive values, the momentary value of the 
power will be 

ei = 2 EI sin (<ot ■+ c^) sin (c ot -f (j > 2 ) 

=1?/{cos(</> 1 -<£ 2 ) - cos (2 iot-b + 

From this it is seen that the instantaneous value of the power is a 
unction of the time, and varies as a sine function about the mean 



Fig. 43 . 


Ssurf ( Ft Wl 43 ^ 2 ) H^ 5 ^ ^ of the current or 

pressure (~tfig. 46). Hence the mean value of the -power durirur ^ 

complete cycle, i.e. the mean or effective power, is, P 8 


.( 21 ) 


1 pr 

W— jrj &idt = EI cos ( 9 ^ - <£ 2 ) 
= EI cos <£, 


where 4 - ^ ^ = phase-angle' between the pressure.® and current I. 
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The product hi of e.m.f. and current is called the amar&nt poimr, 
ana is often referred to as the volt-amperes; cos d> is equal to the 
power-factor^ being the factor by which the volt-amperes EJ must bo 
multiplied in order to obtain the true power Wm watts. 

As we have just seen, the power surges to and fro in the circuit— at 
one instant it is positive, at another negative. This surging will ho a 
minimum when - cf> 2 = <^ is 2 ero, or cos <j> is unity, i.e. when current 
and pressure are in phase, for in this case, and in this case only, the 
momentary value of the power is never negative (Fig. 39). In other 
wor s, although the power is transmitted from the generator to the 
me m the form of pulsations, the line never returns power* to the 
generator. The greatest amount of surging will occur when 

</»i -0 2 = (/>=T 

i.e. when costf> = 0, for now the mean value of the power is zero, and 
e power merely surges to and fro between generator and line, hut 



no actual transmission of power occurs (Fig. 44). In this case i h, 
area of the positive part of the power curve equals that of the no^itiv. 

./the ” n °staSgSS“ n '* !h<iw " i>y 

El cos (<f> x - c/> 2 ) = El cos cj) 

TOh nniforn velocity 2» in » clock™ diteefoi^tho momJnUr! 

ES t'i™ * ,h « «*«* from fto end TV." S 

raaius LL on to the abscissa-axis passing through 0. ' 
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At the moment t — 0, the radius El has the position 0 X A— its 
component along the ordinate-axis is - El cos (<£ x + <l> 2 ) and along the 
. a bscissa-axis -El sin (<£ x -f* </> 2 ). 



Using the graphic representation of Fig. 46 for e.m.e.’s and currents, 
and resolving the vectors into components along the axes, we get 

e = J2E cos </> 1 sin cot + J2 E sin cos od :S 

and i- JZI cos <j> 2 sin cot + J2I sin </> 2 cos cot. 

Since also 

W^EI cos (^-^ 2 ) 

= El cos 4> l cos <j >2 + El sin <j>i sin </> 2 , 

we see that the resultant power equals the sum : of the powers of the several 
components of the vectw's. From Fig. 46, it is also seen that the power 
equals the e.m.f. multiplied by the projection of the current on to the 
E.M.E., or equals the current multiplied by the projection of the E.M.F. 
on the current. 

12. Symbolic Representation of Power. If e.m.f. and current are 
represented symbolically, we get the following expressions for these 
magnitudes (see Fig. 46) : 

E = E cos <f>i ~jE sin </> x = Er :i<t> \ 

I = /cos -jl sin <f >2 = E 

where <• denotes the base of natural logarithms. E and I are absolute 
magnitudes , whilst - and - </> 2 are called the arguments of the 
complex quantities. To multiply two complex quantities together, we 
take the product of their absolute magnitudes and the sum of their 
arguments (see Section 6). Hence the product of the complex 
expressions for current and pressure is 

Eh*-*!-** = El {cos + <l> 2 ) -j sin (c/> x + </> 2 ) }. 
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From this we see that the product of the complex expressions for E 
and I merely gives the complex expression for that part of the 
momentary power which varies after a sine law of double frequency 
(Fig. 45) and has no 
relation to the actual | 

power. , 1 m 

In practice, however, ^ 

it is not the momentary ^ ^ / 



**1 

f - 





1' 

w 

jEI 



< 



7 

i 


\ 


- 

/ 


E 



sfijy 

7 



imag. values 


the mean value El cos <£, ST" 7 " 71 

the apparent power El \ / E 

and the power factor \ j / 1 

cos cf>. These are especi- \ [/ ^ 

ally important when we 

come to deal with curves \ 

of any desired shape. J _ Y um#, mhr.es 

For this purpose, it 0\ 4 Zj 

is best to set off the fig. 4 r. 

apparent power El as a 

vector at angle to the ordinate-axis (Fig. 47). The pro- 

jection of this vector El on to the ordinate-axis then represents the 
effective power El cos <£. Choosing again the ordinate-axis to represent 
the real and the abscissa-axis the imaginary values, we get the follow- 
ing symbolic expression for the power vector : 

(El) = El cos cj> -jEI sin <$> 

=EIrtt=W r +jW J . 

We can suppose the power vector to be formed from the E.M.F. 
vector, by simultaneously moving the latter through the angle </> 2 , 
in the counter-clockwise direction, and multiplying it by the current 
L In other words, the power vector is obtained by multiplying the 
e.m.f. vector by le^ 2 . Hence the symbolic expression of the power 
vector is obtained by multiplying the e.m.f. vector by the conjugate 
vector F ( = JV^ 2 ) of the current vector /. The vector T = h^' 1 is the 
image of the current vector I—le~ j ^ about the real axis. 

Let E^Ee~^ = E l -jE 2 

and I = Ir j(f> * a 

Then (El) = W+jW } = (E, -jE 2 ) (I, 

= E l I 1 + E 2 I 2 +j(E 1 I 2 -E 2 I 1 ). 

Hence the effective power W( = EI cos </>) is 

+ : ( 22 ) 

and the so-called imaginary power (El sin <l>) is 

Wj-E-J^- E 2 I 1 


(23) 
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* In this method of representation, the imaginary power is positive or 
negative, according as the current leads or lags in respect to the E.M.F.,- 
and is zero when the two are in phase. If we had proceeded otherwise, 
and called the imaginary power positive, when the current lags, the 
power vector would have been obtained by multiplying the current 
vector by the conjugate of the e.m.f.’ vector. 

From the foregoing, we see that the symbolic expression for the power is 
obtained by multiplying the symbolic expression for the pressure vector' by the 
symbolic expression for the image of the current vector with respect to the axis 
of real values. 

The above introduction of the image in the complex expression for 
the power depends solely on the manner in which the e.m.f., current 
and power vectors are expressed, and has no physical relation to the 
expression for the momentary power. 


CHAPTEE II. 

THE PHYSICAL PROPERTIES OP ALTERNATING-CURRENT 

CIRCUITS. 

13. Self-Induction. 14. Capacity. 15. The Pressure Components in a Circuit 
carrying a Sinusoidal Current. 16. Differential Equation of a Simple 
Circuit. 17. Graphical Representation of an Alternating- current Circuit. 
18. Examples. 19. Resolution of the Current into Watt and Wattless 
Components. 

13. Self-Induction. When a current flows in a conductor, a field is 
produced encircling the conductor. The flux produced by a 
current i flowing through a conductor of w x turns is, from equation (9) : 


where B x is the reluctance of the magnetic path of the flux c l> x , inter- 
linked with the w x turns. 

If the current changes in strength or direction, the flux changes 
in the same sense, and along with it the stored-up energy 
Consider any conductor, for example a loop 
(Fig. 48). If the flux embraced by the loop is / 

varied, an e.m.f. e s will be induced in the con- f\ \ { / 
ductor, which, in accordance ’ with the law of * * f \ 

induction, is expressed by ^ \ 

d2{wf$> x ) d S( iwl ) 'Kf'r* I 

e ‘~ dt ~ dt ll x ’ 

e 8 is called the counter- M' back-E.M.F. of self - fig. 48 ,-Seif.induction of 
induction. aCo11, 

Since the same current i flows through each of the turns, 

e ‘~ dt 1 KeJ ' 

where the sum of all fluxes produced by the current i is to be taken. 

In general, we write d(Li) 

t!s=_ it ’ 


.(24) 
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H ^ Cw* • 
" It- ‘ 1* s * 


where 


The factor L is called the coefficient of self-induction of the circuit, and 
has the same dimension as magnetic permeance, viz. the dimension of 
a length. 

With constant reluctance B x , the flux will be in phase with 
current i, m accordance with equation (9). If the current varies sinu- 
soidally, the flux and E.m.f. will also follow a sine law, and since the 
mduced e.m.f. e g lags 90° behind the inducing flux <& x , it will also lag 90° 
behind the current, and we get the curves for 4? x , i and e s as shewn in 
rig. 49. p s is the external pressure applied to the coil, and is equal and 



opposite to the e.m.f. e t . The reason e t has the opposite sign to dllA) 
is because the induced e.m.f. always tends to prevent any alteratioi 
m the current strength. Thus, in a circuit where the current is rising 
the counter-E M F. will oppose it, and the current will be retarded in iu 
growth. On the other hand, a falling current is always acted on by a 
counter-E M F. which tends to keep the current constant, and so lowers 
the rate of decrease. Thus, m an electromagnetic circuit, self-induction 
seeks to prevent any change of current, just as with matter, inertia 
tends to prevent any change of velocity. 

The energy dA supplied to the flux during time dt is : 

dA = - e g i dt = i d2 (wj? x ) 


= i • (jf) = Li di = | d(P). 

co e ffici enfc of self-induction L is constant, it follows tbs 
the electrical work which must be expended in raising the currer 
from.O to % (excluding heating losses) is 

A Li 2 

a== ~Y’ • (2(3 

is -° fteu referred t0 as the electromagnetic enm/y i 
the circuit will be given out again when the current sinks from i 1 
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zero. The coefficient L is measured in absolute units (era) — the 
practical unit of self-induction is called the Henry, and is chosen equal 
to 10 9 times the absolute unit. 

On page 12, the reluctance of a thin tube of force C was defined as 


f 0-8 dl 
J 0 t4x 


so that the flux in the tube can be found directly by dividing the 
ampere turns interlinked with the tube of force by the reluctance 24 * 
Thus, 24 i s not measured in absolute units, but in units tlio 

absolute: hence / 2 \ 

= 2(w x $ x )10-*hem% (27) 

where c b x is the flux due to 1 ampere. In calculating L , we may 
use the following definition : The coefficient of self-indnction L of a, circuit, 
in absolute units, is measured by the number of interlinkages 2(4y^) which the 
conductor makes with the flux produced by a current of 10 amperes (i.e. by 
one absolute unit of current). 

14. Capacity.* If an e.m.f. is applied to the plates of a condenser, 
a charge will he taken by the latter. The relation between the acquired 
charge q and the pressure^ at the terminals of the condenser is 

?=Qp o 

where 0 is called the capacity of the condenser. If we make p a = 1, 
the capacity will be numerically equal to the electric charge which 
must be supplied to the condenser in order to raise the potential 
difference between its terminals to unity. 

If during the time dt the pressure is increased or decreased by dp (n 
the increase or decrease in the charge, i.e. the quantity of electricity 
passing along the conductor, will be 

dq = i dt , 

where i is the current in the conductor. 

Hence /Y 7 . 7 . 

6 . dp c = % dt 


If the pressure at the terminals of the condenser is altered, the 
current in the conductor is proportional to the rate of changes of 
the pressure. 

* For further information on condensers, see Chap. XIX, 
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° n , otll ? r hand, if the rate of change of the current i in H.c 
onduetor is given, the pressure at the condenser will be 


_ fidt 

*“J ~C' 


win be 0 ' the SUPpHed *° the condens <*' during any time element 

charged * 3 “LT^ed^Th? 117 ’ the Wi ” ^ P^dodieally 

during phnrwo ? ls . argec *- The energy stored-up in the condenser 

*•«•*■* zszyrs £&£jp* thM is - “• •*"*•■«* 

Assuming that the charging current follows the sine wave 
i = s/2Isin(ot, 

then the pressure taken up by the condenser will be 

cur™ CUmW * “ d >'• “ » h “"- TW 




ssrjsr-ss.^t"- - ^ WSut *«": 

terminal pressure risra'onf TO?pm slljo'nd'Irt” S’ T h" ““ l who “ 
is one ampere. ^ na when the charging current 

calS‘. P ^“ s ?" e ‘ °[,rzl Trflal 0 "" •? S “ 1,,tC ”" ite . “<> » 

ST* whicl •"* ~£>ZSV£&5 r&S££ 
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15. The Pressure Components in a Circuit carrying a Sinusoidal 
Current. If the current id flow along a conductor having 

the ohmic resistance r, the instantaneous value of the pressure will he 

;p r ~ ir = J2lr sin id = J2P r sin id, 
where P r » Ir. 

The pressure curve is thus a sine wave in phase with the current 
curve. 

This is not the ease when the circuit possesses self-induction. If the 
currm,t i-Jilmud 

flow in such a conductor whose ohmic; resistance is negligible, the 
pressure at the terminals will he 

p 6 “ //^ = J2h)L cos id 

-- J2P, cos id, 

w h ere / \ = ./<») /> = /^, 

Here the terminal pressure y/ fl leads the current i by 90”. Instead of 
the resistance, we employ r> t » toL - 2ttcL in calculating the effective 
pressure. 

If the conductor possess both resistance and self induction, the sum 
of the two respective pressures must be applied to the terminals at any 
instant. The terminal pressure is then 

Pz * - Vr + Vt 35 J% h' hu l id -f J2 /./*, cos id. 

Substituting, Jr* + dj - Jr* + ( JLj * *=* r: M1 

n- 1 -V — 1 “ COB </>„ 

Jr* + (w//) 2 5* 

<*)// 

vr* + (<*)//)- 

, t , 0> I J ,l\ 


we get y/,, - V ! - sin w/ cos <I> M ^J2 I::„ cos <»/ sin </>, 

■ sxj*2/z § nii\(ud + <l> § ) 
or ye, sin(<»>/ 4- 

The efl’eetive value of the terminal pressure is thus 

and the pressure leads the current by </>„. 

If a condenser he connected in a circuit, the pressure at its terminals is 

A J e* 
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The current is again taken to be 


Then 


Pc 


n/2 I 
~ o >C 


i=zs/2I s in 


cos 


0 )t = — s/2JP 0 cos W. 


The effective condenser pressure is therefore 

/ 


P =- 




and this pressure lags 90° behind the current. 

Lastly, if the current i flow in a circuit in which resistance self- 
uc ion and capacity are all connected in series (as shewn in Fig. 51), 

vVWVW — j 

L —P* 



T 


Fig. 51.— Electric Circuit having Resistance, Self-induction and Capacity in Series. 

pre “ ro * hc 


Substituting, 


P =Pr +P. +p. = ir + L~ t + 

= -v/2 1 jj- sin co/ + (<«Z - -L) cos erf 


aH 

r 

Jt*+( 


v V 

0>CJ 

(oL 

1 



(JOC 


= COS </>, 




== = sin <f>, 


we get X - \/2Is sm (oh! + <£) = sin (<«/! + </>). 

value 6 FeSSUre WaVe IS als ° sumsoidal in this case and has the effective 

\2 

--Is. 


Th . T - I 'J ,,+ {" L -io)' 

This pressure leads the current by the amount 

(o£- 

^> = ta,n~' 1 


jL 

"ojC 
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16. Differential Equation, of a Simple Circuit. The differential 
equation of the pressure, developed in the previous section for a circuit 
possessing resistance, self-induction and capacity (as shewn m lug. •>!), 

[i clt 


y= irArL M+yc 

This represents KirchhofFs Second Law in its most generalised form. 
Multiplying all through by idt , we get the energy equation : 


: i 2 f dt *f* Li clt + % 




This tells us that during any time element the energy supplied at 
the terminals of the circuit equals the sum of the energy consumed in the 
several parts. Differentiating the pressure equation with respect to clt, 
we get the differential equation of the current 

clH r di i 1 dp / <j 8 /a 

dP+Ur LC~ L (W 

which holds for any pressure p. 

In the previous section it was shewn that a sinusoidal current 
requires a sinusoidal pressure at the terminals of the circuit when 
r, L and C are mutant. From this the converse follows, that a sinu- 
soidal pressure cam only produce a sinusoidal current. Hence, we shall 
not consider the general solution of this differential equation, but only 
that for the case when the conditions have become steady, a state which 
is reached soon after switching in. For a sinusoidal pressure at the 

teraiinals p=J2Psino>t, 


we get in eq. (2 8b) 


Tit = J-2jPco^t. 


The special integral of this equation is then 

i = — = - - - sin |~oi - tan" l (— L') (29) 

L 

The current is thus a sine wave, but is not in phase with the 
pressure. 

Equation (29) can also he written 

i ~ Limx sin (e>t - 4)t 




= amplitude of the current ; 

= angle of phase displacement. 
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The angle of phase displacement <f> is positive, zero or negative 
according as 2 i 

or t) = - — . 

When f is positive the current lags behind the pressure, whilst it 
leads when <j> is negative. 

^ hen 0i= 7W : (30 > 

the current and pressure are in phase, 

Le ’ ' 4> = 0; 

and the current attains its maximum value 


en this occurs the self-induction and capacity exactly neutralise one 
another, and this condition is generally termed “Resonance.” 

binee in this case the inductance and capacity are in series, we refer 
to their resonance as pressure resonance ■* in contradistinction to 
current resonance, which is used for parallel circuits. Using effective 
values of current and pressure, we get 


/ \Jr 2 + (u 


® e P rese ntat,ion of an Alternating-current Circuit. 

tf ° S T A° w the , solution of the differential equation 

this method d ill T rt fr °, m ‘ he current - We shall now see how 
assume a eads to a graphical solution. A sinusoidal current is 

eo m?ih! glV6n ’ f nd We , caleulate the terminal pressure P. From 
'- 1 ' e mom entary value p of the terminal pressure is : 


„ • r di f % 

p ^ r+L dt + \- 


--ir+p,+p c 


whRh are h resneSv P h eSSUre P be s P Ht U P into three components, 
counter E M F P of 7 Ilec e® sar 7 to overcome the ohmic resistance, the 
self-induction and the condenser pressure. When the 

considerable* resistance, °foJ h in this'case* 6 " 0 ' 1 ° f osolllation of a circuit containing 


0 2*- Vac 


lc w 


oscilhrtimi'equarto^h^period^of supply™when ne ^*^ b ^ 6 iS the natUral period of 




1 1 K PRES K N T A T I< >X OF 


ALTKIiN ATIN<»-(.'tT KHHNT < *1 Itc iUT 


4,7 


current / is known, each of these three pressures can be calculated. 
In Pi#. f>‘2, the current curve is drawn 


/ / N /*J sin (tof </*), 

In phase with the current is the curve i/% which rej>res«uttH the pressure 
necessary to overcome, or t he pressure consumed by, t he ohmic resist 



ance of the circuit. This curve ir is also a sine wave, since r i* 
constant. 

The pressure //* required to counter balance the back k.M.f. of self 
induction is 

/0 ■ ■ t\ • / , - mL / s /*2 si it ^ ud 'I* 4« * j . 


This curve//,, which must he a sine wave, with sinusoidal current, is 
shewn in Fig. fei leading the current by Wf whilst the counter km.i 
'■« (not shewn) lags !Kf behind the current.. 

The pressure /y required to charge the condenser is 



<dl 


Hill 



Thus the curve /g is also sinusoidal and lags IHf behind the current., 

By summing up the. three sine curves i/% and p, wr get \ he 
resultant sinc^ curve //, which leads the current curve i by the angle 
f/>(hig. 52). Thus the curve p represents the pressure applied to, or 
consumed by, the circuit. 

Now, since sinusoidal quantities can be represented by vector*, it i« 
possible to represent the phenomena in an alternating current eireiiii 
graphically (see Fig, * The current vtmtor / m drawn af an angle 
<l> to the ordinate axis, which is taken to represent the applied pressure 
1. Since the diagram is taken m rotating right tiandedlv, and the 
current is lagging behind the pressure, /', the angle <f, falls' ?o I lie left 
ot the ordinateaxds, The pressure Ir consumed f»y r is in phmr with 
/, and must therefore be set id! along tjL The vector representing the 
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pressure required to overcome the self-induction is given by 
ojLI = 27 rcLI — x 8 I 

and leads the current by 90°. x s is called the inductive reactance of the 
circuit. It has the dimension of an ohmic resistance, and may therefore 

be measured in ohms. 

yS' \ When L is given in henrys 

I six e \ and c in cycles per second, x g is 

^1X X * obtained directly in ohms. 



s' Then Ix s is set off 90° in advance 
\ >X of I. 

\ \ Xp The vector representing the 

\ ^ pressure P c used to charge the 

\ X^ condenser is ~ and lags 90° 

y' (1)C 

~X^ behind the current. Capacity 

Reactance x c is analogous to in- 
X ductive reactance and is defined 

Fig. 53. — Geometric Addition of Pressures in a I 1 

Circuit. X = — = . 

c 0 >G 2tfcC 

This is measured in ohms when c is given in cycles per second and (J 
in farads. The capacity pressure P c ^Ix c is set off 90° behind /, i.e. 
in the opposite direction to /$ s . From this we see that inductance and 
capacity act directly against one another, and give the resultant 
component la- I (a?1 - a.) 

° r z-z,-x,-»L-±. (32) 

?xri S ca ^ e( * resu ^ ar d reactance or simply the reactance of the circuit 
When then * = 0 

and resonance occurs. In this case the current depends only upon the 
resistance r in the circuit and the angle is zero, that is, the current i 
is m phase with the pressure p. 

Returning to the general case, we see that the vectors Pr and lx 
combme to form the resultant P (see Fig. 53) along the ordinate-axis, 
at angle <p to I. ° 9 

Thus (Jr) 2 + (Ja;)2 = j p2 

OT i = XX (29«> 


where \-x 2 

the circuit, whilst 


is called the impedance or apparent resistance of 
tan<£ = ~ ( 09 /;) 


; = power factor. 
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When P, r and x=x s -x c are given, I can be at once found by 
drawing a semicircle on P as diameter, setting off the angle <f> and 
dividing the intercept of 01 on the circle by r. 

As a rule, the applied pressure P is split up into the two components 
It and lx at right angles to one another. Jr is called the resistance 
pressure and Tx the reactance pressure. The effective value of e s is - Ix H 
and is called the counter -E.M.F. of self-induction', similarly 

~ P' ~ eounter-E.M.F. of resistance, 

„ „ inductance, 

~ ^ c = J5 55 capacity, 

and - Iz = 55 55 impedance (or total eounter-E.M.F.). 

From the diagram in Fig. 54 — due to Bedell and Or chore — may be 
seen how the current is affected when the constants r and x — x s -x c 
are altered, whilst the pressure P is kept constant. From the pressure 


JPatt Current 



A Wattl&'d Current' J 0 

Fio. 54.— Current Diagram of a Circuit with Variation of one of the Constants r or x. 

triangle of Fig. 53, the two similar triangles OBC and ABO can be 
deduced by dividing each side of the pressure triangle by r in the 
one case and bv x in the other. Thus 


0A^~', OB — I ; 00 
x r 

AB=~ and ~BC=-. 
x r 

Hence the current I is represented by the vector OB. If x is constant 
and v varied, the point B moves over the semicircle on T)A— from 
0 to A as r decreases from oo to 0; that is, on the line ABC the point 
A is fixed so long as x is constant, whilst the point C moves on the 
ordinate axis when r is varied; thus the phase displacement <b 
changes from 0 to 90°. 
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For x positive, OJ falls to the left, and for st negative to the ri°ht 
of OC. & 

If 7 is^ kept constant and x varied from zero to + co and from - oo 
back again to zero, then B moves on the circle on OO— starting from C 
passing through 0 and coming back to £7. 

When x — 0 and r constant, I has its maximum equal to OC, and 
the two pressure curves p, and p c (Fig. 52) have the same amplitude. 

A curve which represents the variation of one magnitude as a 
unction of a. second is generally called a diagram of the first quantity • 
tnus fig. 54 is a current diagram . J 

18. Examples. 

1. Given the terminal pressure P applied to a circuit possessing 
resistance, self-induction and capacity of the following values, in series 
with one another, p . 

P= 100 volts; r = 20 ohms; 

Z = 0T59 henry ; U= 50 microfarads. 

To determine and to shew graphically the current I, the phase 
. ls P‘ a cement <f> and the pressures P c and P zl across the condenser and 

impedance Wr 2 +af respectively as functions of the frequency e 
At a frequency of 50, 

x,= 2ircL = 2w50 x OT 59 = 50 ohms 

and r L _ lx 10° 

2^50x50 2=63 8 oW 

Hence x = x 8 ~x c ~ - 13*8 ohms, and the total impedance, in this case is 

z — *Jr* -f- — \/20 2 + 13-8 2 = 24*15 ohms, 

whence the current I is 

T P 100 A T* 

i== s = 24T5 = 4 ‘ 15 am P eres > 


tan eh — --, 
r 


■0-64 and - 3*2° 40', 


P 0 = Ix K = 4*15 x 63-8 = 264 volts. 

The impedance z s is 

^ - Jr* + x* = n/ 20 2 + 50 2 = 53*8 ohms, 

Pzs — P$ s = 4*15 x 53 *8 = 223 -5 volts. 

In this way, I <£, JP C and P zs are calculated for different frequencies 
and are shewn plotted in Fig, 55. ^ 

The total reactance of the circuit is zero when the frequency c is 

c _ 1 1 r 

2ir JLC 2ws/0T59 x 50 x 10~° — 
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m.\ 


At this frequency </> = 0 and I is a maximum. The pressures P 
and I\ s rise until the frequency has approximately this value, and then 
fall off. P cma) . occurs somewhat before and P 2jn , ai[ (and P asmait ) somewhat 
after the frequency corresponding to maximum current. 

2. Let the terminal pressure, resistance and capacity remain the same 
as in 1, and the frequency be kept constant at 50 whilst the reactance 
A is varied. Fig. 56 shews the current I, the phase displacement <f> 
and the pressures P c and P 2S as functions of x,. 



Pig. 57. 


^ hen x s =x e = 63 - 8 ohms the current reaches its maximum value 
which is the same as in I, whilst <£ = 0. In this case P cm and P 
both occur at this same value. 

3. r is varied whilst P, L and C have the same values as in 1 and 
e = 50. By means of Fig. 54, the current I and phase displacement <& 
can be found for different values of 7*. These are shewn, plotted in 
Fig. 57. 1 


19. Resolution of the Current into Watt and Wattless Components. 

Instead of resolving the pressure P into two components, the current / 
may be resolved into two components along co-ordinate axes, one of 
which is in phase with the pressure P. 


Now, 
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For the sake of simplicity, we write 


r 


r 2 + x- 


$ = g = conductance of the circuit 


(33) 


an d ~2 = = b = susceptance of the circuit (34) 

Conductance and susceptance have the reciprocal dimensions of a 
resistance and are measured in mhos . 

Thus we can write the current i = J2P(g sin <ri-b cos at), that is, the 
current vector OB in Figs. 53 and 54 is represented by two components 
Pg and PI. From Fig. 58, we see : 

tan <£ = -, 

9 

and further, 


/ = Pjg 2 + Z> 2 = Py, 


where 


1 


y = ~ — admittance of the circuit (35) 




Rotating Fig. 58 in a clockwise direction through the angle </>, we get 
Fig. 59, which is analogous to Fig. 53. 

If it is required that the current in a circuit shall remain constant 
whilst g and b are varied, the pressure must be correspondingly altered 
both in phase and magnitude. 

From Fig. 60 (analogous to Fig. 54) the pressure P=0B can at once 
be found. If b is constant and g varied, the point B will move over 

the semi-circle described on OA, where 61 = When b is positive, 

jl falls to the right of 0, and to the left when b is negative. If g is 
kept constant and b altered, the circle described on 00 is the locus of B. 
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Of the two current components Pg and Pb, only the component Pg, 
which is in phase with the pressure, does work. Consequently Pg 
is called the watt component of the current , or, simply, the watt current. 



Fig. 60.— Pressure Diagram of a Circuit due to Variation of one of the Constants g or b. 

The power is then written 

JV=P.Pg=P*g (36) 

The second component Pb of the current is called the wattless 
component of the current , or, briefly, the wattless current 

On p. 52 we saw that the momentary value of the current equals the 
algebraic sum of the momentary values of the two current components. 
From the foregoing, we now see that the effective value of the current 
equals the geometrical sum of the effective values of the watt and 
wattless components of the current. 

Hence, in general, for any circuit containing constant reactances 
and energy-consuming apparatus (resistances), the impressed sine wave 
k.m.f. can always be^ resolved into two components, viz. into the watt 
component Ir which is in phase with the current, and the wattless 
component lx which leads the current by 90°. 

Similarly, the current can be split up into the watt component Pg in 
phase with the pressure, and the wattless component Pb which lags 90° 
behind the pressure. ° 

Thus the constants of a circuit can be written : 

watt component of pressure g 

current ~ 1 ~ + Jj 2 

== effective resistance in ohms, 


(37) 
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wattless component of pressure _ b___ 

current (ff 4- b 2 
= effective reactance in ohms, 


watt component of current __ _ r 

pressure ~~ ^ ~~ r 2 4- x 2 

= effective conductance in mhos, 

wattless component of current _ ^ a; 

pressure ~~ ~ r 2 4- 

= effective suscqptmce in mhos, 


current y 

= effective impedance in ohms, 


(3«) 


current _ _ 1 _ 1 

pressure ~~ 11 “ ^ 4-®* ~ s 
— effective admittance in mhos. 

When several resistances and reactances are in series, it is simplest to 
use r, x and z 9 for in this case tie corresponding pressure components 
can be added directly. 

On tie contrary, when we are dealing with parallel circuits, it is 
more convenient to use g ) b and ?/, since the current components can 
then be added in accordance witl KirchhofFs First Law. 
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ANALYTIC AND GRAPHIC METHODS. 

20. The Symbolic Method. 21. Rotation of the Co-ordinate Axes. 22. Inver- 
^ ra ?J 110 ^presentation of the Losses in the Impedance in a 
Lncnit. 24. Graphic Representation of the Useful Power in the 
Impedance in a Circuit. 25. Graphic Representation of Efficiency. 

Symbolic Method. Let the instant of time t = 0 be chosen 
so that the current vector I coincides with the positive direction of 
the ordinate axis. We then get the vector 
diagram shewn in Fig. 61. If all real values 
are set off* along the positive direction of the 
ordinate axis and all imaginary values along 
the negative direction of the abscissa axis, 
we get — as already shewn— a system of co- 
ordinates similar to that generally used in 
Mathematics, when the latter system is 
rotated through 90°. 

The e.m.f. vector P is given by the co- 
ordinates It and lx of the point A or 
symbolically : 5 


real values 

►7 

ir A 

4 

U 

irnag. values 

1 

0 



Fig. 61. 


P = Ir - jlx = I(r -jx). 

In order to investigate the meaning of this 
, , . , expression for the general case, where I also 

is complex, we consider the product of the two complex quantities ' 

/= Jcos <£ 2 -jl sin cf >2 = I (cos <f >2 -j sin <j> 2 ) = 

an d ? = r -fa = z (cos <f> -j sin 4>) = ge 

The product of / and z is 

/«= Iz{c os (<fi 2 + <f>) - j sin (<jf> 2 + </>)} 

This product is represented by a vector which leads the current 
vector by the angle <f>, and has an absolute magnitude equal to the 
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product of the absolute values of the two complex quantities. This 
vector coincides with the pressure vector ; hence we can write for the 
symbolic expression of the pressure : 

P = 4 (39) 

where the symbolic expression of the impedance z is 

z—r —jx (40) 

Conversely, the symbolic expression of the current I is : 

^ P 


It is now possible to carry out all the operations of calculation with 
these symbolic expressions in the same way as with real quantities, 
and when the calculation is finished, the complex quantities are simply 
substituted for the symbolic. 

The complex expressions can then be changed into the real 
expressions of the momentary values. AVe have above ; 

?=*€-•** 

and P = Iz— IzC ^ 2+ ^ = Pe ~ j 4 

Then the corresponding momentary values are 

i = 4 X sin (a >t + 4> 2 ) = J2 1 sin (c ot + <j!> 2 ) 
an( ^ p=P max sin (cot +* (p^ 4- cj>) — J2P sin ( cot 4- c/> 2 +- (/>)_ 

While the momentary values show directly the amplitude, frequency 
and phase of a current, the complex quantities only show amplitude 
and phase, and no more represent the frequency than the graphical 
method. It is therefore evident that no direct mathematical, relation 
can exist between the momentary values and the complex expressions. 
The symbolic expression 

f = = I(r-jx) 

shows that the pressure can be analysed into two components, fr in 
phase with the current and Tx leading it by 90°. 

The negative sign in ? = r-> is due to the fact that the figure has 
been rotated in a clockwise direction— if the sense of rotation wr.ro 
reversed, the minus sign would then become plus, 
r .J ns ' b 1 eac ^ calculating symbolically, we might also proceed graphically. 

the representation of complex quantities, the graphic reTiresonU- 
tion is also a purely symbolic method, in which the vectors can be 

vJ S;Tn ip ie 4’ ° r dlvided ; t0 fchis sta.ge, we have only used 
vectois to denote current and pressure. In order, however, to carry 

out all operations graphically, it is also desirable to represent impedance 
and admittance by. vectors. In fig. 62, the vector W, with the 
ordinate ?, and abscissa x, represents the impedance 

z—r-yx. 


58 


THEOEY OF ALTERNATING-CURRENTS 


If now the current is given by the vector OB, the pressure vector OA 
will be found by turning the current vector through angle < :/>, and at 
the same time increasing it in the ratio#. If we set off OD equal to 

unity, the two triangles 001) 
v, „ and OAB will be similar, so 

f v * that the pressure vector can 

r , AP? \R f be regarded as formed from 

qS a the current vector, in the same 

/ /l way as the impedance vector z 
1 \ ^ orme< ^ fr* om unity. 

Further, assume the current 

0 I to vary after some definite 

law. Graphically this means 
pig. 62. that the locus of the extremity 

B of the current vector OB is 
a # certain line. For example, let this line be the curve AT in 
Fig. 62. Then the pressure vector B = lz must also obey some 
definite law. The locus of the extremity of this vector OA will be 
a curve A 1 , which is found by multiplying all vectors of curve AT 
by the constant impedance z = ze -3$. The curve K x must be similar 
to the curve A, for this graphical multiplication can be considered 
as effected by the curve K being moved through the angle <f> 
about the origin 0, whereby curve K' is obtained, and then all 
the vectors of IC are increased in the ratio #. By this process, a 
point h on curve K becomes point A on curve K v For any two 
such corresponding points as A and B, the triangle OAB must have 

the same shape, since the angle BOA = <f> and A = z are constants. 

Hence the curve K can be regarded as being traced out by the angle 
n ^ °* J i triail ^ e A OB, whilst the latter moves about 0, without 
change of shape, and with its third angle B always on the curve AT. 

it the curve A is formed from a system of straight lines and circular 

construcdon reS ^° nC ^ ln ^ curye admits °f a very simple geometrical 

To multiply a straight line we multiply a point on the same, hub 
eep the angle constant which the vector from this point to the origin 
th ? S ^ Mgh V line - A circle is multi plied by multiplying 
circumference ^ ° r itS C6ntre and ai ^ P oint 011 th « 

Let the moment of time f = 0 be so chosen that the pressure P= OA 
tails on the positive direction of the ordinate axis (Fig. 63) Then 
we can write symbolically : ' 

f=Py = Pg+jPb (39a) 

and . . v-g+jb, (4i) 

in which expression the current is given in terms of two rectangular 
components, one of which is in phase with, and the other at 9(T to, 
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the pressure. Fig. 64 shews that the current vector is formed from 
the pressure vector in the same wa y as the admittance ;// is formed 
from unity. Whilst the extremity of the pressure' vector moves over 
the curve K (chosen a circle in this case), the extremity of the current 
vector describes the circle K x . In Figs. 62 and 64 it has been tacitly 



Fig. 63. 



assumed, that P, I, z and y are all drawn to the same scale, — that is to 
say, 1 volt, I ampere, 1 ohm and I mho are all represented by the 
same length, e.g. 1 mm — for only in this case are the triangles OOP 
and OBA similar. 

hi graphic multiplication, it is to he noted that the rotation of the 
multiplied rector must he cloclmise or counter-clockwise , according an the 
argument of the second factor is negative or positive . 

21. ^Rotation of the Co-ordinate Axes. It follows directly that 
in Fig. 62 the curve K x — which represents the pressure 1\ acting at 
the terminals of a constant impedance z x = r 1 -jr x and is similar 
to the curve X of the current vector I — can he obtained by graphic; 
multiplication. At the instant t= 0, the current and pressure vectors 
coincide, but are otherwise chosen independently of one another. Tins 
scale of the pressure curve depends on that of the current curve K 
and of the impedance z x . If the impedance scale is chosen so that 
1 cm = ^ ohms, the vectors representing the pressure J\ will lie of the 
same length as those representing the current. The pressure curve f\\ 
is then obtained by simply rotating the current curve K through 

the angle <P = tan" 1 - 1 - in a clockwise direction. 

r i 

Instead of revolving the vectors, the co-ordinate axes can be moved 
through the angle <f> x in a counter-clockwise direction. If the current 
curve is drawn so that 1 cm = m amperes, this same curve, with 
respect to the new axes, will serve as the pressure curve to the 
scale 1 cm—zpn volts. 

Rotating the co-ordinate system means that zero time for the 
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pressures occurs 5-i T seconds earlier than that for the currents. This 

2i7T 

process is shewn in Fig. 65. 

Consider now, the special case of a constant terminal pressure P 
acting on the circuit, in which the current I is represented by the 
curve K. Set off the terminal pressure P along the real current axis. 
The pressure P i = Iz x consumed in the line impedance % is represented 
by the current curve K with respect to the new co-ordinate axes. To 
obtain the direction and scale of the new real axis (or the pressure 
axis), we draw the current vector I K for the case when the load is 
short-circuited, and the only impedance in the circuit is z v This 
is called the short-circuit cwrmt, and is expressed by 



P = P 
*T *i 




and has thus the direction of the real (or pressure) axis in the rotated 
co-ord inate system . 

Now, we have just seen that 1 cm represents times as many volts 
in the new co-ordinate system as amperes in the original system. 

Hence, if I K is set off in the 



Fig. 65. 


original system, this same vec- 
tor will represent the terminal 
pressure P in the new system 
both in magnitude and direction. 
This direction coincides with 
that of the real axis of the new 
system, since we have taken the 
terminal pressure as real, i.e. as 
having no component along the 
imaginary axis. 

The load pressure P 2 which 
remains after subtracting the 
pressure P 1 consumed in the 
impedance ^ from the supplied 
pressure P is 


and is thus given in the new 
co-ordinate, system by the distance of a point A on the curve K from 
the short-circuit point P K (see Fig. 65). In other words, the curve K 
in the new system is the locus of the apex of the pressure triangle, 
whose two base angles are situated at the origin 0 and the short- 
circuit point P K respectively. 

In many cases it is . advantageous to take the opposite direction 
of the vectors as positive in the new system of co-ordinates. This 
l f ei l® c ? 0 e . rota ting the co-ordinate system through the angle 

2 ^ + 180 in a. counter-clockwise direction, and removing the origin 
o the short-circuit point P K (Fig. 66). Such a diagram is known 
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i mag. values 
of eurr'cnt 


as a bijpolccr diagram — 0 is the pole for currents and P K the polo for 
pressures. 

In Fig. 64 it was seen how the current curve K x — similar to the 
given pressure curve K — could he formed by multiplying the latter 
by a constant admittance 

yi-fi+jV Here also it a / 

is not necessary to draw a v#* -J 1 

new curve, if we rotate § | 

the co-ordinate system as s ^ 

above. The axes of the new Nfg/ ^ 

system are moved through 

the angle <^ l = tan“ 1 -^ in * \\Y$ ^ 

the direction in which 1 the . 

figure rotates, ^ whilst the ^ ag. values ^ 

current . scale m the new 

system is 1 cm —yy\i am- 
peres, where 1 cm —m volts 
in the original system. 

An important case is the ^ 

determination of the press- Fi®. eo. 

ure curve A" of the supplied 

pressure P when the current I is to be constant at all loads. Let K 
he such a curve in Fig. 67. Apart from other conductors which may 
be present, let there be a path of constant admittance y x . For the time 
being, suppose all other paths except y l to he cut out of circuit. The 

pressure necessary to prod uce the 
constant current I would then be 

is Jj 

1 1 m ?> »■ 

^ pf * P 0 can be called the no-load 
n pressure, and coincides with the 

pj\ axis of real values in the new 

(y f(Ij) system. Moreover, since a dis- 

/ / tance represents y l times as 

J. y many amperes in the n ew system 

jnwr.oahw Jar" — ' K f s T olts iri the 0ri S in -' J > fciu! 

load pressure vector l\ in this 

J original system gives the mag- 

nitude and direction of the 
FlG * 6T * constant current I in the now 

system. 

l\ 7 hen the other branches are in circuit, the current in them is : 

and is represented in the new system by the distance of the point A 
on the curve K from the no-load point P Q (see Fig. 67). Hence the 




I imogr. values 
of pressure 



pressure curve is the locus in the new system of the apex of the 
current triangle, whose two base angles are at the origin 0 and the no- 
load point P 0 respectively. 

By displacing the origin of the new system to the no-load point P 0 
and turning it through 180°, we get the bipolar diagram shewn in 
Fig. 68, where 0 is the pole of pressures and P 0 of currents. 



22. Inversion. In Fig. 69 the vector 0C represents the impedance 
z, and OE the corresponding admittance y—l/z. They both make the 
same angle <j> with the ordinate axis. In this method of representation , 
resistance and conductance are set off along the ordinate or real axis , and 
reactance and susceptance along the abscissa or imaginary axis. The two 

triangles ODC and OED are 
similar when z and y are 
drawn to the same scale. 
If we set off OE' = OE along 
the impedance vector 00, 
then, between the points 
E\ which is the image of 
E in respect to the ordinate 
axis, and 0 there exists the 
simple relation, 

OC.OE'^z.y^ I. 

Two such points are called 
inverse points with respect 
to the origin 0, which is 
called the centre of inversion. 

In general, if two curves K and K x are such that the product of the 
lengths 6 A and 0A l cut from a straight line passing through a fixed 
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INVERSION 


point 0 is constant, i.e. OA . OA, - const. =-I, tho one curve is said 
to be the inverse curve of the other, whilst I is called the. constant ^ a] 
inversion and 0 is the inversion centre. A and A, are called c.orrcs ponding 
points. The inverse curve of a straight line is a circle passing through 
the centre of inversion (Fig. 70). 

Proof. Since triangle 0A,B x is similar to triangle OH A, 
then 0A X : OB, « OB : OA ; 

thus, for any line OA, 

O A . OA, = OB . OB, = I. 

Conversely, the inverse curve of a circle which passes through the centre 
of inversion is a straight line. 



IsThe inverse curve of a circle, which does not pass through the nmit.ru 
of inversion, is a circle (Fig. 71), and the centre of inversion in 
similarly situated in respect to each of the circles. 

Proof _ 0D l :0B^W l :0D 

or OJJ . OB, = OB . OB, = OA .OA, « I. 

If both circles coincide, so that the circle is its own inverse curve, 
then the constant of inversion is I = OAK 

The theorem is equally true when the point 0 falls within a circle, 
for the proof is quite independent of the position of 0. The point 0 
then falls inside the inverse circle also. 

It may be noted that when the point A moves along the curve K in 
a certain sense, the point A, on curve K, corresponding to A on curve 
K will move in the opposite sense. 

If the two curves cut or touch at point A , the inverse curves will 
also cut or touch at the corresponding point A , . 

If the two curves cut one another at A at a certain ancle, the inverse 
curves will also cut at tho same angle at A v In order t,o shew how 
inversion may bo applied to tho solution of alternating current. problem* 
consider a circuit along which a coimtant alternating-current. / in llmv' 
mg; the terminal pressure P must then ho varied as the circuit constant.', 
are varied, and the end A of the pressure vector OA will describe 
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some curve K (Fig. 72). The abscissa of any point on the curve 
represents the wattless component and the ordinate the watt component 
of the corresponding e.m.f. 

Since the shape of the curve is independent of the current-strength 
and also holds for /=!, the vector OA will also represent the imped- 
ance z to another scale. With symbolic representation the impedance 

z = r -jx = #(cos <jf> -j sin <j>) — ze~ :i<f> 

is given by a radius-vector of length z making angle -</> with the 
real axis. Since yz- 1, the curve W, , over which the end A l of the 



admittance vector y moves, is given by inverting the curve K over 
which the end A of the impedance vector z moves. 
b x 

From the relation ~ = - it follows also that the two radii- vectores 
9 * 

y and z have the same direction, when conductance is set off along the 
ordinate and susceptance along the abscissa (see Fig. 72). If the radii- 
vectores of the admittance curve are multiplied by a constant pressure 
P, the vectors 0A l will give the current in the circuit to a certain 
scale. The ordinates then represent watt currents and the abscissae 
wattless currents. The admittance y , corresponding to the impedance 


z — ze 


-to 


is 


1 

y = - = - 


1 




Hence, the admittance vector y will lie in quadrant I. when a lies in 
quadrant IV. and vice versa— or, if % lies in quadrant III. then y lies 
in quadrant II. and vice versa. Thus we see that the vector y cannot 
coincide with the vector ? if the same system of co-ordinates is used 
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vectors 111 '^ 8 * 1106 an ^ curren t vectors as for impedance and pressure 

The direction of the y-vector is the image of the s-vector with 
respect to the ordinate axis. Hence, if we wish to apply graphical 
inversion to alternating-currents, we must in every case substitute the 
inverse curve K x (obtained by inversion of the curve K) by its image K' 
with respect to the ordinate axis. 1 

In practice, however, the process of inversion can be simplified as 
ows. it the admittance or current curve of a circuit is desired, 
and we wish to derive the same ' 


r 

. b f ^ 

* 

1 

Kj 

\r 

Wattless Current 1. 1 


0 

'V on 

j 



a* 

r <2? . 


Fig. 73. 


by a single inversion of the im- 
pedance curve, . then, instead of 
drawing the impedance curve 
itself, we draw its image with 
respect to the ordinate axis j the 
desired admittance or current 
curve is then obtained directly 
by inverting this image. 

The process can be best illus- 
trated by an example. Given a 
simple circuit with constant react- 
ance x in series with a variable 
resistance r. The impedance curve 
is then a straight line K parallel 
to the ordinate axis and displaced 
from the same by a distance * (Fig. 73). The image of this straight 
line about the ordinate axis is it. The inverse curve of the straight 

line K is the circle K x of diameter I This circle, whose centre lies on 

the abscissa a,xis, is then the admittance curve, and when all vectors 
are multiplied by the. pressure P, we get the current curve. This 
agrees with that in Fig 54, hut has been obtained in another way; 

both circles have the same diameter — . 

x 

. Similarly the impedance or E.M.F. curve can be constructed bv a 
single inversion of the image K' of the admittance curve K For 
a circuit with constant susceptance b in parallel with a variable conduct- 

n* he ZT eS rI a ? d K ' are sfcrai » ht lines parallel to the ordinate 
axis (tig. 74). The inverse curve E lt representing the impedance 

curve, is a circle of diameter I, whose centre lies on the abscissa axis. 

By multiplying all the vectors by I, the same pressure diagram is 

obtained as in Fig. 60, for both circles have the same diameter -. 

It. often happens that two inversions must be made in order to 
obtain a desired diagram. 

In this case it is not necessary to draw the image of the inverted 
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curve, for if the first curve lies in quadrant IV. the inverted curve 
will lie in I., and the curve obtained after the second inversion will 
fall again in quadrant IV. Hence, since both the curve from which 

we start and the curve we 
obtain lie in the same quadrant, 
it is more convenient to carry 
out all the operations in the one 
quadrant, whereby the figures 
are also clearer. 

In general, therefore we pro- 
ceed as follows: A wording as 
an even or an odd number of 
inversions must be carried out in 
order to obtain a particular 
diagram , it is desirable to start 
from the actual diagram , or its 
image. 

Of the two curves which 
represent the impedance and 
admittance of a circuit by polar co-ordinates, the one is always the 
inverse of the other. The constant of inversion I depends on the 
scales for y and z. 

Since the ratio of inversion is a function of 'the scales, after drawing 
the first magnitude to a convenient scale it is possible to choose the 
constant of inversion I so that the inverse figure will also be drawn 
to a suitable scale. This is illustrated by the following example. 

In Eig. 72 let the admittance y be set off so that 1 cm — m mhos. 
Then, if we wish to have the scale of the impedance z such that 1 cm 

equals n ohms, we get . 

1 & y = m. UA 1 mhos, 

z = n. OA ohms. 



Then yz = mnOA l . OA = 1 . 

Hence, the constant of inversion is 

I = 02.0Z,=A (42) 

1 mn 

If Fig. 7 2 is drawn for currents and pressures to the scales 1 cm 
= m amps. = n volts, and I Q and P 0 denote the corresponding constants 
of the circuit, we have 

I =m. 0A 1 — P Q y amperes 
and P—n. OA = I 0 z volts, 

whence mnOA . (9^ 1 ==7 0 P 0 y^= / 0 P 0 , 




(42a) 
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f Before leaving inversion, the following theorem may be mentioned : 

If we have two figures in which any point and any circle of the am 
correspond to a point and a circle of the other , then it is always possible , by 
inversion awl multiplication , to convert one system into the other. 

From this it follows that, by means of the foregoing methods, every 
locus which is a straight line or a circle can be deduced from other loci 
which are straight lines or circles. 

Since the inverse of a circle is a 
circle, in carrying out the inver- 
sion of circles, instead of proceeding 
point by point, it is simpler to 
calculate the co-ordinates of the 
centre and the radius of the new 
circle. 

Example. Given a circle K of 
radius E (Fig. 75), the co-ordinates 
of whose centre Mare v and p— to 
calculate the radius 1' and the 
co-ordinates /x and v of the centre M' of the circle K\ which is to ho 
the inve rse o f K for the constant of inversion I. Drawing the common 
tangent OTT to the two circles, we have 



OT: 


and 


I 

Z 0T 


By aid of the similar triangles OM f S\ 0MB and 0TM\ OTM\ it is easy 
to shew that T 5 ' ■* 

./ — „ * __ T V 

i 

'em 

i 




: 11 

+ V 2 - 


- IP ’ 


21 


£'=£ — = l 

on /tS + vS-jB 2 

so that the new circle is determined both as regards magnitude! and 

position. 

Two circles which are formed 
from one another by multipli- 
cation and rotation "correspond 
point for point with respect to 
the origin of the oo-ordinato 
axes, for we pass from two 
corresponding points A. and 
A„ (Fig. 76) of the two circles 
to two other corresponding 
points Ji r and J!„ by rotating 
the vectors about 0 through 
the same angle «. 
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The locus of the sum of the corresponding vectors of two corre- 
sponding circles is also a circle. For when the circle K 2 is formed 
from K x by multiplying by a constant Tc and rotating through a constant 
angle ip, we have, for corresponding vectors, a x and a 2 of these circles, 

a 2 = aJce-M. 

Hence, the resultant vector, 

Qq “t" Ci 2 — Qq ( 1 "4" 

is always proportional to a x and displaced from it by a constant angle, 
and consequently moves over a circle. 

If two circles correspond in respect of two points on their 
circumferences, the locus of the sum of the vectors of corresponding 



Fig. 77. 


In Fig. 77 let K x and K 2 be the two circles and J) x , D 2 two 
corresponding points. If A x and A 2 are likewise to be corresponding 
points, we shall then have 

L D 1 M l A 1 = L D 2 M 2 A 2 — a. 

The point M is obtained by adding 0M X and 0M 2 . Setting off 
MA f equal and parallel to M X A V 
A A ,, ,, ,, M 2 A 2 , 


then A is the sum of the two points A x and A 2 . In the same way, 
D is the sum of the two points D 1 and D 2 , where^the angle DMA = a. 
The sum of the two circles K x and K 2 is thus the circle K, 

whose radius is /— — — 

= + ^ + 2 ^ 22.008 8 , 


where 8 is the angle between two corresponding radii of the circles 
K x and K 2 . 
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23. Graphic ^Representation of the losses in the Impedance in a 
Circuit. If a current I is transmitted oyer a circuit whose lino 
impedance is z—r-jo c, the energy con- 
sumed thereby is V = Ih\ We shall 

now shew how this energy V \ which u '/1\ 

is dissipated in the form of heat, can / i\, \ 

be represented graphically for the case A^i //Nv \ 

when the current diagram is a circle. I \ _NJ\ 

Let [x and v be the co-ordinates of the l \ u 7 j \7 

centre of a circle whose radius is 11, and \ » j J 

u and v the co-ordinates of a point on l f y\. • 

the circle (Pig. 78). The equation of I 

the circle is | ! \ 

(v - A) 2 + (v - vf = IP 1 1 7 0 


V — I 2 r — (v? v 2 )r 


2i 2 + v 2 - 2[i% - 2 w = I 
The heating losses are 


where, for the sake of hreyity, 

P 2 

/m + vo V. 

Now V — - 0 is the equation of a straight line, whilst u and v represent 
the co-ordinates of points on it. 

The polar of the current circle, with respect to the origin 0, has the 

equation 

/ - y fJL% -f vi) ~ p* as 0. 

/ / ^ TOla this, we see that the straight 

\ / / lino V = 0 is parallel to the polar 

/ Jx/ j and bisects the distance between 

j aUC * t ‘* 1 ° or !, giu ’ ^ eil<JC the line 

f / 1 V = /Mi + vv— ^ = 0 is called the mui- 

\ I / ] polar of the circle with respect to 

\ \ / /TW. J the origin 0. 

‘ — / — yp construct the semi-polar V O, 

draw a cirele on Oif as diameter, 

/ where ilf is the centre of the current 

/ circle (Jig. 79). The circle on ()M 

Flo - 7 »- cuts the current circle in two points 

. , , which lie on the polar, so that the 

latter can be drawn at once. The semi-polar V = 0 is then the line, 
draam parallel to the polar to bisect the distance UF. 
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For any point on the semi-polar, we have : 

p 2 A 

V = [m 4- w - ~ = 0, 


where u, v are the co-ordinates of the point. 

For points u, v which do not lie* on the semi-polar, the expression 
for V can he found as follows : 

Let the straight line I (Fig. 80) have the equation 

u v n A 
- + 7-1=0. 
a b 

Further, p : a = b : Ja 2 4- b 2 , 
ah 

P = JaFW 

Hence the equation of the straight line 
I may also he written 

hu + av -p\Ja? 4 h 2 = 0. 

A parallel straight line II at distance P 
from the origin has the equation 

he 4 - av - P\/a 2 + — 0. 

For a point u 13 v 1 on the straight line II , 

lu x + a\ - Pja 2 + h 2 = 0. 

Hence the equation of the straight line / may also be written : 



b(u - u x ) + a(v - vj + (P -]))s!a 2 + b 2 = 0. 

Introducing now into the equation of straight line I, the co-ordinates 
u v v lt of a point on straight line II, we get 

(P - p^al+b 2 = AFJa 2 + -b 2 . 

Returning to the previous case, we see that the linear expression 

2 

{M + W V, 

for any point u, v in the plane has a value which is proportional to 
the distance of this point from the straight line whose equation is 
obtained when we put the linear expression of the co-ordinates equal 
to zero. The factor of proportionality is Jfi r + v 2 , and equals the 
distance of the centre of the circle M from the origin 0. 

For any point A l corresponding to the current I on the circle 
(Fig. 79), we thus get the loss V in the impedance, 

V= I' 2 r = 2rV = 2 r . OM . A^N, (43) 

where A X N is the distance of A x from the semi-polar. In what follows 
we shall call the semi-polar the loss line. 
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If the circle represents the current due to a constant terminal 
pressure P, then for the point the total supplied power JV is 

W — PI cos « fi — jPx ordinate of point A x . 

•Until now, it has been assumed that the current scale is unity, so 
that 1 cm. corresponds to 1 ampere. If the current scale is 

1 cm = m amps., 

then the loss V is 

V =~ I 2 r = 2 m 2 rOM . A X N watts, (4#«) 

and the supplied power W is 

W— Pm x ordinate of point _yi r 
Hence the ratio of the scales for loss and power is 

2mrOM 

P 


If the origin 0 lies on the circle, then the loss line V = 0 coincides 
with the tangent at this point 0. For the case when the origin 0 lies 
within the circle, as in Es. 81, the 


pole P of the origin is found by 
drawing a perpendicular through 0, 
and where this perpendicular cuts 
the circle, drawing tangents to meet 
at P in MO produced. The loss line 
V = 0 then bisects 0.P at right angles 
as previously. Thus, every point has 
the same loss line as its pole. 

If the pressure P between two 
points in a circuit is represented by 
a circle diagram and we wish to 
find the loss consumed in a constant 
admittance y = g+jb between these 



two points, we get the same construction as above, for the loss in 
the admittance is rr TiC) 


where !■* can be represented by the distances of points on the circle 
from a loss line V=0, just as i 3 above Hence, for a point A, on 
the pressure circle whose centre is M, the loss is 


F= %V = 2</dM .AjN, (44) 

where 0 is the origin and FQs[ the distance of the point on the circle 
from the line V=0. 


24. Graphic Representation of the Useful Power in the Impedance 
m a Circuit. With constant terminal pressure P, the power hu m)li<‘< 1 
to- the circuit is x 1 1 

JV'=P x watt component of current = P.v } 
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where v is the ordinate of the current curve. The difference between 
the supplied power W and the heating losses V ’ which we shall call 
the useful power W 19 can also be represented graphically. Thus 

'P 


w x = W-V=W- I 2 r = Pv- 2 rV = 2 r 


where 


V = fiu + w 


r 

*2 * 


Substituting in the same way, 
P 


W = 


2 r 


and W — 2rW, 


then W — 0 is the equation of the abscissa axis of the system of 
co-ordinates. Then JF=2r(W-\/) 


where 


W x = W- 


= 2rW, 


V = - (JLU - 


P 
2 r 




is the equation of a straight line passing through the point of inter- 
section of the loss line with the abscissa axis. 

In general, for any point whose co-ordinates are u and v, the 
expression for W a has a value proportional to the distance of the point 
(«, v) from the straight line W 1 = 0. Denoting this distance by 
then 

w i=y/‘ 2 +( i '-^.) . j ^ n . 

Hence the difference JV 1 between the supplied power W and the losses 
V is given by the distance of the respective point on the current circle 

from the straight line \N X ~0. 
This line W 2 = 0 will be denoted 
as the power line of the diagram. 

The equation of the power 
line is obtained by subtracting 
the equation of the circle 

p 

u 2 + v 2 v~0 

r 

from the equation of the current 
curve 



u 2 + v 2 - 2 jm - 


2vv + p 2 = 0 . 

Thus the power line passes 
through the intersection of these 
two circles and can be con- 
structed, as in Fig. 82, provided 
the current curve and resistance r are known. 


Fio. 82.— Representation of Useful Power with 
Impedance in Series. 




^ or a point A l on the current curve, 

w i = ^ + (y - 1,) 2 . JJT- MM l . A,N, 

and the power W 1 = 2 rW x = 2rJSj . (45) 

or, for the current scale m, 

W. j = 2 mhrMM 1 . A^N watts (45a) 

The points of intersection of the power line with the current circle 
nave a definite physical meaning, which we shall now consider. As 
already shewn in Ch. II. p. 49, the circle about centre M 1 with 

radius — would represent the current diagram for the case when only 

the resistance r and a variable reactance x are in the circuit. This 
must hold for the points of intersection between power line and 
current curve, for these points lie on 
the circle about centre as proved. 

At these points, the total supplied 
power is consumed in the resistance 
and the useful power is therefore 
zero. One case when this happens is 
when the applied pressure is short- 
circuited through the impedance z 
(short-circuit point), and the other 
case when the load in series with the 
impedance z is wattless (no-load point). 

-The power scales for the diagram 
can be determined as follows. Let the 
current curve be drawn to such a scale that 1 cm along the ordinate 
ot a point corresponds to m w watts. Then for a point the supplied 
power (Fig. 83) is 1 ** 



W—m w . J\N W = mj\0 sin [WWJ. 

The power line passes through the points where the supplied pressure 
equals the losses. If the point P 1 lies on the power line W, — 0 we 
have also TJ7 ^ ~ _ 1 5 

IF= V= mJ\N v = m„t > l 0 sin [W X V], 

where ?/i„ = the scale of the losses. Hence 


m, _ sin [W W j 

m w sinfiA^V] 

Since the loss line V = 0 also passes through the points where the 
useful powei /r x ecpials the supplied power we get for a point JP, 

m w PF w = m„ i FF Wl , 

m w sin [WV] = m Wi sin [W X V], 
m.,„, sin [WV] 

m„ sin [WjV]’ (4 j«) 
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where m Wi is the scale for the useful power. Hence we get the following 
rule for determining the power scales of the diagram : If two powers are 
measured by the perpendicular distances of a point from the corresponding 
straight lines , the scales are inversely proportional to the sines of the angles , 
which the respective straight lines make with the line for which the two 
measured poivers are equal. Since the perpendicular distance of a point 
from a straight line always remains proportional to the length of the 




Fig. 85. 


line drawn at a constant angle to the straight line, the following Rule 
will at once be apparent (see Fig. 84). If two 'powers are measured by 
the distances of a point from the cmresponding straight lines in the direction 
■parallel to that line fen' which both the measured powers are equal , then the 
two powers will have the same scale . 

Thus in Fig. 84, for a point P , 

W\ _PA_ Jf_PC V___FE_ 

W~pp>' w~pd’ wcpf 


If the loss does not occur in an impedance in series with the load, 
but, as is shewn in Fig. 85, in a constant admittance y — g+jb con- 



Fig. S6. — Kepresentation of Useful Power with 
Admittance in Parallel. 


nected in parallel with the load, 
the useful power is 

W^W-Fhj. 

Let the pressure vector P move 
over the circle K in Fig. 86, 
which has the equation 

u 2 + v 2 - 2 \m - 2w 

— Pi 2 — fJL 2 — V 2 — — /) 2 , 

and set off the current I = I along 
the real axis ; we can then write 

cjWi = ' 2 (i v ~ v ) = 2 - 9 ( w - v )’ 

where , p 2 

V = fxu + w — 


whilst V — 0 is the equation of the semi-polar of the pressure circle 
with respect to the origin, or the loss line. 



U8FFU h POWKIt IN THK IMPKHANCK IN A CIHCriT 


Further, - r W, 

~t! 

and W O is the equation of tin*, abscissa axis. 

We now proceed precisely as above, and put 

W , - W - V = -/*»-(»- i A - 

From this we see that with a constant current / the equation 

Wj 0 

represents a straight line. This is the jum-.t liw of the eireuit . 

The power line must pass through the points of tin* circle K for 
which the output Jl\ is zero. For these points tj l 0, and eonsequeni ly 
the whole conductance bet ween the terminals equals g. Now all 
pressure vectors for a circuit with a constant current / and conductance 
!/ lie on the circle drawn about d/. with radius //lb/ in Fig. HO, 
Hence the power line W, 0 passes through the point of intersection 
of this circle with the pressure circle, K. 

For a, point A , on the pressure circle A, 


W, 


•>!/)' 


•W 


MM X . W,.V, 


and the. output //’, • Lh/j/.f/, . A r \\ . ■•07) 

If 1 the points .1/, ;l/j and A j are set oil' to t he pressure scale f cm n volts, 

1 1 I 0 II V,. ^ 

// f :'2v?(!MM r A v \ watts, .... ,H7a) 


25. Graphic Representation of Efficiency. Let a straight line 
(Fig. 87) from the point /' pass through the point of intersection S 
of the three straight lines 
W 0, W, 0 and V 0, 
then for all points on this 
straight line SI* the ratios 
between the several powers 
remain constant, which fol- 
lows at once from the 
graphic representation of 
these, ratios. 

From this it Is seen that 
the efficiency of a circuit 
can he shewn as in Fig. 87, 

The line K F is drawn * P \ 

parallel to the line of 
supplied power W (j be 
tween the power line W } ... . „„ , ... 

is then divided into 100 equal parts, m shewn, 





(l and the loss line V 0. This bur /;/ 


1 
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For a point P on the current (or pressure) circle, the percentage 
efficiency rj is given by the point P , where PS produced cuts EF. 

Proof \ Tor every point P on the line SP, we have (Fig. 87) 

V JPE' 

W 1 PF' ’ 


W x 

w x w x 


Thus 


W 

7 = 100 — _ 

;/ W E'F 


PF' 

PF' ’ 

PE' + PF 
PF' 
100 


PF f -- 


JJ'F' 
= PF * 
100 


EF 


P'F. 


When the pressure acting on the two terminals of a circuit is altered 
without altering the circuit constants, the current alters in proportion 
to the pressure, and the ratio between the powers in the several parts 
remains unaltered. 

Hence, the method deduced above for determining the relation 
between two powers in a current-circle diagram holds even when the 
pressure changes its value. In like manner the analogous method is 
applicable for a pressure-circle diagram when the current varies. 


CHAPTER IV. 


SERIES CIRCUITS. 

26. Circuit with two Impedances in Series. 27. Example I. 28. Example II. 
29. Several Impedances in Series. 


26. Circuit with two Impedances in Series. As an example of two 
impedances in series, we have the power transmission lino represented 
in Fig. 88. Since this case is one of the simplest and also of consider- 
able practical importance, we shall investigate it fully. 



The pressure P 19 which is applied at the supply terminals, is consumed 
by the resistance and reactance of the line and the load at the receiver 
terminals. Since the pressure required to overcome- the E.M.F. of self- 
induction of the transmission line leads the current by 90°, whilst the 
pressure consumed by the ohmic resistance of the line is in phase with 
the current, it is obvious that, with constant supply pressure I\, the 
pressure P 2 at the receiver terminals depends to a large extent on the 
phase displacement of the load. The receiver pressure I\ can be 
resolved into two components, the one Ir 2i in phase with the current, 
and the other Tq, leading the current by 90°, where r % and q are the 
constants of the receiver or load circuit. Conversely, the current I 
can be resolved into two components, one of which Pjj 2 is in phase 
with the receiver pressure and the other P 2 S 2 lags 90* behind it. 

Assuming the current 1 to be given/ we can find the receiver 
pressure P 2 from its components Ir 2 and iq; similarly we can find 
the pressure drop iq in the line from its components h \ , Jq, }\ m 
the geometrical sum of these two pressures (see Fig. 89). Fig. 90 
follows at once from Fig. 60. 
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Since r x and x x are constant, the pressure Iz x will be constant so Iona- 
as the current remains unchanged. Let b 2 be kept constant in the 
receiver circuit and y 2 varied, then extremity P of the vector P 2 will 

move over the semi-circle on JB = f. If g 2 is maintained constant 

°2 

and be, varied, the locus of P is the circle described on AC= — . 

g 2 

The assumption of constant current I is of much less practical 
interest than the case of constant receiver pressure P 2 or constant 
supply pressure P x , which we shall now discuss. 



Since all the vectors in Fig. 90 are directly proportional to /, we 
can su PP Qse diagrams to be drawn for the case 7=1; then the 
vector OP will represent the total impedance z in the circuit. 

From Fig. 89 it is seen that 

* = Ah +^) 2 + Wi +* 3 ) 2 > 

tan <b 9 as-^cs-i, 

. r 2 72 


cos <j6 2 


a 


, , sc, +■ 


/=li= 


a 


2 n/Oi + r 2 ) 2 +- (ajj -H « 2 ) 2 ’ 

I P* 




Vz 2 + s* + + 2a:,a 2 

A - 

A + ( r i + X V (4 + b l) ■<- 2r ih + 2x A 5 
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or, by transformation, 


where 


\/( 1 + r t g 2 4- xff 2 j 2 + (a^ a - rffff 

= 1 

+ hih+xAf ’ 


i2 = A“. (^8) 


^ +J I 


The current is then 

I— Pit = P a/- 

• 2 

and the power at the receiver terminals, 

W 2 = P 2 x watt component of current 
-Plfh-Pl a*ft. 

susceptance /> 2 and the supply pressure Pj are constant, the 
power /P 2 will have a maximum, value. The value of for which 

v P ow . er ^2 * n ^ ie receiver circuit is a maximum, is found by 
differentiation; that is, 

^ = ^ 2 fe) =s0 . 

<kh dfh ’ 

or, since the reciprocal of W 2 will then be a minimum, we can put 


4-i 1 V- r2 /e -H-iyj+gi^rH-c^-rA) 8 ! n 
dffi \ a 'fhJ &g % l g 2 J ~ u - 


(Ji — V ' g\ + (i x +• b. 2 yi 


I\ 1 

= <x = 


This occurs when 

In this case 

P i vk h&tf + rj 

and the maximum power transmitted is 

J 5 ? 


.(49) 


W — 

' 2 max — 1 


K2m “-2 (grf+tf ( 5 °) 

Since, in general, the power transmitted to the receiver circuit can 
bs written r.-Ay.** 

and the total supplied power 

= PKw), 

the efficiency ?/ is given by ?/ °/ o = 1 00 — % - 

r i +r 2 /0 ^ 


or, since 


’?% = 100 

r 2 


it is obvious that the efficiency will be a maximum when 1 a is a. 
minimum. ** 
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rn, r, 

The ratio -A = — — - 

r 2 9% 

has its minimum value (with constant susceptance h>) when 

/(5±A.o, 

i.e. when g 2 = fr 2 . 

Hence the maximum effidency is 

0/ _ 100 _ 100 

Vmax/o ~ 1 +h M~ l+2 ^ 


•3 9l 1 +■ 2i\b 2 


27. Example I. A load, having constant susceptance b 2 and 
conductance g 2 variable with the load (e.g. asynchronous motors), is 
fed over a long transmission line, which has both ohmic resistance 



Fig. 91. 


and self-induction. In order to better illustrate the effect of these 
constants on the receiver pressure jP 2 , they have been chosen larger 
than would be the case in an efficient installation. 

We are given (see Fig. 91) : 

P l - 2000 volts ; ^ = 2*0 ohms ; 
x x = 5*0 ohms ; b% = 0’05 mho. 

Determine first how the receiver (or load) pressure P 2 and the current I 
depend on the load ; and secondly, find the efficiency rj and the power- 
factor cos </> 1 of the system. 

A simple solution of the problem can be obtained by the graphical 
method of inversion and rotation of the co-ordinate system, whilst at 
the same time we get a clear insight into the working of the system. 

In Fig. 92 the circle K x is the image of the impedance of the system 
for the case when g 2 is varied. The impedance scale is 1 cm = 5 ohms. 

' * K-QQ 

Thus 0A 1 = -T = — g- = T07 6 cm, 


AB -II 


1 

: 5 0*05 = 


The current curve for a constant pressure P 3 at the supply terminals is, 
as already explained, the inverse curve K of the image K x of the 
cprve representing the total impedance between the supply terminals. 
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The constant of inversion must now be chosen so that the current curve 
is drawn to a suitable scale. Let 1 cm = 50 amps., then for two 
corresponding points l\ and P, which lie on the impedance and 
current curves respectively, 


OP = 


oi\=h, 

J_r 

50 50 z 


40 


OPj . OP = 8 = constant of inversion. 

In this way the current curve is obtained as circle X with centre 
M. Consider the points A and B which lie on this circle. The 



vector OX represents the current when y 2 =co or r ? = 0, that is, 
the current when the receiver terminals are short-circuited (i.e. A is 
the short-circuit point). The current represented by 0 A is therefore 


?1 \»1 V 


The vector Oil represents the current when </ 2 = 0, or r 3 =ao , that is, 
when the lead is purely inductive and possesses only the susceptance & 2 
(i.e. U is the no-load point). The 110 -load current is 


/o = - 




-J 


h + 




K) ! 


For any load resistance r 2 , the vector UP gives the current I both 
in magnitude and phase displacement cf>i ■ 
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The pressure P 2 at the receiver terminals is most simply represented 
by the method given in Section 21, in which we assume a new co- 
ordinate system with origin at A and real axis passing through 0. We 
then choose the pressure scale so that the distance AO represents the 
supply pressure 1\ (see Fig. 93). 



whence the pressure scale is 


1 cm = 50^ = 50 . 5 '38 = 269 volts. 

For any load point P , the vector AP gives the receiver pressure P t 
in the new co-ordinate system, whilst the drop of pressure h x in the 
line is represented hy the vector P0. The pressure drop is given by 
the arithmetical difference of the primary and secondary pressures, 

ie. at no-load hy AO - AB = BV, 

on load by .40 - AP = FV. 

The increase of pressure-drop from no-load to load is AB-AP = P'B'. 

The wattless component of the load current with respect to the 
receiver pressure is J w ^jPA-M^lh) 

Hence the watt component of the load current is 

iw ~J~ / j VL ~ 2^1 {Tk ~ /)• 

■I\y ~ ^ and I — Jq } 


At no-load, 



EXAMPLE I. 
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whence 0 = / 0 -,/%i {J K - /o)- 

Subtracting this last equation from the previous one, we get : 

hv=( 1 ^l)(/-/o), 

whilst the wattless component / Ir/ , of the load current varies in mag- 
nitude and direction proportionally to the vector PA, the watt 
component l w thus varies proportionally to the vector BP. 

In the previous chapter, the loss line of the diagram was shewn 
to be given by the semi-polar of the circle K x in respect to the origin, 
whilst the power line passes through the short-circuit point A and 
the no-load point JB . Accordingly, the efficiency y will he represented 
as shewn in Fig. 92. 

The point on the circle K, for which the transmitted power is a 
maximum, is given by that point on the circumference of K which is 
at the maximum distance from the power line. At this point the 
vectors (I K ~ I) and (I - / 0 ) are equal in magnitude; hence we must 
have . 

hi = h = - value of 0 +/% i) = y 1+ ( ,Cl + y 

I WL b 2 value of jb 2 z x z x 

The condition for maximum power is therefore 



= n/ + SSjfig h- yt = + (&i + h) 2 - 

This is the same condition as that previously deduced (eq. 49, 
p. 79) in another manner. 

From the diagram, we can now measure off the several magnitudes 
P 0 , I, i] and cos </>,, and plot the same along rectangular co-ordinates 
as* functions of the useful power W 2 . This is done in Fig 94. 

In the above example, we have 

fh - Ti> aild 


hence for maximum power 

g 2 = +■ (i L F y 2 = 0*232 mho, 

P? 


whence 


W = 

' r iriJLX 


2 


= 229 KW. 


The maximum efficiency occurs, as shewn above, when 
y 2 — b 2 = 0*05 mho, 


so that 


VinlLX /o " 


1 00 

1 + 2*1*2 


100 

1-2 


= 83-3%. 


As seen from the diagram and curves, for every value of the load 
Jf 2 there are two values of P 2 , y and cos The curves are drawn 
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for positive values of the conductance g 2 , i.e. for points on the 
circle which lie above the power line. Eor this part of the circle 
the transmitted power is positive. Points of the current diagram 


# 


O- 

E o 
< > 
' i — I 1. 1 



■which lie "below the power line correspond to negative values of r/ 2 ; for 
this region the supplied power is negative, i.e. the machines in the 
receiver station act as generators. The curves for negative values 
of g 2 are not shewn in Fig.. 94, since they possess but little interest 
for us here. 

28. Example II. We now consider a power transmission scheme, 
in which the line has resistance and inductance, while the power-factor 
cos 4 > o of the receiver circuit remains constant at all loads. For such 
a system, the formulae deduced on p. 79 can be applied although in 
this case the variable is not g 2 hut y 2 . 

We can write, therefore, 

p = a p _. ?! 

2 1 V(1 +rtf 2 +x l b 2 y i + (x 1 ff 2 -r 1 b 2 y 

jj 

V( 1 +■ cos ^2 + hfs sil1 £ if + (a% cos <^ 2 - h h sin <£ 2 ) 2 ’ 

and since I = P 2 y 2 , 

= ViiW (»*1 cos 4> 2 + ffij sin 4 t> 2 ) } 2 + cos $2 - ’ 1 sin '/> 2 ) a - 

From this we get 

A = JPi - Z 2 ( x i eos £2 ~ r i sin A) 2 - /(» i cos <£ 2 + ^ sin <^ 2 ). 
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It follows from that equation that the curve of the receiver terminal 
pressure P 2 as function of the current is part of an ellipse. 

The power in the receiver circuit is 
W 2 = P 2 I cos </) 2 

= I cos c/>2 -I\x x cos </> 0 -r 1 simp,) 2 - I(f\ cos^ -p^sin^)} 
JPjZ 2 cos 

“ (r x 4- z 2 cos 4 2 ) 2 4- (% + # 2 sin <£ 2 ) 2 
1 } jZ 2 COS </)o 

2# 2 (?\ cos c /> 2 + iq sin <^ 2 )* 

The maximum power transmitted occurs when ~j- 3 — 0. 

a ^ 2 

This is the case when 

s? 4- 4 +• 2%(r x cos <jf> 2 -f cq sin c/> 2 ) - z 2 { 2,z 2 4- 2 (r x cos <£ 2 + sin <£ 2 )} = 0 ; 

thus when # 2 — q , (52) 

that is, whence the impedance of the receiver circuit equals the 
impedance of the transmission line. 

Substituting this value for z 2 , we get the following expression for 
the maximum useful power : 

u? — jq CQS ^2 /ko\ 

2 max 2 (q - q cos </> 2 4- cc x sin <£ 2 ) ' ' 

Assume the same line constants as in previous example : 

2000 volts; r 2 = 2 ohms; aq=5 ohms. 

For the sake of comparison, we shall develop the diagram for the 
following three cases : 

co s <f > 2 = 0 • 9 , c urrent lagging, 
cos 1, current in phase, 
cos </)2 =0*9, current leading. 

In Fig. 95 (JA l Is the image of the impedance q, drawn to the scale 
1 cm = 2 ohms. 

Draw the three straight lines K [ , K\ and K"[ through the point 
at angles < j>», <14 and < respectively to the vertical. These straight 
lines are the images of the sum of the impedances q-4 s 2 for the three 
eases under consideration. By the inversion of the impedance curves 
K \ , 1C{ and K "( we get the three circles K\ K" and K"\ which are the 
current curves of the system. The current scale is chosen so that 
1 ora = 75 amps. If 1\ and Pare two corresponding points on the 
impedance curve and current curve respectively, then 

0P x -fa 

I r 1 2000 _ 2000 . 

75 75* z reTaTpr 

consequently the constant of inversion is 0I\. 0P = 13*3. 
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The circles can be still more simply determined if we remember that 
they must all pass through one common short-circuit point A and 
through the origin 0 of the co-ordinate axes. Consequently the 
centres M\ M" and M"‘ of the circles must all lie on the line which 
bisects OA at right angles. Further, the lines OM', OM" and OS'" 
make angles <!>■>, 4 > a and <f>™ respectively with the abscissa axis. For 



the ease <f4=0 (non-inductive load), the centre M' falls on the abscissa 
axis. The receiver pressure P 2 is 

?z = ?i~ — (^j~ ~ I) = hifz ~ 

whilst the short-circuit current I K is given hy the vector 62 . For 
a point P on the current curve, the current 11 K — /) is represented by 
the vector PA. When we choose the pressure scale so that the length 
AO represents the supply pressure, P 1= 2000 volts, then the distance 
AP from the short-circuit point A to the respective load point P on 
the current curve gives the receiver pressure P,. It is seen that the 
drop of pressure is greatest for inductive loads. For non-inductive 
loads the pressure drop is not so large, whilst for capacity loads there 
is a pressure rise at small loads, provided <£ 2 > <^ 1 . 

At no-load, the power-factor cos cf> } of the system approaches the 
value cos<£ 2 , for m this case the effect of the line is negligible. As 
the load increases, the effect of the line reactance begins to make itself 
felt, and the power-factor cos falls as the inductive or non-inductive 
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vector lies midway between 0 and A on the current curv* 3 ' 
point the vector of the pressure drop in the line’ has the 
as the vector of the pressure in the receiver circuit ; thus, 

lh = i-e- h=*b 

as shewn previously by another method. 

Each current curve has its own loss line, which is the tm*0 4 * 1 
circle at the origin. The efficiency for each kind of load i** 
the usual way (see Fig. 95). 

In Figs. 96, 97 a, 97 b, the curves for P 2 , I, i) and cos </>i ? * ' 

from the diagram, are plotted as functions of the load. It i B !> 

cL “ 

^ E "o 

2 A° < > 



Fio. 97 b . — Load Curves for Lagging Power Factor at Secondary Termini % I 


the maximum power is greatest for the capacity load and lea>t! * 
inductive. Here also, as in Example I., for every load there! *v» 
corresponding values of each of the respective magnitude 
these two values, that which lies on the full-line curve is f !v«- 
one — it corresponds to the point on the current curve wli ? 
between the origin and the point of maximum power. 

Points on the current curve lying below the power line corf- 
to the case when the receiver circuit works as generator. Tin i k | 
the diagram has not been plotted in the rectangular co-ordin sx tr* . 

29. Several Impedances in Series. If several impedances*, v* 
constants r l9 % 1 ; r 2 , x^ \ r BJ x s ; and so on, are connected In 
the resistance of each impedance will require an e.m.f n com j ,* , 
phase with the current, and the reactance an component 

leads the current vector by 90°. 
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To drive the current I through the circuit, a terminal pressure P 
is required. p = _ js ^ + + /(r 3 -^) + . . . 

= _/ (r 4 — yO) “ If, j 

where 'L =='C~t r 2 L r ?> + * • * — 2 CO 

and +* ^3 + • • • = 2 (&)• 

The total impedance of a circuit consisting of several impedances in series is 
equal to the geometric sum of these impedances; or, expressed symholi- 

call y> ' ?«=? 1 +?2+* 8 + (54) 
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PARALLEL CIRCUITS. 

I' 

3°. Circuit with Admittances in Parallel. 31. Current Resonance. 32. Kind- 
valent Impedance of Two Parallel Impedances, 

30. Circuit with Admittances in Parallel. We shall now con- 
sider the case in which a pressure p = ^/2PsinW acts at the terminals 
A and b of a compound circuit having two parallel branches 

(Fig. 99). We denote the 
currents in these two branches 
by /„ and I 2 . These can be 
resolved, as shewn above, 
into the components 7V/ U , 1\ 
and Pc) 2 , PI., . By setting off 
these components, as in Fig. 
100, we get the currents /„ 
and J 2 , and hence their 
geometric sum, the resultant 
current I v Let P, J(t and 

*“ “—A — • ZiXFXi "ta" plat" 

X K ‘ 0CU “ ° f "" *"> “>« W 

stant and x 2 varied, the 
current vector will move over 
circle 0 X BC. The semi-circle 
lying to the right of OJj 
applies to the case when a\ 2 
is a capacity-reactance. 

If several admittances 
having the constants g x , b x ; 

^ 9 %, and so on, 

are connected in parallel, the 
pressure P applied at the ter- 
minals Will send a current FlG * 100 -- Geome £ric Addition of Ouminto in Two 

.Parallel Circuits. 
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through each admittance, which can he resolved into a watt com- 
ponent Pg in phase with the pressure and a wattless component Pb 



Pm. 101.— Current Diagram for Two Parallel Circuits. 


lagging 90° behind the pressure. Hence the current flowing in the whole 
circuit is 1=?^+^) + P(g. 2 +jb 2 )+.?(g 3+ jb 3 )+ ... 

where 9* = .<7! +g a + g 8 + 2(0), 

b t = bj +* by Hb b§ 4- . . . = 2 ( b ) * 

whence it follows, that the total admittance y t of a circuit with several 
admittances connected in parallel equals the geometric sum of these admit- 
tances ; or, expressed symbolically 

+y 8 + --- 

31. Zero Susceptance. If two circuits are connected in parallel 
one of which contains capacity and the other inductance, the current 
in the former will lead an cl in the latter 
lag in respect qf the applied pressure. 

Consequently the wattless component 
of the resultant current will he less 
than the wattless components of the 
currents in the branches. If the watt- 
less currents in the two branches are 
equal but of opposite sign, the resul- 
tant current will be in phase with the 
pressur e, and the total susceptance will therefore he zero. In such a 
case, resonance is said to prevail in the circuit, and, in distinction to 
pressure resonance-— which we have seen (p. 46) takes place in series 
circuits -resonance in parallel circuits is called current resonance.* 

We can write the reactance of the two circuits in Fig. 102 thus: 

X, ' = ~^G ’ = 

.* As explained for series circuits, this condition can only truly be termed 
resonance when the resistance of the oscillatory circuit is negligible. 


Fra. 102. — Circuit for Current resonance. 
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The condition necessary to give equal and opposite wattless currents in 
the two circuits is 7 7 


2, _i__ ‘ 

c w 2 6' 2 

If we draw 0A C = 0A S = h c = b s in Fig. 103, the above condition for 
resonance is fulfilled as soon as the extremity B c of vector y c falls on 
the vertical through A CJ and the extremity B s of vector y s on the 
vertical through A s ; for then the resultant admittance y—Ol) 

coincides with the ordinate axis. The circles on 0A' C and 0A' S are the 
loci of the images of the impedances z c and z 8 . 



Fig. 103.— Diagram for Zero Susceptance. 


Y hen 7 } s — 0, we have the same condition for zero susceptance ir 
lle \ cmcrnts as for zero impedance in the series circuit (see 


Sect. 16). We then get 


L ° ( oC 0 ~ Xso ~ Xc °~~ x O’ 




When r e r s - g 0, the total susceptance becomes zero in two cases : 
Case 1 . When x s =x c = x 1 , 

r 1 


In this case the resultant conductance of the two branches is 

ff — fft + &> 

or ’ since 9.=9'=g x , 

equals double the conductance in one branch. 
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Case 2. When (56&) 

This ease is shewn in Fig. 104. The resultant conductance of the two 
paths is here „ r, , r _ 

^=5'.+$r 0 =5 1 J + ^- 

Now, since 5, = />,. = bj, 

we get also .9=’A (£ + ”) =’A (^) 

7 7 1 1 1 

= — = 1\ o, r = -. 

i i X T l l r J } f 



Fro. 104. — Diagram for Zei’o Susceptanco independent of Frequency. 


The resultant resistance between the terminals is therefore 



equal to the resistance in one branch. 

This latter example of a circuit with zero susceptance is of special 
interest as the effect is independent of the frequency. 


32. Equivalent Impedance of Two Parallel Impedances. If the 

two impedances ©j and z, 2 are connected in parallel, and we write 
symbolically : , * 


n 





then the impedance of the parallel circuit is 



where 


1 I 1 
y sB yi+.% =s - a5s -+-» 

1 


— 

h + % h+ 


*"'2 


or 


(57) 
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This_ expression is similar to that for the resultant resistance of two 
ohmic resistances joined in parallel. 

Tho impedance s can he determined graphically in a simple manner. 

In Fig. 105, let _ 

OA — Sj and OB = z 2 . 

Then OC= ?1 + ?fS = z'. 

Make A ODB similar to A OAC. 

Then (Tf) = OB ^ = ^ 1 -=-. 

UL/ 

Hence the required impedance z is given by the vector Of. 



This can also be proved as follows: If 
the form £ _ ?i _ & 

ipO fp-t Hr *pe) !%e)€ 


we write equation (57) in 
' sfe-W' 


then, for the absolute values, we have 



and for the angles </> - = <f> x - <£', 


or 


lB01) = lC0A. 


From this we see that the construction of Fig. 105 is correct. 

The point D can also he found from the following construction 
(Fig. 106). Draw 0if 2 and 0M X perpendicular to the impedances 
and z 1 . Determine the points A' and B', which are respectively 
the images of points A and B with respect to these perpendiculars 
OM 2 and 0M V Then we have 

A OAB' similar to A OA'B similar to A BCO, 
whence L.0AB' — lBC0 = lDAO, 

l. OBA' = l BOC = l DBO. 

The desired point D therefore lies on the two lines AF and BA 
i.e. IJ is the point where these two lines cut. 
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For the case when the impedance z 2 is altered in amount but not 
in phase — i.e. its direction remains unchanged — the point B moves 
on a straight line through 0 and B. Thus l OBO=l 01) A remains 



Fig. IOC. — Impedance Diagram for Two Parallel Impedances, 

constant. The point I) then moves over a circle described about M 2 
as centre and passing through the points 0 , A and A'. Conversely, 
if z 2 is constant and alters in value but not in direction, the points B 
and B' remain fixed, whilst the point D moves over the circle described 
about which passes through 0, B and B\ 


CHAPTER VI. 


THE GENERAL ELECTRIC CIRCUIT. 


33. Impedance in Series with Two Parallel Circuits. 34. Pressure Regulation 
in a Power Transmission Scheme. 35. Compounding of a Power Trans- 
mission Scheme. 36. Losses and Efficiency in a Compounded Transmission 
Scheme. 

33. Impedance in Series with. Two Parallel Circuits. Having now 
dealt with compound circuits consisting of a number of impedances 
connected respectively in series and in parallel, we may proceed to the 
more complex case, in which one impedance is in series with two 
others connected in parallel. 

Almost all the circuits met with in practice may he reduced to such 
a circuit, provided the constants of the circuit are in fact constant. 
The case is so generally applicable that it may be termed the General 
Electric Circuit. 

Such a case is met with, for example, when power is transmitted 
over an inductive line to a receiver station, where two admittances are 

joined in parallel. Fig. 107 shows 
a circuit of this kind, in which 
we have the line impedance r v 
0J, in series with two parallel 
branches. We may take the case, 
in which the admittance y tl of 
the first branch and also the re- 
actance x 2 of the second branch 
remain constant, whilst the load 
resistance r 2 is varied at will. 

The graphical process by which the current curve is obtained for this 
circuit, with constant supply pressure , maybe summarised as follows. 

The combined admittance curve of the two parallel branches is first 
obtained (as in Fig. 101, p. 91) by graphical addition of the constant 
admittance y a and the variable admittance corresponding to x 2 and r r 

The total impedance of the circuit is now obtained by adding the 
impedance corresponding to x l r l to the combined impedance of the 
two parallel branches, obtained by inversion of the curve of their 
combined admittance. 

The third and final step is the inversion of the total impedance 
curve in order to obtain the admittance of the circuit, which multi- 
plied by the constant pressure P 1 gives the current curve. This final 
inversion would naturally be unnecessary, if it were required to 



Fig. 107. — Circuit witli Impedance in Series with 
Two Parallel Circuits. 
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determine the voltage required to maintain a constant current in 
the circuit. 

This graphical process is analogous to the algebraic calculation with 
complex quantities, in which we get the combined admittance of the 
parallel circuits • 2 

and the total impedance of the complete circuit 

1 1 
i + " = + 7- 

' y« + — 

Hence the total current /= = . 


The current diagram (Fig. 108) has been drawn for the following 
va ^ ues : Zj = 2 -j5 ohms ; z 2 - r 2 -j4 ohms, 

y a — 0*0033 +y0*02 mho, 

JPj = 1000 volts. 


Fio. 10S.— -CoTistruction of Current Diagram for Circuit in Fig. 107. 

Take 1 cm = 0-05 mho, and mark off P' n at a distance — CN cm 
to the left of O' and = 0-066 cm above it. The vector i?T’ n 
represents the admittance y„. Draw ^ • I = 5 cm parallel to 

the abscissa axis, and on it as diameter describe the - circle K' to repre- 
sent the admittance ?/„ + !. By the inversion of the circle K' with 

* 


A.C. 
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respect to O', we get the impedance 

1 * 


y*+ 


1 1 +z 2 y a * 


The impedance scale is 1 cm = 8 ohms, hence the constant of inversion is 

1 


0-05.8 


T = 2-5. 


= 0*625 cm to the 


1 = 

The inverse circle of 1C is K". 

Starting again from point O' and setting off 

v ' ' 

right and ~ = 0*25 cm downwards, we get the point 0. As 00* repre- 
sents the line impedance^, the circle K" , in respect to point 0 , then 
represents the impedance between the supply terminals. If we now 
wish to have the admittance between the supply terminals to the 
scale 1 cm = 0*025 mho, we must take the inverse of circle 1C with 
respect to 0 with the constant of inversion 


1 = 


8.0-025 


The inverse of K" is the circle K. Since the supply pressure P x ~ 1000 
volts, the circle K represents the current L to the scale 1 cm = 0*025 
x 1000 = 25 amps. 

The point P 0 corresponds to the load r 2 = go, and is called the 
no-load point of the system. The no-load current I 10 is given by the 
vector OP 0 . The point P K is the short-circuit point, and corresponds to 
the load r. 2 — 0. The shmi-circuit current l lK is given by the vector OP K . 

If 0 X is the inverse point of the origin 0 f to the ratio of inversion 5, 

then OO x corresponds to the current ^1. 0, is thus the short-circuit 

point for the case when the receiver terminals are short-circuited. Let 
P be any point on the circle K, then the vector P0 X represents a current 

A _ J _ P l ” ? 2 

*l~ ml h. = ir 

Hence if we construct a new co-ordinate system with the origin 0 Y 
and with the real axis passing through 0 , and further choose the 
pressure sca le so that 0 1 0 — P 1 volts, then in this new system 
the vector 0 X P represents the receiver pressure P 2 (see Chap. III. 
Sect. 21). In this system of co-ordinates, therefore, the triangle 0 X PO 
is the pressure triangle of the installation. The pressure drop in the 
transmission line equals the algebraic difference (Xj) - C \P. At no- 
load, the drop of pressure is 0 X 0 - 0 X P Q . From no-load to load, therefore, 
the pressure falls O x P 0 - 0 X P . 



Q/> 


d * i is ri A P V i', 

TATPEDA NOR IN SERIES WITH TWO PAfeAf^KH OIUOWITK M 1 /f 

V ^ / o 

V * ^//x 

r rhc current I a in the constant admittance //„ is | )r^oxliiotmt-la,Lbi r ^ / 

pressure /*„. Whence ' '\ # G A 1 Of^ ^ 

V V 
l , 1 -* / 7 / 

/> '«« j> 1 (» j 

"0 nr 

where 7 rtw ~/ 0 is the no-load current and is the no loud receiver 
pressure. From the diagram, we get 

XxV' 
e, ovv " 

Hence, in the original current scale, 


To complete the diagram, we draw in the loss and power linos. For 
the loss in the, impedance r;, , we put 

/'j />, /; a v If 

where V, ~() is the shortened form of the equation of the loss lino (see. 
Section tiS). This line V 1 0 is the semi polar of the, origin 0, with 
respect to the circle K (Fig. 108), and is constructed as previously shewn. 
The loss in the parallel connected admittance y a is 

/Wtk- 

Since !\, can he here represented by the vector (\V, the line for 
the loss V n is the semi polar of the point O x in respect to the circle. 1\. 
Writing V f< 0 for the equation of this straight line, we get 

/>/%„ 

where //,, is a constant, and the coordinates of the point V are 
inserted in the linear expression V, t . Similarly, writing the equation of 
the abscissa axis W } 0, the equation of the supplied power can he 
written in the form : Jr u t . , ... 

where A , is a constant. In this particular case, A t is simply equal 
to the supply pressure and W, is the watt current, or the ordinate 
of the point /\ 

The power received by branch 2 of the parallel circuits is: 

IF, r s V x // W x . F u 

//,W, ./, W, /i,V, /;.,V„ ,/,w, //,„v,„. 

Since, on t he one hand, 

fiuSu //,V, + 

y.,< () ' K the equation of a n( rai^hf Jinn jiuHnin^ through tin* point, of 

iiiterHcetion of V, 0 and V„ 0. Thtw V,„ 0 in the resultant. low* 

linn of (lie current diagram. 

Wince, however, on the other hand, 

/f.w, . 

then W, 0 in the equation of the twofii! power lino of the circuit. 
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This line W 2 = 0 passes through the point where the resultant lo&& 
line V lrt = 0 cuts the abscissa axis W L = 0. Again, since the powo 1 ' 
line W 2 — 0 passes through the points for which the power in the loa>d 
t 2 is zero, it is obvious that it passes through the no-load point Pq an<i 
the short-circuit point P /c , and can thus he drawn at once. To find tho 
resultant loss line V 1(t — 0, on the one hand, we have the point of inter" 
section of the two loss lines ^ = 0 and V a = 0, and, on the other hand, 
the point of intersection of the power line and the abscissa axis, and 
from this follows the construction for the determination of the efficiency 
as shewn in Tig. 109. This figure is drawn for the same constants and 
to the same scale as Fig. 108. 



Since the straight lines V 1 = 0, V„ = 0 and V„, = 0 must all cut at a 
point, the direction of the straight line V 1(1 = 0 can he found from 

s[s': s 1 s = ^s I ' :s~s,, 

since the ratio of the intercepts of the three lines on any horizontal 
straight line is the same as that of the intercepts on the abscissa axis. 

34. Pressure Regulation in a Power Transmission Scheme. Until 
now we have always assumed that the pressure at the supply terminals 
was . maintained constant, and have determined the pressure at the 
receiver terminals for various loads. In practice, it is often required 
to maintain a constant receiver pressure. This can be accomplished 
by suitable regulation of the supply pressure. If, by way of example 
it is required to maintain a constant receiver pressure at the end of 
a transmission line of impedance ?1 , then the pressure'at the supply 
terminals must be „ „ „ L 1 v 

l i=^UM- 

We may take, by way of example, the case in which the load current 
h --T# = f sW+W ls given by the curve K in Fig. 110. 
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This curve K to another scale also represents the admittance curve 
of the load due to the constant receiver pressure P 9 which is set off 
along the ordinate axis. 


Since 


we get 


This ^ is the short-circuit current in the line under pressure Z \, . If 


P j — a'j -p 

fAs} 


we displace the origin to O x by making 


then the current 


0 A = 


and 




is given by the vector OJ*. 


1 1 diet;, if we 



IvKi. 110. Pressure Regulation of a TranwuiiKHioii Line. 


choose the pressure scale so that the lino <)\ 7) equals tlio constant 
receiver pressure l\, the line 6 \l> will give the supply pressure /'. 

con ^sponding to the current vector I x = OP. The rise of pressure « 
thus BP. 

The supply pressure l\ leads the receiver pressure by the undo 
. : st the current I x lags behind the receiver pressure hy the 

angle </> 2 . Hence the phase displacement at the supply terminals i« 

if w draw a circle to pass through 0 and' 0,, and with 
its centre on the abscissa axis, then 

L = 9 and z./W= (</>., + 0) ~ . 

We will now determine graphically the loss and etlieieney uf the 
transmission hue for the usual ease, in which the current cum* is re’ 
presented by the circle IC as in Fig. Ill, with the receiver pressure I’i 
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The loss in the line is V l = 1 2 r 15 

and is represented as before by the loss line M x = 0, the semi-polar of 
the circle K with respect to the origin 0. 

The power given to the receiver circuit is 

P 2^5 

where u and v are the co-ordinates of a point F on the circle K. The 
power line W 2 = 0 is therefore the abscissa-axis in this case. 

The supplied power is 



Fig. ill. 


Since the equation of the circle is 

(u-fxy + (v-vY~R? 
or v? +-v 2 =z 2/JLW + 2 w — p 2 , 

we get for the supplied power 

W 1 = P 2 v -t Zr-jm +• 2 - ?\p 2 =A 1 \N l , 

where W 1= =0 is the shortened equation of the power line. 

If now a is the angle this line makes with the abscissa axis, we have 
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Since the line W x =0 must further pass through the intersection 
of the loss line with, the abscissa axis, it can at once be c onstru cted 
(Eig. 111). The power line is perpendicular to the line M r M. A 

circle described about M r as centre with radius ^ must pass through 

the short-circuit point (9 1 ; and the power line W-^0 and this new 
circle cut the circle K in the same points. 

To obtain the efficiency of the system at any point P on the current 
curve, we now proceed as follows : 

Draw a line 0-100 parallel to the power line W x =0 between the 
loss line and the power line W 2 = 0 ; join PS and produce to cut this 
line. Marking off the line 0-100 into ten parts to represent 10%, 
20 %, up to 100 % efficiency, the efficiency at the point P may he read 
off directly at the point where this efficiency line is cut by PS produced. 

35. Compounding of a Power Transmission Scheme. From Fig. 110 
it is seen that the pressure-rise P 1 ~P 2 on V depends on the magnitude 
and direction of the current vector I l9 and that 1\, and consequently 



Fig. 112. — Compounding of a Transmission Lino. 


1\- will he constant so long as the extremity P of the current 
veetoi *Vi moves over a circle described about O x as centre. But the 
current curve K of the load is not a circle as a rule. It is possible, 
however, to connect a machine to the receiver terminals— i.e. in parallel 
with the load — whose current / 0 can be so regulated that the lino 
current vector 1^ — 1% + / 0 describes a circle whose centre is at O v A 
transmission scheme in which this is the case is said to be compounded. 
The current Z Q can be a pure wattless current. Such a machine joined 
to the receiver terminals for the purpose of giving or taking a wattless 
Current is called a phase regulator. 

In Fig. 112, curve If 2 represents the load (current) diagram for the 
constant receiver pressure 1\ 2 . The current is represented by 
1 - 2 . — (cos c/lo +j sill </j.>) = To($> = I \y +7 I WL 5 
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^1 is the short-circuit point for the line of impedance z lt 


'P£-pa, 


A0^P 2 h = p 2h , 


Let K x be the circle about whose radius equals the constant supply 
pressure P v then I x is the line current, and consequently / 0 is the 
lagging wattless current given by the phase regulator. 

The line current I x possesses the same watt current I w as the load 
current / 2 , and in addition it has a leading wattless component I' WL) 
which can he determined from Eig. 112 as follows : 

(I w + P$ i) 2 -f- (P 2 b x - 1 WL f = Pp/j, 

I WL = P 2 b x — sfp^y.j — (P 2 g\ -f IwY* 

The lagging wattless current supplied by the phase regulator will be, 

Jo = r WL 4- PA - s/p$ - (P^ + 7^. ( 58 ) 

Dividing all through hy P 2 &ftd putting, as before, ^ = a, we get 

J i 


- b„ = \ \ - (g 1 4 - grj) 2 , (58a) 

where b 0 is the susceptance of the phase regulator. We write -A 0 
because 1 0 is not the lagging wattless current consumed hy, but 
produced by the phase regulator. Hence, so long as the right-hand 
side of the equation is positive, the phase regulator acts as a capacity. 

The wattless current produced hy the phase regulator consists of 
two. parts. The one part I WL is the wattless current of the load and 
is given hy the current curve X 2 as a function of the watt current of 
the load. The other part T WL is the leading wattless current which is 
necessary for the line. The latter is likewise given as a function of 
the watt current by the circle K lx and depends therefore on the value 
of the supply pressure P r If P 2 > P 2 , l' WL will be zero for a certain 
watt current, and will lag at small loads. A part of the load wattless 
current can then he supplied by the line current, and the current of 
the phase regulator will be correspondingly smaller. The wattless 
current of the phase regulator is always given by the horizontal 
distance between the two curves K x and X 2 . If these two curves 
cut, then I 0 — 0 at the point of intersection. Passing beyond this 
point, I 0 becomes negative, i.e. the current given out of the phase 
regulator is leading, or that taken in by it is lugging — the same then 
acts as an inductance and b Q becomes positive. 

With a given transmission line and given pressures P 1 and P 2 , the 
transmitted power has a maximum which is given by the highest 
point B on the circle X v At this point 
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The same condition for maximum power is given by equation (58ft), 
since for larger values of g 2 the root becomes imaginary. In this case, 
the wattless current of the phase regulator is 

h = Vw. + -bo=K +b i- 
The maximum power is 

= = = Fb'(& - Si)- • ( 60 ) 

If the supply pressure i ) 1 is maintained constant, whilst the receiver 
pressure P 2 is varied, we get different circles JC V all of which have 
the same radius, and whose centres lie on the straight line OO x at 
distances from 0 proportional to P 2 . 

The highest points J> of these circles, and accordingly the watt 
currents at maximum load, are represented by a parallel to d0 1 . 
Thus, whilst P 2 increases as a straight line function, the watt 
current l w decreases as a straight line function. Hence there is a 
P 

certain ratio a — -ry for which the maximum power, which can be trans- 

* i 

mitted over a line of given constants r 1 and aq, attains its highest 
value. This value of a can be found from the condition : 


iW m 


d a 


— 0 


For this maximum, therefore, 


or 



£'l 



Vi 

^2 = "-l/i == Pr 




.(61) 


The maximum power itself is 


.p 2 i L ( , =J Jj 
1 irj 1 4?V 


.(62) 


and represents the maximum power which can be transmitted over the 
given line at the given supply pressure 

It is also of interest to determine the phase displacement at the 
supply terminals of a compounded power transmission scheme. Fig. 113 
represents the same diagram as Fig. 112, except that the current 
curve K 2 of the load and the load current I 2 have been omitted. The 
extremity 0 of the vector of the line current I 2 moves over the circle 
]( 1 described about O l . This circle is thus the current diagram of the 
line current. The receiver pressure 1\ 2 coincides with the ordinate axis. 

The angle J\ 2 0C is thus the angle of lead of the line current with 
respect to the receiver pressure. On the other hand, if we consider 
0 X 0 as the real axis of a new system of coordinates in respect to the 
origin 0 V then, as shewn, P 2 is represented by the vector 0 X 0 and 
1\ by O-fi. The angle by which the supply pressure P l leads the 
receiver pressure is thus l OOfi- 0. If wc draw a circle K to pass 
through 0 and 0 1 with its centre on the abscissa axis, it will then be 
seen that L Q0 ( c=lP 2 OD = l9, 
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and the angle COD gives the phase displacement <A at the supply 
terminals. 

The radius of the circle K is, as already shewn above, — 1. Since 

^ 2^ 

OjC ~P \y x , the phase displacement at the supply terminals cannot become 
zero unless p p „ 

or Y = a ^^yi = v= s[nc K- 



Fio. 113.— Phase Displacement between Current and Pressure at Primary Terminals, 


When the equality sign holds, the phase displacement only disappears 
for the one load where g, = y r If the inequality sign holds, the phase 
displacement in the supply circuit disappears at two loads, which are 
graphically determined by the points of intersection of the two circles 
Aj and a. Between these two load points the current in the supply 
station leads — otherwise it lags. * ^ 

If it is required to over-compound the transmission scheme, then 
with the load COnstants ’ whllst tke receiver pressure l‘„ increases 

If we put, for example, -P 2 =P 2 , 0 +I„r w , 
where P 2 0 is the receiver pressure at no-load and r.„ is a resistance 
to eJuation’(58). VattleSS ° Urrent 7 « is obtained b J an equation similar 

„ f O= 7 »x+(Ao+ {P 2|0?1 + (r If y 1+ 1)/ 12 ... (63 ) 

tlence rn an over-compounded system, when 

j w - Ayi-Aoffi _ P fj - p % .^ 

r wffi + 1 Vj + af ’ 

we get maximum power W l ^=P i I w = ( P% „ + 

or = P 3> , AtAi (i3hzinSi\* r 

wzi b w 4 J 1 ^ 
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36. Losses and Efficiency in a Compounded Transmission Scheme. 

Since the diagram of the line current in a compounded transmission 
scheme is a circle (see above), we can represent the powers and losses 
by straight lines, as shewn in Sections 23 to 25. Since, however, in 
that case we started with the diagram for the supply circuit, we 
obtained the abscissa axis for the line of supplied power. In this 
case, on the contrary, we start from the diagram for the receiver 
circuit, and consequently get the abscissa axis as the line of the power 
given out. 

The loss in the line is V 1 = I\r^ 

arid is represented by a loss line which is the semi-polar of the origin, 
with respect to the circle. Denoting the co-ordinates of the current 
curve Kj in Fig. 112 by («•, v), and taking abscissae to the right as 
positive, we then get the equation of the circle K x : 

(u - l\\f -(-(« + ?&)*=!$£ = R'lh ^2 

or u 2 + v 2 - 2P 0 b 1 u + 2 1\ (^ - 1 )• 

The heating losses in the line are therefore 

(m 2 +- v 2 ) r t = 2 -+^Q 2 ~ *)] = A v i > 
where B 1 = 2P 2 g 1 

and V 1 = ZjU - +• ^ - 1^ = 0. 


This latter is the equation of the loss line. The power given out is 

and the power supplied, 

J / F l = W 2 ^rV l — Pft 4 P> l V l 

= - 2Ptf l r l v+l 2 v + i»(I - l) jr, = A ,W r 

The straight line W., = 0 is thus the line for the supplied power. 
As seen from the form of its equation, this line passes through the 
point where the loss line V L = 0 cuts the abscissa axis v 0. In 
order to he able to draw this line = 0, we further determine the 
tangent of the angle a which it makes with the ordinate axis. This is 


tan a = - 


Vfi 


1 1 
J_ _2 Tj_ ' h 


h x x \ 

As already shewn, the point 0 1 is the point of intersection of two 

These 


p 

circles, one of which has the radius —A and, the other " 2 


'Ax, 


two circles cut one another rectangularly in the origin 0 and at 
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Re- 6 ^ d the een fcros of the two circles are denoted 

y M r and M x . As seen from this figure, the power line W, =0 is 

TWffi dlCU ar 2 t \ e lin f M '°v and is therefore parallel to the line Mj) v 
tA effi “ enc J of the scheme can now be determined from the loss line 
and the A° power llnes ( see the construction in Fig. 114). 

The efficiency of the line depends on the line constants r 2 and x x 

on the ratio a=— and also on the watt current of the load; but is 

yependent of the wattless current of the load. In practice, syn- 
chronous machines are used as phase regulators.* As is well known 
such machines yield a leading or lagging wattless current according 



MnwhA! 0 f T ei -| °}, un der-excited. In the former case they act as a 
current^ 5 the 2? I**® fl self - lnduc tion h] addition to the wattless 

t7cnv2 reg 2 at i° r r 011 llo4oad also re ^ s a ™tt current 

TwXJ 1 f f 1 whloh , fo ™ ai1 additional load in the system, 
time J eSala f 0r ea . n . also be used for other purposes at the same 
’ “ a m . otor out mechanical work or as generator for 

the production of a watt current. 8 

comnomrW^f 2 e ab °- ve . a ^hole series of problems on 

n fT f tra ! 1 ® missI011 schemes can he solved. A comparison 

cL! ant? x a S a r S W u th the ioad diagram of a synchronous motor with 
constant excitation shows the great similarity between the two.f 

ArJld-laCour, ™ phaS6 re S ulators > 3ee 

+ Arnold-la Cour, WechselstromtechniJc , vol. iy. p. 418 . 
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MAGNETICALLY INTERLINKED ELECTRIC CIRCTIITS. 


37. Magnetic Inter linkage between Two Circuits (The action of a Trans- 
former). 38. Self-, Stray and Mutual Induction of Two Circuits. 
39. Conversion of Energy in the General Transformer. 


37. Magnetic Intexlinkage "between Two Circuits. Until now 
we have investigated only the phenomena which occur in a single 
closed circuit. Since, however, the 
e.m.f.’s in a circuit are generally due 
to induction, as is the case, for example, 
in all electromagnetic machines and 
transformers, it is of the greatest im- 
portance to study exactly the relation 
between two electric circuits. The 
simplest of all electrical apparatus met 
with in practice is the single-phase 
transformer, which consists of two 
electric circuits — a primary and a 
secondary — magnetically linked to 
one another. In Fig. 115 the prin- 
ciple of a transformer of this type, 
viz. a 'mantle or shell transformer, is 
represented diagrammatically, whilst 
Figs. 116a and b shew photographs of such transformers. Both 
primary and secondary, which are insulated from one another, are 
wound on the core in the centre, whilst the two outer cores or 
mantle serve as a return path for the flux. The single-phase current 
is supplied to the transformer on the primary side, and is withdrawn, 
transformed, from the secondary side. Fig. 116ft is a view with part of 
the stampings removed, to shew the windings more clearly. 

Fig. 117fl shews how the field is distributed in such a transformer. 
I is the primary winding and II the secondary. As a rule, the 
number of turns w 1 on the primary is not the same as the number w 2 
on the secondary, although these may be equal. The chief part of the 



Fio. 115. — Diagram of a Shell Trans- 
former. 
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total turns ^ # h . fch ?. lamin fted iron core, and thus embraces the 
with “ l T h mndm & Another P arfc of flux is interlinked 
nofwkh both ^ ^Tf ary -n UrnS ° r With SOme of the secondary, but 
manv tSns o tL^n St S n U & T ther P art ma ^ be interlinked with 
The mof ;- th f winding, hut only with few of the other. 

by the curvellln F%. Tift. 6 ^ ^ ^ ^ SeCti ° n m iS re P resented 

field 1 intc^tnhes ? e ° ry n the .. tr!ins{ormer ’ it is best to split up the 
e ' Cl lnfc0 tubes of force. Considering a single tube of force inter- 


Fig. U6a. 


Fig. 11 6 b. 




in" this Tube Ts'propTtfonarto Tw +* secon J ar y turns, then the flux 
currents in the primary and sWsx - T. lere t] an< i 4 denote the 

number of turnfon prfrnart Z t? ^fu res P eetivel F- if the 
b and will be verv ne fl H,f l d Tt dary 18 the ™e, the currents 
opposite" directions. ^ *i Ua 0 one an °ther, but will flow in 

iN T ow, since 

hw lx -bi 2 w 2x = (i 1 + i 2 )w 2 x +i 1 (w lx ~w^) 


or 


= (*i + 4> te + 4( War - W] J j 


~ xxn 

the magnetising S current 11 0°-(- t i , ) 0 ^^'*f} 1 g ne 1 .i 0 ^ wh . i( l h is P ro Portional to 
or the secondary current S fii 1 ? th f f lther to the primary 
main flux and the second the Itw/fitl ^ ° f thlS fl " X 18 Called the 
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The flux of this tube induces an e.m.f. in the primary winding 
proportional to 

dw Jx (i A* 4- wJ d , . . \ ■» 

Tt = dt + - w 2*)}, 


and an E.M.F. in the secondary proportional to 



Fig. Vfla .— Diagram of Tubes of Force in a Shell Transformer. Fro. 1176. 


From this, we see that the main flux; of every tube always induces the 
same E.M.F. in both primary and secondary windings, whilst the 
KM. P.’s induced by the stray flux are proportional to the currents in 
the respective windings. The stray flux has a large part of its path 
in air, and is therefore in phase with the current which produces it. 
Most of the main flux, however, has an iron path, the hysteresis of 
which will cause this flux to lag (by an amount equal to the hysteretic 
angle of advance) behind the magnetising current + 

Summing up the e.m.f/s induced in each winding, we get, for the 
primary circuit, the differential equation : 

P X J’2 sin (o>i ( 4- 6 X ) = if 1 + sj-j; 4- w^ 7t , (65a) 

and for the secondary circuit : 

0 = 2V2 sin (<dA *0 S ) H-Va+S^-r (mb) 




112 theoey gp alteenating-cueeents 

pressure • I" rClrfl !u C reSpeC 1 iv ? P rimar y alld secondary terminal 
strav flnV /tv 1 de . not , e f * he sum of tIle interlinkages with the primary 
ls ’ that ? art of the Primary flux which is not ffi 
k mlarly for ^ F° du “. d ^* current in the primary, 

and are ^ “ d ^ are Called the <*»#««* »J stray Mudili, 
S, = ~ CT a») -v 

R * ’ l 

S — y W g»( M a»~ CT la: ) I 

SerhnSd^wS 6 ^ 1110 ^ 1106 ° ffer f d t0 the tube of force whkh » 

intei linked with w lx primary and w 2x secondary turns. is the 

p a _ ^ r 2 ideal main flux, which is com- 

— T — PPpffiW' — -r-*S pletelj interlinked with both 

L i 4 4 primary and secondary wind- 

P, p i Kgs and induces an in 

* both which is proportional to 

p* i p the sum of all the interlinkages 

B 2(<£ h w x ) of the main flux. 

Fig. lis. — Equivalent Circuit of a Transformer The above two differential 

both to ,h. tofomor (Fig. 1.5) a„d to SS.Svn"' 

*££25 s °™’ “ d 

‘-”Tr ’ 

which is equal but opposite in direction to the e.m.k - « induced hv 

reJeZ C U L X hoth ^ ° f ^ 

fni? elrcults > Slnee tlle y are embraced by the same flux 

and fixed with respect to one another. Since d>, lags behind the 

magnetising current i a by the angle f,„ the pressure e leads the 

magnetising current i n by the angle p Hence we can thus write : 

L=E% = E{g a +jb a ), 

where tan ik = — . 

9a 

fo Fil S ll8 W ^d a «J[ 8 ? laC f !u e transform T h y the circuit represented 
a- 118, and can treat the same analytically just as anv othpr 

Bektiiir^^^T 6 ^ 1106 ”1 Seri o " rith tW ° P a ™ del 'manches! 

^ by ^ ” -•* ,h “ «» 

?1 - E=lf 1 -//!*! = / r?1 , - E - P 2 = f< >r 2 -jl,x 2 = 7,z (67) 

where h = l,~h=E % - h ' 

and « 2 =i r 2 -jx 2 . 
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When the secondary circuit is open, i.e. when the transformer is on 
no-load , l 2 ~Oj and the primary current I ± equals the magnetising 
current . I a . Since the resistances and reactances, and also the 
magnetising current, of a normal transformer are usually very small, 
it follows that at no-load the secondary pressure E 2 = E will he nearly 
equal to the primary pressure P l9 assuming of course that the number 
of turns on the primary is the same as that on the secondary, i.e. 

%i\ = w 2 = w. 

The currents and pressure of a transformer can he best shewn 
graphically, as in Fig. 119. Set off the main flux d> 7i along the negative 
direction of the abscissa axis, 
then the e.m.f. - E induced 
by d? /f falls along the negative 
direction of the ordinate axis 
(since the induced E.M.F. lags 
90° behind the inducing flux). 

The flux itself, however, is 
not in phase with the m.m.f. 

(or magnetising current), but 
follows the same at the angle 

7T 

'This lagging of the 

flux behind the magnetising 
current is due to the hysteresis 
and eddy currents, caused by 
the continuous reversal of the 
magnetisation in the core, 
which is treated more fully 
in Chapter XVIII. 

The magnetising current I a 
can be calculated from the 
circuit constants and set off in 
the diagram. Further, if the 
secondary current / 2 is known, 
the secondary pressure P 2 can 
be found by geometrically sub- 
tracting the secondary impedance pressure / 2 s 0 from the induced 
E.M.F. -E. 

Since the current / 2 — induced in the secondary binding by the flux 
f I\ — is always directed so that it tends to weaken the inducing field, 
it is obvious that a primary current -/ 2 must be supplied to overcome 
tbe reaction of the secondary current Z 2 on the field, if <b, t is to be, 
kept constant. Consequently, the current supplied to the primary has 
two components. The one component is the magnetising current 
necessary for producing the field, while the other component is the 
compensating current - J 2 required to neutralise the reaction of the 
secondary current / 2 on the main field Hence the primary current I x 

a.g. “ H 




■w 
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is simply the resultant of the currents I a and - J 2 . Again, if We add 
the impedance pressure Iz % to the pressure E, “which is equal and 
opposite to the E.M.F. —E induced by the main flux c P h , the primary 
pressure I\ will be obtained. If we now turn the pressure -triangle 
-E, P 2 through 180° to the position E, -P 2 , we get a clear view of 
the pressure drop from the primary terminal pressure 1\ to the 
secondary terminal pressure -P 2 . The pressure E often termed the 
E.M.F. consumed by the counter-electromotive force - it', is required 
for driving the. magnetising current I tt through the circuit, and there- 
fore leads the latter by the angle \p a , as shewn in the figure. 

T ‘ epow,r i’W.-M,. 

is consumed by the iron losses in the magnetic circuit, and is dissipated 
m the form of heat. 

The phenomena which occur in a transformer occur in every other 
orm of electromagnetic apparatus, although in a somewhat modified 
torn. In every case , however , we have the secondary current induced by 
the mam flux, and the corresponding compensating current which mnbines 
with the magnetising current necessary to produce the flux, to form the primary 
, The flux serves to transmit the power from the primary 
h another SeC0ndar ^ ^ usi as a ^ eli irmsm its the power from me pulley 

In the stationary transformer the power EL cos L is transmitted 
from the primary circuit to the main flux. Here, in the main flux, 
the iron losses EI ? cos^„ are consumed, so that the power transmitted 
to the secondary circuit is 

EI 2 cos f 2 = El 1 cos i/q - EI a cos i/-„ ; 

hut since EI a c os fa is usually very small, nearly the whole power is 
conveyed from the primary to the secondary. 

The frequency of both primary and secondary is the same. The 
a chant a e 0 af heref ° re for " sin « a stationary transformer is to effect 
secondare ° f T P /. eSS . ure th f P ow f is transmitted from primary to 
for the nr,wl 1 achle ? d by - cboosin g differenfc numbers of turns 
urimarv P ^ 7r d Wlndln g s - If there are w x turns on the 

Fatter will be d ** °“ ^ seC0ndai7 ’ then the E - M - F - induced in the 
. E 2 Jh F Jpi 

W 1 1 u 

secondary eurrentfis * nduces the samc in every turn. The 




follows J at S otce^m^the'faerth 6 !? U ^ primary windin & This 
currents / anrl T 1 f t th , afc t 1 he am P ere turns of the two 

2 anc *- f must be equal and opposite, u is the rnt ir> nf 
ransformation, which in a stationary transformer is the same for 
currents as pr», sum. In the equivalent circuit “hire tho“Sma," 
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and secondary circuits are electrically connected, all secondary 
pressures must be reduced to the primary by multiplying by % and 
secondary currents by dividing by u. The powers remain unaltered, 
since r, N 

On the other hand, the impedances must be converted in the ratio u 1 
since 77 -n , -n 

1 E ] 

1 2 % ' %I~ ^1 a 

By these reductions the equivalent circuit and all the calculations may 
be made independent of the ratio of conversion of the transformer. 

38. Self-, Stray and Mutual Induction of Two Circuits. Neglecting 
the iron losses in a transformer, the main flux at no-load can be 
written, 

<£> — 

ll ~ Jl 9 

where = number of primary turns and JR = magnetic reluctance 
offered to the ideal flux completely interlinked with both primary and 
secondary windings. The E.M.T. induced in the secondary winding 
is then 

e _ io = _ n A 10. 

2 2 dt E dt tit ' 

M = is called the coefficient of mutual induction between the primary 

ii> * u 

and secondary windings. Introducing this coefficient into equation 
(65a) we get at no-load : 

zys sin («/+ O )=i 10 r 1 + (s, + Afjj)^ =i 10 r 1 h- L x 

where L x denotes the total interlinkages of the primary winding with 
the flux produced by unit current in this winding.- This is called 
the coefficient of selfinduction of the primary winding. Between the 
coefficients of self-, stray and mutual induction, there exists therefore 
the following relation, 

(68a) 

for the primary winding, and similarly 

(68 b) 

for the secondary winding. 

By multiplying these two expressions, we get 

M 2 = (Lj - S X )(L ^ - S 2 ) (68c) 

Of the flux produced by and interlinked with the primary, the part 
corresponding to M S is interlinked with the secondary, whilst the 
part corresponding to 8 X is interlinked only with the primary. 
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In practice, the ratio 


M W - i 


A 

A- A 


cr 


is known as the leakage coefficient , a name given by J. Hopkinson. o* is 
always greater than unity, and represents the ratio between the total 
flux and the flux which is interlinked with the secondary ; or, in 
other words, the ratio between the total and the useful flux. The 
flux which is only interlinked with one winding is called stray flux. 
Both the primary and the secondary have their own stray fluxes. 

In electromagnetic machinery, we have nearly always to deal with 
a. main flux and a stray flux, or with corresponding magnitudes, 
viz. the coefficients of mutual and of stray induction. This is due to 
the fact that these fluxes are actually present in the machine, whilst 
the fluxes corresponding to the coefficients of self-induction do not as a 
rule exist, and consequently are not easy to calculate. Moreover, the 
former method of calculation has the advantage that all machines can 
be analytically replaced by equivalent electric circuits, since in the 
equivalent circuits the only constants which occur are : 


K- — ? x 1 = 2ttcS 1 and x 0 = 2ttcS 2 . 

2t tcM^ 

On the contrary, the reactance ^ttcL x is not at all confined to * one 
electric circuit, but is distributed over two circuits in which different 
currents flow. Consequently, with machines, it is not convenient to 
work with the reactance due to self-induction. 

In the ease of mains or other similar circuits however, where little 
or no iron at all is present, the conditions are different. Here the 
Jf™? 1 of ™ e currents in neighbouring conductors is often so small 
that the stray flux is larger than the main flux. In such cases it is 
best to use the coefficients of self-induction, and estimate as nearly as 
possible, by approximate calculations and experiments, the damping 
themselves COn ^ ar ^ ° Urrents in the neighbourhood or in the conductors 


When a circuit is influenced by a closed secondary circuit in its 
followbg form’- ^ ^ lfferential e d uations (65a and b) appear in the 


*"*1 + *3 + *3 i^§-V 1 + Ll § + M§ (65c) 


0 = £?•„ + $, 




J. ^ WU U)i, 

Instead of solving these two equations with the unknowns i and i 

" s to * dia r ntkI 

nf , 1 . on ® °? h alone, we may demonstrate the damping effect 

of secondary circuits by the following simpler consideration g 
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For the sake of simplicity, assume that the resistances /*, and r 2 in 
the equivalent circuits are negligibly small compared with the 



reactances. We then get the circuit shewn in Fig. 120. The total 
reactance of this circuit is 


x t - + T 


— H 


= 2irc-l S, +- 


u\> \w 9 , 


w A », -J 




Thus the secondary currents reduce the self-induction of the main 
conductor, and the greater the ratio of the mutual induction to the 
self-induction of the secondary conductor, the greater is this reduction. 
When M is always smaller than U; and if we take, for 

example, = then the total reactance of the main circuit 

will be z /i\ 2 \ 

x t = 2 ttcL 1 ( l - ) — SircL^fy, 


i.c. some (i % less than when the secondary circuit is not present. 
Taking into account the resistances r L and r 2 , and also denoting 

x Lx = 27 rrL 1 and x h = 2vcL$ 9 

we obtain the total impedance, 


:?i+ ra 


istm 


l 


1 


jpg 


■ 


or, neglecting (f in s t = 

in which expression the resistance and reactance are given by the values 

, \ 

h=h+J7J 


= -t: 


Thus the secondary currents in neighbouring conductors and the eddy 
currents in the conductor itself cause an apparent increase in the 


I 



118 


THEORY OF ALTERNATING-CURRENTS 


ThiffJaL' 3L\ de01 ’ ea! u “ the f induction of the main circuit, 
the eddv em-rputo 116 W ° U ,r ex P e 9 fc >^ or example, in a round conductor; 
thev flow aS tr so dlre ?ted that at the centre of the conductor 
current Owi™ carrent > and at the surface with the main 

over the seeHeS nf i S Un , Symmefc , rieal . distribution of the current 
and since at Z f ^ C0 “ d ( u l ctor > tbe losses are of course increased; 
is ereatest the p . f tbe c . onduct °r-where the self-induction 
tL g conduc^r will h rr f n l enSlt I 18 least ’ tlle total self-induction of 
no eddies are urpspift es ^ han tJ ? at ca ^ c ^ at ed on the assumption that 

of the eddv cn?rent ^ ^ “ Cha P‘ XXL how *he effe Ct 

I nstw it n 0n t - ie T c,ut constants can be calculated. 

that the” distnrKm 6 • 0U c t ^at formula (69) shews clearly 

increase with the influences of the secondary and eddy currents 

»io™ t™^d e „cto“ e “ r ““ ““ Cam " t md " th the 

39. Conversion of Energy in the General Transformer In the 

circuL^anThlve se? Tf ♦T* tW ° “^etically-interlinkwl electric 
energy from otip the ™ a &* ietlG . flux serves to transmit the 

are fixed relatively t 6 ofcber ‘ , ^ t ^ e primary and secondary circuits 

primarv will he n,i ° °^ 6 anodl ® r > the total energy given out by the 
primary, will be taken m by the secondary, neglecting iron losses 

l^y^::xk the two windings ^ bf -2K 

arrInLToTl e, rn h t e r primar ? may be fixed and the secondary 

is still linked with !?- SUcb a wa 7 that the magnetic field 

placini theseeny! both / lnd mgs. This condition is obtained by 
Snder and th,? ^ m °^ S T sl ° tS 0n the Periphery of a laminated 
E inside Ihth ?h mai T 7 Sl ° tS ° n the i nne r surface of a coaxial 
linkages of the tw & c .“' 1 , n( cr rotates. In such a machine the inter- 

SeSf^teL? Cl Tnt7 ^ ^ putate ^ 

the speed oJHRp^rnf^N^ " l ™ ld i n & the frequency c x is proportional to 
nne speed of the rotating field, while for the movino- secondary r is 

r„T“£ S^ peed * he fl “ “ «“ ~Sg w7n'd?ng 

in by the secmdSg P °™' *”*“ by the »« >» 

If, for example, the main flux flu induce in the primary an E.M.F. 

having the frequency e ± ; and in the secondary an e.m.f. 

E 2 = U44c 2 ® 2 <I?, ( 10'- s , 

having the frequency c,. 

Then the two E.m.f.’s have the ratio 

E\ CjtOj' 

Since -in this ease also the compensating ampere-turns of the primary 
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circuit must equal the ampere-turns of the secondary circuit, we must 
have m l I c w 1 = m 2 I 2 w i , where m 1 denotes the number of similar primary 
circuits having the bums w v and m 2 the number of similar secondary 


circuits having the turns w 2 . 


On transposing, this becomes 


and combining this with the above ratio of the e.m.f.’s, we get 

IfiTj^E cj % __ ^2 (70) 

rn l JB i r c _ c L 

We have here l = l (E 2 I 2 ) = rp 2 , as in the transformer diagram 
(Fig. 119). 

The power taken in by the secondary circuit is therefore less than 
that given out by the primary, in the same ratio as the frequency 
of the secondary current is less than that of the primary. The 
difference 


(ni l JiJ i r c -~ / m 2 E 2 l 2 ) cos = 


I 0 cos \f/ 2 


between the power given out by the primary and that taken in by the 
secondary must therefore appear in some other form, since energy 
cannot be lost. This difference does not appear in the form of 
electrical but mechanical energy, and it is thus possible for. the 
general transformer to work also as a motor. The power transmitted 
from the primary circuit to the magnetic circuit therefore appears 
partly as electrical power in the secondary circuit and partly as 
mechanical power. The former (the electrical) part is proportional to 

G i ~h _ -i _ °_2 
Ci V 

i.e. proportional to the velocity with which the secondary circuit 
lags behind the primary, whilst the latter (the mechanical) part is 

proportional to the velocity with which the secondary circuit is cut 
by the main flux. h 

Putting c 2 —sc li 

then ( 71 ) 

or, with the same number of turns on the primary as on the secon- 
dary. i.e. w, = 

E 2 =sE l (71a) 

Assuming further that the number of primary and secondary circuits 
is the same, i.e. then 

W. 

and ~ (*72) 
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where s' denotes the impedance of the secondary circuit reduced to the 

primary. Further, let denote the reactance of the secondary 
circuit at frequency c lt then 


Hence 


^2 ~~ r 2 3 „ *^2 — T 2 J S ^2 ’ 
°1 


* 


TVe may therefore replace the general transformer with relatively 
movable primary and secondary circuits by an equivalent electric 
circuit (Fig. 121); for, by reducing the secondary frequency to that 



Fig. 121.— Equivalent Circuit of the General Transformer. 

of the primary, the continuity of the transmission of energy remains 
In the equivalent scheme, the power given out by the primary is : 

V Vb = cos^ 2 . 

Since, however, only the power V. 2 = l\ r a 

appears in the secondary circuit as electric energy, the difference 

(73 ). 

of electrical power comspoX^r^Sor Seef^fthe general 


^(--l) ohms (73 a) 

This is of course, a completely non-inductive load. Hence in suite 

u ' = frw 2 ' 

whilst the ratio of conversion of the currents is 

«.=A-™i w i. 
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and since 


A. I - E \ 
jJ % * %%!<! 


the ratio of conversion of the impedances is 




ni{iL\ 

; » > 

rti/uC, 


(74) 


where w l and w 2 denote the number of effective primary and secondary 
turns. 



Pio. 122.— Induction Motor. 


The ordinary form of fcho general transformer is the asynchronous 
motor, which consists of a stationary laminated core, or stator, on 
which the primary is wound, and a rotating laminated core, or rotor, 
which carries the secondary windings. The two windings are embedded 
in slots in their cores and lie directly opposite to- one another, and as 
near to the surface as possible so as to reduce the stray flux to a 
minimum. Fig. 122 shews the photograph of a modern induction 
motor, with the bearing shield removed. 
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Example. For 1\ = 500 volts, 

v'i = r 2 = 1 ohm, 
x x = 5 ohms, 

. x 2 — 2‘5 ohms, 
g a = 0'002 mho, 
b a — 0*01 mho, 

the curves in Figs. 123a and b have been plotted for the folio win 
powers as functions of the slip s : 



1. The power supplied to the primary JV 1 = cos <t > x . 

2. The primary copper loss y = p r . 

3. The iron losses y 

4. The power transferred to the secondary 

W = W ~y y , 

K rrn T la 2 ' T 2 * 

o. ihe secondary copper loss F z =Hr s . 

6. The mechanical power JF 2 ~Ilr 2 (^~ - 1^= W(\ - s) 
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In Fig. 1235 the scale of the abscissa axis has been increased, in 
order to shew the curves more clearly in the neighbourhood of 
synchronism. 



As seen from, these figures, the general transformer works as 
motor between s— 0 and s = 1, i.e. between rest and the speed at 
which no e.m.f/s are induced in the rotor circuits. This speed 
(i.e. s = Q) is called the synchronous speed, being that speed at which 
the secondary circuit is at rest relatively to the main flux, as the rotor 
rotates synchronously with the main flux, s is called the slip, since 
this ratio shews how much the secondary slips relatively to the main 
flux. 

From s = 0 in the negative direction the general transformer works 
as a generator and supplies electrical energy to the mains; and from 
s— 1 in the positive direction it works as an electric brake, receiving 
both electrical and mechanical power, both of which are dissipated in 
the transformer. 


CHAPTER VIII. 


CAPACITY m CIRCUITS. 

40. Transmission of Power over Lines containing Capacity. 41. Condenser 
Transformers. 42. Transmission of Power over Lines containing Dis- 
tributed Capacity. 43. Current and Pressure Distribution in Lines with 
Uniformly Distributed Capacity. 44. Transmission of Energy over 
Quarter- and Half-wave Lines. 45. Equivalent Circuit of a Power 
Transmission Line containing Uniformly Distributed Capacity. 46. 
Uniformly Distributed Capacity in Transformers and Alternating-current 
Machines. 47. Distributed Capacity in Lightning-protecting Apparatus. 

40. Transmission of Power over Lines containing Capacity. For 

transmitting alternating-current over long distances, overhead lines are 

usually employed. The capacity 
effects of such lines are compara- 
tively small, except at very high 
pressures. Often, however, the 
current must be taken along cables 
laid in the earth over parts where 
overhead wires cannot "be used, and 
the capacity of these sections has 
to be considered. A simple and 
approximate calculation of the capacity effects in all such cases can be 
obtained by assuming the total capacity of the conductors and cables 
to be concentrated at the centre of gravity of the distributed capacity. 
We thus get the equivalent circuit shewn in Fig. 124, which can be 
treated in the same way as the circuit described in Chap. VII. By 
way of example, we shall here consider the case where the load 
current at the receiving end of the line is chiefly used for driving 
induction motors. The current vector will then move over a curve 
t approximately a circle when all the motors are uniformly 

loaded. Let this circle be represented by K’ h in Fig. 125 and the 
power line by Ffi* . 

n?^i? n ^ erS ^° n c i rc le 3 we get the load impedance z b , To this 

add the impedance z 2 , and then a second inversion gives the admittance 
y , which is in parallel with y a . After adding y a and a further 
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inversion, we get the impedance which is in senes with ? r Lastly, 
by adding s, to a and once more inverting, we get the load current in 
the supply circuit, which is represented by the circle A. All the 
loss and power lines can be now drawn, but it will here suffice if 



Fig. 125. 


we merely shew the line P A Pn total losses and the resultant 

power line from which the efficiency and maximum power of the 

system can he obtained. 


41. Condenser Transformers. In 1891 Boucherot proposed to use 
condensers to transform from a constant pressure to a constant current 
or vice versa. Such transformers— known as condenser tr cmf miners— 
were employed by Boucherot for series circuits — for example, lor 
tunnels or gardens lighted by arc-lamps or incandescent lamps m 
series, in which cases this system can he used with advantage. 

Three systems proposed by Boucherot are shewn m figs, 

They are all for the same purpose, viz. for obtaining a constant current 
in the load circuit AB independently of the load, when the supply 
pressure P } is constant. Considering first the scheme shewn in 
Fig. 126a ; we have 

T - - T 

* 2 pd 

and the total current 



LA) 

-3<h W 
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The supply pressure is therefore 

or A=^(i-|)-.?V 2 . 

Choosing the reactances x x and x a equal, then the current in the receiver 
circuit will be p 

IH- or I 9 = tl. 

x i 2 % 

That is, with constant supply pressure P v the current 7 2 in the load 
circuit is constant, and is thus independent of the load resistance. 



UJLft. 





The total current is 

' \ r 2 -J&2 .)V 

hut E — C 2 ~Ph p . 







/1 =’ 1 #A + ./g=5{r 2 -y^- a:i ) 


01 I i~ + 

Thus the total current is a minimum when x 2 = x v In this case 

T P 7 1^2 

“ 2 == — 2~* 

k ort ir„ 0 iVL 'ZXzStfX Z^JX, SSfiSTi 
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the load circuit acts as no-load to the supply circuit. For this reason, 
care must be taken that the circuit is not broken when a lamp is 
extinguished. This is effected by connecting choking coils in parallel 
with the lamps, or by using a small transformer for each lamp. In 
the latter case all danger of short-circuit is removed. 

Of the different schemes given above, that in Fig. 126c is the best, 
since here the current J a is zero when the load circuit is short-circuited 
P 

(# 2 = 0) 9 instead of -A as in the other two eases. 

Recently the condenser transformer has also been used for producing 
pulsations of high pressure and frequency. If, for example, a path 
containing inductance, resistance and a spark-gap 
is placed in parallel with the condenser (Fig. 127), 
electric pulsations will be set up, provided the 
self-induction L 2 is made large enough compared § 
with the resistance r 2 . When an alternating 
pressure P l is applied at the supply terminals, a 
large pressure will be set up across the gap and 
will give rise to a spark. The pressure then 
falls immediately, and the spark is extinguished '* 
by the rising air warmed by itself. This, how- 
ever, is scarcely completed when the pressure 
again rises and produces a further spark. In r » 
this manner, sparking will continue, and the » Fia 127. 
frequency c ei — which only depends on the con- 
stants of the receiver circuit — will be found to be the natural 
frequency of the circuit, viz.: 

Cd= iVx^r(i t)- 

This frequency is almost invariably much greater than that of the 
applied pressure. The oscillations in the receiver circuit produce 
similar oscillations in the supply circuit also. When the natural 
frequency is much greater than that of the supply pressure, the oscilla- 
tions disappear during the time the condenser is discharged. 

42. Transmission of Power over Lines containing Distributed 
Capacity. We now come to the most general case of the transmission 
of power by alternating-currents. We commence by considering the 
physical occurrences in the conductors and in neighbouring bodies. 

Let a constant alternating e.m.f. act at the supply terminals of a 
long two-wire system used for the transmission of a single-phase 
alternating- current to the receiver circuit which contains the load. 
At any instant, every point in the line will have its own definite 
potential. Regard the earth as having zero potential. In order to 
give the line its potential, a certain charging current is necessary, 
and, since there are both conductors and dielectrics in the electro- 
static field due to the line-potential, this charging current will be 
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dependent on the constants of these bodies, and may be quite con- 
siderable. Moreover, every conductor has imperfections in its 
insulation, through which a quantity of electricity proportional to 
the potential difference passes. To this latter, we must also add the 
escape of electricity into the air— known as “ silent or glow discharge ” 
(corona). ° 

This potential which varies from point to point along the line 

requires a current due to which an electromagnetic field is formed 
around the conductor. Moreover, this current is not constant at 
every section of the conductor, but varies according to the quantity 
ot electricity required for charging, for insulation leakage and for 
discharge into the air. 

. The above, however, applies only to what happens at any particular 
instant for the applied E.M.F-. is not constant, but is a function of the 

ime. r or the time being, assume that the pulsating e.m.F. follows a 
sine law. ° 


Both the electrostatic and the electromagnetic fields vary with the 
time. Owing to the pulsation of the electrostatic field, energy is 
consumed in the insulating media. This causes a loss-current, which 
is in phase with the potential difference at the respective point. The 
presence of foreign bodies in the field causes an increase in these 
displacement currents; to this also belongs electrostatic influence. The 
displacement currents can be resolved into two components, one of 

nWri on* 1 * phaS -? Wlth the dlfferenee of potential, and the other dis- 
placed 90 from it. 

The alternating electromagnetic field induces e.m.f.’s both in the 
rf > 111 ? UtS u 6 ° onduetors - The e.m.f.’s induced in the line, 

If Vr S ,°i s< r! f - lnd f ti°n, can, under certain conditions, cause 
an unequal distribution of the current over the cross-section, which 
ill cause an increase m the ohmic resistance of the line (sMn-effed). 
ffr Jl Tf conductors lying in the electromagnetic field act as trans- 
former secondaries with the transmission line as primary. Hence in 

;, /°f d / SeC ° nC ^ e ? cu . rrent wil1 flow which react on the main 
conductor (mutual induction). 

These e.m.f.’s of mutual induction can also be resolved into an 

at' 9(T toXTm ln P ^ Se ; vith fche cun ' ent - an idle component 
self-induction 6 of7L Fm® 1 " compo,ienfc decreases the apparent 

!l„ t , fclie lm f' Ed dy currents can also be added to the 
currents m adjacent conductors. 

hvJtieS^Th^T? 0 field produces losses in magnetic bodies due to 

ilfcrtssp in rt,! t - SeS can be a PP roxi mately allowed for by an 

moDortional S' t w"° r f ,Sta “ ee > since the field-strength is nearly 
piopoitional to the current, so long as the field is weak. 

effeS',h;u s Xl£S„Sxr “ heme - rep ““ ti " s the 

that th^TrnS^ aSS, ™ ption > without which calculation is difficult, 

iDer unit leno-fh por/i um / orm ’ so that the constants of the conductor 
per unit length can be given. The calculation of these constants is 
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complicated and inexact, since' they depend on the frequency, the 
pressure and the atmospheric conditions. 

Franhe * and Breisigi have shewn, however, how these constants 
can be determined by simple measurements. A conductor can be 
represented by four constants, which we may suppose to have been 
experimentally determined. 

Since these measurements and calculations must serve as the foun- 
dation in working out new installations, we shall briefly summarise 
them here, and shew the influence which the constants exert. 

r d denotes the equivalent ohmic resistance per kilometre by which 
the current I must be multiplied in order to obtain the pressure in 
phase with the current. This pressure drop is due to the ohmic 
resistance of the line and the watt components of the pressures 
induced by the resultant electromagnetic field. 

x d denotes the equivalent reactance per kilometre by which the 
current I must be multiplied in order to obtain the e.m.f.’s which 
the current leads by 90°. These e.m.f.’s are the wattless components 
of the e.m.f.’s induced by the resultant electromagnetic field. 



Fig. 12S. — Single-phase Transmission Line with Distributed Capacity. 


g t denotes the equivalent conductance per kilometre by which the 
pressure P must be multiplied in order to get the currents in phase 
with the pressure. These currents are due to the losses in the 
insulation and the air, and to the watt components of the displace- 
ment currents induced by the electrostatic field. 

hj denotes the equivalent susceptance per kilometre by which the 
pressure P must be multiplied, in order to get the currents which 
lag 90° behind the pressure. These currents are the wattless com- 
ponents of the displacement currents induced by the resultant 
electrostatic field. 

Writing symbolically, we get 

where is the single length of the line in kilometres. 

Let the pressure at the receiver terminals be 

jp 2 = P 2 J2 sin cot, 

and the constants of the line and load, i.e. g 2 and b 2 , be. given; we 
can then calculate the pressure, the current and their phase displacement 


A.C. 


KT.Z. 1891, Heft 35. 


i 


t E.T.Z. 1899, Heft 10. 
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f P oi “ fc in , the lin f- When this is done, we shall be able to 
imci the load on the supply station. 

_ f. d jstant l from the receiver station, we have a pressure 

P -■ f V 2 sm (ut + >/') and a current i = IJ 2 sin (tot + $ - </>) . 

fc>mce the sinusoidal terminal pressure, under steady conditions 
awa/ys produces sinusoidal currents and pressures throughout the 
woe system, it is not necessary to deal with momentary values in 

svmhoHe’ so that) for the ® ak ® of simplicity, we will introduce the 
symbolic expressions P and I and use these for the preliminary 
calculations. In the formulae deduced, we can then return to the 
instantaneous values, where these assist in explaining the same 
Let / be negative when taken in the direction of the flow of energy 

'PJT™ i Vh ? n taken . ln the opposite direction ; then, in the element 
at or the conductor, the increase of current is 


dI=P y Pdl or 


pVi 


ttie^current / ^ Crease °f P ressure in the conductor-element dl due to 

m dp 


dP = I— dl or 

l i 


dl 




By differentiating these two equations, we get 


and 


T z *Vi 

dl dl 

<Pf _dlz d _ 
dfi ~ dl \ 


.( 75 ) 


of eq i Uati ° nS i T- homogeneous linear differential equations 

of the second order, and their indefinite integrals are : 4 


and 


P= A/ n :4 l+ Bc- Vm p{ 

/= J y P (a/^% _ Be Wi ? d r) 


mi*ned thus"- 1 ^ ^ COnsfcants of integration. These can be deter- 

1 = 0, P = P 2 and /== / 2 . 

Substituting these in the above : 
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a+W? 


A-/. 


Hence 


( -^yiZcly\ lz d ( ^VlZdy - ^VPdj\ 

P = §I 2 \€ * ^ + € * ^4|-/ 2 y^Ve • 'i-e * V (76) 

, - ( V M?d~ ~ ' r Wd y) hl( 'Afdy -^Wdy) /)7 hv 

and /=|/ 2 \€ * h + € • h/ +-|P 2 a/~\€ • *i-€ * «v (77) 

V ?d 

Substituting, for the sake of brevity, 

we can now measure the values of I\ and I x at the supply terminals, 
where l = \ for the following two cases as suggested by A. Frmke : 

(1) At no-load , i.e. the receiver terminals are open and the current 


I 2 in the receiver circuit is zero, 

Pi o • 0 V » d + € - A yi z a 

y () can he called the apparent admittance of the conductor. Further, 
the pressure at the receiver terminals at no-load is 

A =4°' (78) 


(2) At short-circuit , i.e. the resistance and therefore the pressure 
between the receiver terminals is zero ; i.e. 

A = 0 


/> ~ '. J K ' 

i l/i 


r » (l eAyifa - z~AyiZd 
\h eAijiz d _|_ i-A V iz tl 


z K may be called the apparent impedance of the conductor. The short- 
circuit current at the receiver terminals is 


By the division and multiplication of z K and ?/ 0 , we get 


- = and z k Vq- 1 - ™ 

y 0 ?/* ' C* 
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Then, by introducing C, y 0 and z Ki we get the equations for the 
supply pressure and current 


and 


or 

and 


1 1~ C (P 2 + z K If) — CP 2 (1 — z K y 0) + z K I I 
P 2 r 

~ Jj 

/1 = QU 2 + y 0 ? 2 ) = Ql 2(1 - wo) + 2/pPi 

= § + 2/oA>-- 

P 2 = C'(P l -^/ 1 )'| 

/,-c f (/ 1 -y q P,).J 


(81) 


(82) 

(83) 


Since these equations hold in general for the pressures and currents 
in any particular part of the conductor, and the constants C, y 0 and z K 
of this part are independent of anything that lies beyond its limits, 
it will be seen that the equations are sufficient for calculating the 
electric conditions at any part of the line. 

It is sufficient therefore to know the constants r di x d , g u b t or 0 , y 0 , z K and 
the electric conditions at any point of the conductor', in order to be able to 
calculate the electric conditions for any other point of the conductor. The 
three characteristic magnitudes of the conductor C , y 0 and z K are de- 
termined by the short-circuit and no-load experiments'. 

The calculation of these three quantities can then be carried out 

either graphically or analytically. In both cases we start from e^ yi f d - 
We have 

— e ^i£fl-M{r d -jx d ) h — (f- k l \ 


Working out the root, we get 

A 2 - //,- = gp (l — b t x d , 

2 A/* = g x x d + b l r d 

and W + + + 

from which we get the following expressions for A and /j. : 

^ = + 1 W d + ^ 1 ) + (ffti'a - tea ) } 1 

and /» = + ~ (W* ~ tea)}. J 

The quantities A and g depend only on the electric properties of the 
line per unit length and the frequency, and for a system with uniform 
conductors can he calculated once for all. 

Since b x is a capacity susceptance and y t = (g t -jb t ) l L , then b t is always 
positive. ‘ g, whose sign is determined by the product 2 A g, will then 
also he positive as a rule. 
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f 


In calculating the phenomena in long conductors, it is also useful 


know the following ratio : 


M=. 


» 

V „ -Md 


W here \p t is a positive angle. 

43. Current and Pressure Distribution in Lines with Uniformly 
distributed Capacity. By means of the constants A and p, the value 
of the current and pressure along the line can also he calculated. For 
this, it is best to start from the equations 


P = Ae 




l 

\ d h 


. A e^ ~^ L + Be ~ ~^ 1 


a, rad 


/= 


Ae 


Vi : d k-Be 


-V?' 


- O- ~Ji 


and use the transformation 

e ±( _ € ±kL e ^ju.L _ e ±Af cog Q X J —j s] * n ply 

AVe then get the following expressions for the pressure and current at 

: ,CU 

/= J ^ {(4/* - Br M ) cos id-j(Ae. Kl + lh - Kl ) sin /xZ }. 

’ %d 

The two constants A and B represent pressure vectors, and can 
be written 

A+V?; 


any point in the line : 

P = (A* u + £e~ kl )cospl -j(Ae xl - Be~ kl )smy.l 

and 


and 


A-- 


B- 


Vi * “ _ p 




= iV j V 


and 


Substituting these expressions in the equations for P and 1, we get 
== 4- 

/= | p^ e (A -w)W'f' A „ p^ € - (* j. 


■V, 
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Turning now from bhe symbolic expressions to the momentary val li- 
the pressure will be 

p = -Pa sin (tot + fd-fa)+P B s ~ w siu (tot -pi- fa) 
and the current 

^PA^^tot+^l-fa-Ufa- fa] 

~ Fl> V| e “ XIsin [ Wf - l xl -'Pn- Ufa - fa]. 

These equations shew that at any instant both p and i vary aldn 
the conductor after a sine wave. If we consider the momentary vain* 

at the end of the line and at a distance - from the end, it will be 

ji € 

that these have opposite values. This shews that, in very lone 
doctors, at different points the pressures oppose one another and ?|^ 
currents flow in opposite directions. 

Since the currents and pressures at points along the line l ■- 

f<* 

apart have the same phase, the length of the current and press* ^ • 

9 7 - 1 

waves is — . From this it is further seen that the waves require » 

complete period (t=-\ to traverse the distance — , and since t It- 
• V C// / x 
frequency is c cycles per second, the speed at which the wave travel* i* 
2wc w 

/X “ // 

Hence the currents and pressures in long lines travel at finite 
velocities which depend only on the constants of the line. 

If we neglect the losses in the line, i.e. put g t = 0 and r d = 0, we hav# 

p = V b t x a = 27rc\/L d C\ , 

and the speed at which the waves travel will be 


_ ^ 7rC 


1 

•m 


km/sec., 


where L d and C t represent the self-induction and capacity of the Iin« 
per kilometre. 

As will be seen later on, the speed at which the electric waves trav< S 
along a conductor approaches the velocity of light, viz. 300,000 km/sw 
Thus the current and pressure waves pass along a long transmission 
line of 100 km in 1/3000 sec., i.e. with a frequency of 50, durii 
c 1 

3000 = 60 cycle ’ whiel1 corres P oncls *0 a phase displacement of #i‘ 
between the momentary values at the two ends. 

The expressions for p and i are made up of two parts,, one of whirl* 
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1 with the distance l from the receiver terminals, whilst the 
3r eases in the same direction. 

ha,se displacement between these two waves at a point along 
is + i.e. it increases with the distance from the 

terminals. 

econd wave, therefore, can be regarded as the reflection of 
; wave, the point of reflection lying beyond the receiver 
s. The second wave lags more behind the first than 

iorxesponding to the time during which the wave travels from 
t in question to the receiver terminals and back, 
also interesting to note that the resultant pressure wave is 
rom the sum of the outgoing and the reflected pressure waves, 
be resultant current wave equals the difference between the 
j and reflected current waves. 

:s also clear, for at any point in the line the pressures must 
ilst the current must be the difference between that flowing 
tlie receiver terminals and the reflected current flowing back 
e aerator. 

dition, each current wave lags in phase behind the 

wave producing it. 

tdie two separate waves move along the conductor like waves 
surface of water, they can be regarded as progressive waves, 
e resultant waves are similar in character to a stationary wave. 
l the special case where the receiver terminals are open and the line 
iligible, A = 0j 

/ 2 = o, 



any point in the line, 

2 ? = \I\ sin (t ot + fil) + iP 2 s* 11 = ^2 s ^ n ^ cos l l1 ' 

= £ ToJ~ [sin(a>« + /d) - sm(o>t - pi)] cos <ot sin /d, 

fjj 

follows I — P\ han fxl. 

\ A* 

iis special case, therefore, the resultant current and pressure 
possess the same properties as stationary waves with nodes and 
11 known in acoustics. At the points 

7 n ^ 2i7T 3tt 47 r 

o = 0, — , — J 1 ) *■*> 

A /* l l p 

rent is always zero, whilst between these points it pulsates 
i a maximum and minimum. At the first points we have 
it the others loops of the current wave. 
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The pressure wave which leads the current wave by 90° both in 
space and time has its nodes at the positions l — ^ ^ . . . , and its 

loops at 1-0,5, .... 2 ^ 2/X2/X 

ft ft ft 

If the length of the line is ^ as in Fig. 129, then in this special 
case, where A = 0 and I 2 is zero, no applied pressure is necessary to 



Fig. 120. 


produce large current and pressure waves in the line; a condition 
we have already denoted as pressure resonance. 

It may also be mentioned that the ratio of the current to the 

pressure waves is the same everywhere, viz. 

'I d 

(&)_ We will also consider the opposite case to no-load in the receiver 
circuit, namely that in which the receiver terminals are short-circuited and 
the line losses negligible. 

A = 0, /*. = 2t WZ^, P 2 = 0, 


Pa pB 

p — Iz'yJjr cos ut sin pi, 


and 


i — I 2 sin cot cos pi 
T — l aJjj tan pi. 


In this case also we get a stationary wave, as shewn in Fig. 130, 

in which the current loops occur at J = 0, — 9 — t etc. and the 

7T 2)7T 5t l h ft ft 

pressure loops at 2 = etc. For a conductor whose length is 

f of the wave-length, no current will flow in the short-circuited 
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with a large applied pressure at the terminals. This 
^l^lponds to current-resonance. 

'/Dq e it follows that stationary waves can only be produced 
x aircuit either open or short-circuited and negligible line 
of these conditions is not fulfilled, the current and 
^ r ^>vel along the conductor at a speed approaching that 
1 ^Uum. 

A loads, therefore, it is best to deal with the outgoing and 
and from the ratio between the amplitudes of these 
0 tine receiver terminals. and their phase displacement 
r the current and pressure waves over the whole line, 

terminals, where l = 0, the relation between the ampli- 
^ieeted and outgoing waves is 


m 


Pa 

Pn 


WI* 


Pa 


P 

= jr [cos (\f> B - i> A ) +j sin (xp B - f A )]. 


il 

ci 


^ sliews also that the reflection is only complete when 
\p n a xj/ A} which is only the case at no-load or short-circuit. 



of* reflection under normal conditions depends both on the 
'cceivcr terminals and on the line constants. 

; ase when the ratio of the resistance of the line to the 
a is the same as that of the conductance to the capacity, 

(P , then 

ti 

Vt-Vf-Vf-VI “ d 

e is "by 0. Heaviside termed distortionless . 
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Suppose, farther, the load in the receiver circuit is non-inductive; then 


l* 

iV 



A 

V C, 

-^2 4- U ^ 

Ik 

ici 


and ^=fi = ^2 = 0. 


Under these conditions, the outgoing waves are reflected at the same 
angle as they arrive at the receiver terminals. The reflected waves 
are weaker, however, the greater the load, and vanish entirely when 


m=nL d 


that is, when the electrostatic energy due to the receiver pressure 
equals the electromagnetic energy cine to the receiver current and 

stored around the line. For this 
special case where the reflected 
wave vanishes, 

P = (X + 1 'sj §‘) eA ' sil1 ( wt + $), 

' 2 -y s * n ( w * + pl) 



C, 


1, + P, ^ 


\K 
rv c; 


(J, 

VI, 

It follows further that the angle 
of phase displacement between 
current and pressure is zero, i.e. 
cos <jfc> — 1, at every point in the 
line, which distinguishes the pro- 
gressive wave in the circuit free 
from disturbance from the station- 
ary wave. "We also see that the 
phase displacement chiefly depends 
on the phase difference in the 
receiver circuit and to a much less 
extent on the relation between 
the electrostatic and the electro- 
magnetic energy stored in the fields 
around the conductors at a given 
load. If these two quantities of 
energy are kept equal, the phase 
displacement between the receiver station and the generator station 
will not change much. If the electrostatic energy preponderates, the 
phase displacement will be less, and vice versa when the electromagnetic 
energy is the greater. In designing long lines, therefore, it is necessary 


Fig. 131. 
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to see that these two quantities of energy are such as to give the 
best conditions of working. In Chap. IX. we shall see that the 
efficiency of such a transmission line is highest when .F^g t = llr iU that is, 
when the no-load losses with normal recei ver pressure equal the short- 
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circuit losses with normal receiver current, and this is the case when, 
as above, the power factor throughout the line is unity. • 

In Fig. 131 the values of I and P are set off both in magnitude and 
direction along the polar co-ordinates for a power transmission line 
with abnormal conditions. The plotted points correspond to /x^ ==15. j 

The pressure P 2 at the end of the line coincides with the ordinate axis. 
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The vector I 2 lags <£ 2 behind P 2 . Ey projecting the radii-vectores of 
these two curves on to the rotating time-line, we get the momentary 
values of the pressures and currents at every point along the line, 
these instantaneous values are represented in Fig. 132 as functions 
ot the length of the line for six different instants of time taken A of a 
complete period from one another. 

From these curves it is clearly seen that the pressure and current 
vary after a sine law along the line, and at the same time we see how 
the pressure and current waves progress along the line. 

44. Transmission of Energy over Quarter- and Half-wave Lines. 

vv e have just seen that very long lines with negligibly small line 
losses have certain peculiarities. The current and pressure waves are 
stationary when the receiver terminals are either short-circuited or 
open. v\e will now see how these lines behave when line losses are 
present. 

Qvarter-uxm Transmission Line. We will first consider a line whose 
length is a quarter of the wave-length of the current and pressure 
waves. Such a line we can call a quarter- wave transmission line. 


whilst A is not zero. 

It then follows 

e ±(A<l -*« = e ±«, (cog ^ gin ^ =i£ ±«, 

and the constant 0 of the line will he 


€ (A. + € - 




: - sin (fXlj), 


whilst o k 

Vy, 2 
= - 

yy, 2 ~ 

= 

and a, = , lb Ml 1 ~ \y 7 . , 

■ V ?4 2 ~ =/ yzJ cos ^ 

from e,Er«r®d“r“ “ *” S ” PPlj t “”” i " a,S b *> 

Pi = CP 2 -i- C'?A-/ 2 = P 2 sin (jXL) - jl 2 A COS (jAl x ) 

A = ^2 + (Va = - / 2 sin (jA^) - jP 2 ^cos (/A^) . 



and 
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From, this it is easy to see the influence of the load in the receiver 
circuit and that of the line losses on the load in the supply cn cm . 
If we put, for example, .A = 0 ; by making the line losses negligible, ion 


1 ' - u iL 


and 


fi~~ ?2 cv 


Such a line therefore behaves like Boucherot’s condenser transformer 
converting a constant pressure into a constant current, and conversely. 
Thus if we wish to increase the current in the receiver circuit, the 
supply pressure must be raised; whilst if the receiver pressure is to be 
raised, the current in the supply circuit must be increased accordingly. 
Since no losses occur in the line, the supplied energy equals the received 
energy, and since, further, P ^ = - P»hi the phase displacement in the 

supply station equals that in the receiver station. 

Examining the effect of the line losses on the load in the supply 
station, these occur in the first two terms of the expressions foi 
P 1 and 7 13 viz. in 

P 2 sin (jMj) and / 2 sin (/A/.,). 


Since AZ t is comparatively small, the sine can be replaced by the angle, 
and we get for the two loss components, P 2 y’AZ x and L 2 j^h\ ^ e 

losses are thus directly proportional to Xl v a quantity which can be 
calculated as follows : kl \ir 


Since 


aL — y [Au 1 — • y 

1 1 M 

2 Ay = g t x d + h l r d 


and 

then 

Thus 

where b t is to 


y“ — biX ( i , 
y x ( i b t 



be taken as positive. Since we also put cos(/A^)^ 1, 


then 

i\=j 

p -i 

L' 2 4 


■) +/ w 

kul 

Vi\ 

and 

/i =i 

1 1 

a k 

)+A-\ 

?/j 
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If the load in the receiver circuit is non-inductive, which is best in 
such long transmission lines, and we take — = j, then — and 

Xfl Of ' f/l ’ (yjr 

the phase displacement at the supply station will thus ’be zero also, 
i.e. cos cf> = 1 in both the supply and receiver stations. 



Fig. 133.— Load Curves of a Quarter-wave Transmission Line. 


In Fig. 133, the load curves of the supply and receiver stations of a 
quarter-wave transmission line are shewn for constant receiver pressure 
and cos (56 2 = 0-95. ’ 

. The supply pressure increases rapidly along a straight line with 
increasing load, whilst the supply current only increases slightly, but 
also along a straight line. The increase in current serves to cover the 
line losses as they increase with the load. This method of transmis- 
sion has recently been fully treated by Steinmetz , who illustrated its 
practical value for very long lines. At 50 cycles, the length of the 
transmission by means of the quarter- wave line is about 


300000 

4x50 


= 1500 km. 


Half-wave Transmission Line . Here the length of the line equals 
half a wave-length, i.e. yZ =tt 

whilst A is not zero. 

It then follows that 


-jfj.il) 


€ iA ^(cos /xZ., sin fif) — - € ±kl \ 
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The line constant is then 

t Tc 


whilst 


A.?x . — A/j 

€ + € 1 


-cos (/X/j), 


-j y g- sin (J x h) 


id Cy 0 =i sin (JXl j). 

The pressure and current at the supply terminals are, accordingly, 


T\ = CP„ + C'*-/, 


= - P 2 cos (,/AZj) +i/ 2 y^ sin (/A^), 
and / x = CI 2 + 6 V 0 A 

= - do cos (jiAlj) +jP 0 Jh- sin (/AJj). 

V 9d! 

If the line losses were negligible, i.e. k = 0, then we should have 
I\ = - P 2 and /!= -/o. 

Consequently, the line behaves under steady working conditions like 
a line possessing no resistance, inductance or capacity. Taking the 
line losses into account and making the same assumptions as above, 

cos O’Mj) = 1 




■ P - I 

{ 9 i a 


l\ — 1 2 


Zd 71 " n'd . 9i 

l!i%\%d k 


Vi v(r d g t \ 


which are quite obvious. At 50 cycles, the length of a half-wave line 

is about ““^^ = 3000 km. The current and pressure vectors in 

Fig. 131 correspond to a half-wave transmission line where the 
electrostatic energy predominates. The current in the receiver circuit 
lags, whilst that in the supply circuit leads. The losses in this line 
are chosen unduly large, as clearly seen from the relation between 
and IJ\. 
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45. Equivalent Circuit of a Power Transmission Scheme conta ining 
Uniformly Distributed Capacity in the Line. 

First Form of Equivalent Circuit. In Section 40, the total capacity in 
the line was replaced by a capacity concentrated at the centre of 
gravity. We shall now shew that this is allowable in the case of a 
uniform conductor, provided the capacity and the impedances of the 
equivalent circuit are properly chosen. 


6 1+C 


oooooocr 


i z- 


HP 


M 

i+c 




Fig* 134. 


Consider the circuit in Eig. 134 — we have the following equations : 

f‘~ Vop{P 2 + 

d /l=/«+/2=^0A+/ 2 f5f + / 2 , 

h=Q(h+P*%)- 

Similarly for the supply pressure : 


P 1 -P 2 + /2 


z K C 


i + c +f 'T+c 

-?,+/^+ a ¥5€+/,'' C! 


>o J{ L 


■n+c^-n+c^- 2 T+c’ 


or, putting z K y (i = 1 


' G-' 


I\=C{R + Lz k ). 

Thus we get the same . equations for the circuit in Fig. 134 as for 
the uniform power transmission line with uniformly distributed capacity 
(ep. equations (81) and (82)), and the effects of the latter can nearly 
all be simply deduced from the equivalent circuit. 

The admittance y a of the equivalent circuit is 


y^Cy^UH^-^y) 

and the impedance a is 



(85) 



( 86 ) 
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Second Form of Equivalent Circuit. The equivalent circuit just deduced 
has the form of a three-phase star, as we shall see in Chap. XVII. It 
is shewn there that every star-system can he reduced to an equivalent 
mesh-system. Such a mesh-system is shewn in Fig. 135. Every 


JL_ v 


^3 i+C 


uniform transmission line, therefore, can be replaced by a circuit like 
that in Fig. 135. The three branches of this circuit have the constants 

? = 0&X9 

To prove this we derive the following equations for the equivalent 
circuit : 

/l = /s + E 2 J/a -f [(/» 4" P l ±JJ (t) ? + P 2 ] V a 

= hO + *y *) + + %/«)■ 

Q2 

Here 1 + sy a = 1 +s K y t 1 + c (see eq. 80, p. 1 31.) 

Hence we have 

/ x = CL + <1 + C) Py a = C(L + P,y Q ). 

Similarly, for the supply pressure : 

l\ = P 2 + (L 2 + P 2 y a )z 
— CP 2 4 - Pz — Q ( P 2 + 

We thus get the same equations (81 and 82) for this circuit as those 
deduced for the transmission line. The following formulae serve to 
determine the constants of this equivalent circuit : 

v y i 


Va U-0 ¥ ° ' 3 + /v- + < -^ 


where, as before from eq. 80, 


1 “ ZkVo 


AfG, 
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we get the following expression for I: 


T= +1\ 






If no point of the transformer winding were connected to earth, then 
any point in it might assume earth-potential, and from this both’i and 
P would then be calculated. 

In this connection it must also be remembered that the several parts 
of the low-tension winding in a high-tension transformer are .statically 
charged, since they act as the second plate of a condenser, the first 
plate of which is formed by the high-tension winding. These charges 
however, neutralise one another when the potential of the high-pressure 
winding is symmetrically distributed with respect to the neutral point 
If the high-tension winding is not earthed and its potential is not 
symmetrical with respect to the neutral point, the electrostatic charges 
in the secondary winding do not neutralise one another, and the whole 
secondary winding can assume a fairly high static pressure with 
respect to earth, when the secondary winding is well insulated from 
earth. When the low-tension windings of high-tension transformers 
are not earthed, it is still advisable to earth their neutral point through 
a pressure safety device, such as a water-spray, etc. 

Assume further that the winding is the secondary of a transformer 
on no-load ; then the current at the terminals is 

/r = 0, 

Thus the pressure at the secondary terminals of a transformer on no-load, 
which possesses distributed capacity, is 


p __ 

+ i o ~ 


EJi e + 


i o conductance g % of the winding are negligible ; then 
^ _ o! I £ \Zjh s a == \/( —j oiC) ( — jix)L ) — j co \]~L 0 

i ffi l and Pl0 = cuv/lb tanW ^LC. 

rdf /To! i % usJLU 

ri A — I \j . - 

— gj — | £ Since tan cosjLC is greater than cojLO for values 

* 1 1 oi disjLG less than the pressure at the terminals 

wil l always be greater than the E.M.F. induced in 
rro. 137 . the winding. 

({') We now' proceed a step further and consider 
the capacities which exist between the several turns and coils; they 
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act like shunted condensers to the winding elements, as depicted 
in Eig. 137. Let the condensers be denoted by the admittances 

g w ~ PK o = 't per unit length; then the increase of current in a winding 

h 

element will be / v n , r np\ 

and the increase of pressure 

dP = (E d +lf)dl. 

Thus we get th.e two differential equations for pressure and current, 

/ » AN d 2 P 

Vi 

cVP- P h L 

7 7.) f- 


h , vX 

1+-T5- 


and similarly, 


_ rfd 


Vi 

- 1 — +E d 

i . y,/d • 


i + ■ 


s 


ih 

y ui~ > d 

1+ -r 

‘i 


Since these two differential equations only differ from the former 
by the factor 

t x 

•• Yr ?/a 

1+ T 

instead of y ?, 5 all the formulae deduced above can also be used for 

1 7 

this case, if we substitute y t for y t . 

Thus the capacity C w between turns and coils acts like an increase 
in the capacity 0 with respect to earth. In all the formulae, instead 
of y l we have 

Vi Vi 

!h = : r- 


1+F 


'1 + ((]v,-jb w )(r a -jx d y 


h h 


For the case when g w and r d are very small, 

Vi . c oG 


yr- 


1 — Vi 


= -J 


1 - MC W 


L-OOOOOOOOOOO— 1 


A-v-'v/.-TyWni 

Fig. 138. 
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and the secondary pressure of the transformer on no-load 

7> i0 =^.Vl -y/A,'„ta n .. -JLO 

“JLC Jl-MC' 

fnnnT S , >\ t ° 3 f C, ” <:1 -’ 1 th - is ex P ressi “i is of the same nature as that 
j° fT ‘ "?> h0 ' “ derlll g the capacity between the conductors. 
i ,, 1 m ® ! s t le capacity C w between the turns is usually much 

, J han . t . he opacity with respect to earth, although in high- 
pressuie machines 0 can assume high values compared with C w . 

0 ™ S r ri ?I lt ? d Ca P acit y in Lightning-protecting Apparatus. The 

A,? ''ghtniag-atTester of the General Electric Co. of Schenectady 
wn m big. 138 consists of one or more series of metallic 
i. cylinders or rollers insulated from one 

another, the first of which is connected 
to the line to be protected and the 
last to earth, either directly or through 
a resistance. When the line is charged 
to a high potential by atmospheric 
electricity, the rollers, which can be 
regarded as the elements of several 
Tf xi . condensers in series, all become charged. 

hr . W A the P ressure between two cylinders becomes greater than the 
j Pressure for the air-gap between, a spark will jump across 

he T fil er CyIlnders ’ whereby the line is discharged to 

the first cylinder be steady In?' 141 ° f ^ ^ and aIS ° the eharge ° f 

uniformly directed, then all Volts 
the cylinders take up the same 
steady charge, and the pressure 
between the line and earth dis- 
tributes itself uniformly over 
all the gaps, so that the poten- 
tial across all the rollers can 
be represented by the dotted 
straight line I in Kg. 139. 

Since, however, the metallic 
cylinders possess not only 
mutual capacity, but also, with 
respect to earth, all the 
cylinders do not take up the 
same charge, but the charge on 
the cylinders decreases towards earth, instead of the dotted straight 
Ime we get the full-line potential curve II. If, in addition to the 
capacities, the conductance from cylinder to cylinder and from cylinders 

lSfof 140 “ shcwine th “ 

(a) As this circuit is similar in character to the transmission line 
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Fig. 139. 
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in Fig. 128, the equations deduced for the latter may also be 
used for the mathematical investigation of the roller lightning 
arrester. Naturally the differential equations for the transmission 
line are deduced for an alternating potential P l in the line and not for 
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a steady one. Since, however, an alternating potential occurs as 
frequently as a steady, and further, since the differential equations 
for the former can be suitably simplified for the case of a steady 
potential, we shall start with the general differential equations for 
an alternating potential. 


These are 

dP - If 

and 

<PI Mh 
dP~- if 

Here 

Vi = (fh ~j b d h =■■ (ffi -JvQ h 

and 

h 1 _ 1 

h 1U {'Ja-fiaj ((Id-JuCa)’ 


where all constants refer to one roller and l therefore is expressed 
as the number of rollers by which the respective point is away from 
the roller connected to earth. Usually O d is of the order 10~ n farad, 
whilst Q t is about of C d . As seen from these expressions, we have 
neglected the small inductance L of the rollers, which is only of the 
order 2 . 1 0“ 8 henry, and consequently only begins to have an influence 

on the pressure conditions when the frequency c = approaches 

the order * , i.e. about 35 millions. 

'2irjLG d 

We can therefore neglect self-induction entirely, and thus obtain the 
following differential equations 

d*P ^ pfh- jvCi 
~dP * g (i -j<*>U d 

(PJ-Tfh-joC, 


and 


€ 
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The solutions of these equations are 

J*i -JEi 

V ?* . V y d 


Inserting the limits 


P = Ae y - Ja +Be 

L 1 


Pi, 


Be 


we get 
and 

hence 

and 


Z = 0, P=0, 

r=r„ 

0 = A + B 

J*h -J*h 

B 1 =Ae' !U +?e 

-a/ 1 

y Vd y v 


p=p 


lit 
I Vd 


' 1 Jftfc -Jh k 
€ 'V* _ e >?'<* 

JEl -JEl 

Ay t y* £ > ?* +6 Vy„ 
c > _ e V .j/ ( , 


/=p 


Zl 


(6) Consider first the simple case where the conductance ff, bears the 
same relation to the capacity C, as the conductance <j d to the capacity 
O d ; then the ratio ■ 


is a positive real number, and 


?/i 9t 


P=P 


The pressure, therefore, follows a curve independent of the frequency 
which also holds for a continuous (steady) pressure. ’ 

In Fig. 139 the potential curve II. is calculated for the case of a 
roller lightning arrester, where = 400(7 and l x = 50 cylinders. Then 




50 

n/400 


= 2-5. 
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With the assumption ^ ~ the current will be 

Ci C d 


!=t\{g,-i«C d 


5 ‘ VI'. -Vl‘. 


It increases with the frequency, i.e. with w. 

For a steady (continuous) pressure, o> = 0, and the current is a 
minimum, £ 

€ + € 

The pressure between two cylinders is, in general, 

1 7T ITT > 


AP=- ( ^=-P 
<# ri 




This is greatest between the first two cylinders, that is between the 
two nearest the line, and for the example in question approximately 

equal to If this pressure exceeds the break-down pressure, 

a spark passes between the first two rollers, and so on along the whole 
series, for when the pressure breaks down across the first two, the 
pressure between the second and third is increased, and so on. In 
lightning arresters which consist of many cylinders, it is often 
observed that the sparks vanish before all the rollers have been 
passed. This is due to the fact that the charge which the spark 
carries with it becomes less from roller to roller, the decrease being 
caused partly by the conductance to earth and partly by the capacity 
of the rollers with respect to earth. 

From the foregoing, it is seen that — contrary to a popular view — 
the distribution of the potential over the gaps of roller lightning 
arresters, not only with rapidly alternating potentials, but also with 
steady potentials, is quite unsymmetrical, and consequently the 
potential curve in both cases deviates considerably from a straight line. 

(i c ) We will now return to the general case where there is no definite 
relation between the capacity and conductance. Here the potential 
does not always follow the difference of two exponential curves, but 
under certain conditions the difference of two sine curves, whose 
amplitudes decrease according to an exponential curve. In this case, 

Jv* \ 

€ v ^ _ €^(cos [d-j sin 
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where A = . - ( + + 

V 3 W,+^ + ) 

and fl= flf Jlh+Jh tMa + bfiA 

* ^ ' 9a + b& g a + b“ d ) 

There is, however, a case when the potential curve follows nearly a 
straight line, namely when y t is very small compared with y d • then we 

put =0, and therefore P — P^ 

This occurs when either the conductance and capacity to earth are 
very small, or when the conductance from roller to roller is very large, 
this latter is the case when sparks pass between the cylinders, for then 
tne resistance of the air-gaps becomes a minimum, due to ionisation of 
A*® air ; Consequently, across the rollers where small sparks pass, the 
potential curve follows a straight line. It ceases to be a straight line 
however, where the sparks disappear— -from this point the curve 
ollows the general equation. This phenomenon was first noticed by 
Jxushmore and Dubois,* and is represented in Fig. 139 by curve III. ' 
Usually the conductance g, to earth in relation to the capacity C\ is 
9a to C d . Consequently, A, and with it the drop of 
p ential A P between the first cylinders, increases with the frequency. 

l This explains why a potential at 

- a high frequency discharges itself 
across a roller lightning' arrester 
-OOOOOOOOOQOOOQ more easily than the same potential 
1-wwYvyvJ T T at a lower frequency. 

According to Rushmore and 
I Dubois, an ideal lightning arrester 
High Resistance should behave the same with all 

potentials independently of the fre- 
0P quency. This is the case with a 
Fio. i4i. roller lightning protector when the 

line This „n - j .potential curve follows a straight 

=: rtr £ 

greater than v «nrl +1, *. ^ ^ ls meaus > 18 m ^cle much 

doS not delate ll^ potential curve follows a broken curve, which 
uoes not deviate largely from the straight line I fEbr nq\ Th« 

freTuencfmss akLlhe f 6W V hafc tte ^charge currents of W 

dischargLurrentspfss along^heSneS 106 ’ ^ ^ ^ fr6qU6nCy 
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CHAPTER IX. 

NO-LOAD AND SHORT-CIRCUIT DIAGRAMS. 

48 The No-load and Short-circuit Constants of an Electric Circuit. 49. Deter- 
mination of the Pressure Rise in a Circuit hy means of the Short-circuit 
Diagram. 60. Determination of the Change of Current in a Circuit by 
means of the No-load Diagram. 51. Change m 1 base Displacement. 
52. Maximum Power and Efficiency. 53. A Transmission Line. o4. A 
Single-phase Transformer. 

48. The No-load and Short-circuit Constants of an Electric Circuit. 

(a) Main Equations of the General Circuit In the previous chapteis 
we have discussed different kinds of electric circuits: firstly, ordinal y 
conductors containing resistance and inductance ; then, electromagnetic 
apparatus whose circuits are magnetically interlinked ; and lastly, 
circuits containing uniformly distributed capacity. •. Moreover, we 
have seen how all these circuits cm be replaced by a simple circuit 
containing an impedance in series with two parallel admittances. 
This naturally suggests that all circuits are governed by the same 
laws, which is actually the case, whilst to find these laws we have 
but to apply the generalised form of Kirchhoff s Laws and the Law 

of Superposition. , . . A 

In what follows it will be necessary to show the importance of the 
no-load and short-circuit constants of the general electric circuit, and 
this we shall do under the assumption that the Law of Superposition 
is always applicable; that is to say, the effect produced m a circuit 
by any cause is independent of any other causes which may be at 
work at the same time in the circuit. Thus, a pressure produces the 
same currents in a circuit whether other pressures are present or not, 
or a current causes the same drop of pressure when other currents are 
present as when no other currents are present, h urther, tor the time 
being, we shall assume the applied pressure Py is a sine wave. „ 

pfcr, 142 shews the diagram of a general circuit, which may contain 
transformers, converters or any other kind of alternating-cun ent 

^Let the supply pressure P l act at the terminals PP of the circuit, 
whilst at the terminals 88 at any part of the circuit suppose we have a 
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load 77 2 . We must now study the effect of this load— which depends 
on the pressure 1\ and the current I ., — on the electric properties of 
the circuit. The two vectors P, and / are at an angle <A, to one 
another, so that the power W 2 = P 2 I 2 cos </> 2 . 



Fig. 142. 


First let the whole circuit be unloaded, and the terminals 8S open 
and let the supply pressure P 10 be so regulated that the pressure' P ’ 
eorresponduig to the load W 2 , acts at the terminals SS. 2 ’ 

\\ hen this is the case, the installation is said to be on 710-load and a 
cui rent / 0 will be taken by the circuit. 

We can then write P, . = 0,P„ 


where all the quantities are to be taken as symbolic 0 — U P^ 1 is -i 
compfex number expressing the relation between the 'two' vectors 

• 10 al ‘d 7 2 - fo ls . a measure of the electric conductance of the circuit 
and can be called its admittance. Thus lr ’ 


>° « ° f the circuit > and ha s the watt component 

“” P T t ; i A ' The d "° *° tb ° 

^0 — ^ 10 ^ 0 - 

zero e an°d W so ?M rS ft te ™ hlals f h y a conductor, whose resistance is 

~~ J “- is tok “ ** 

and P =r\ 

i j\ff * & 

emTen C W l0X aUd the between the 

t ' K ~ ^ h . 

Pjc is the short-circuit pressure of the circuit with respect to the 
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terminals SS, and has the watt component I lK r K and the wattless 
component li K % K . The losses due to the short-circuit current are then 

W K = f XK r K . 

Having considered these two extremes — no-load and short-circuit — 
we now pass on to the normal-load condition. For this purpose, we 
can start either from no-load, J 2 = 0, and gradually increase the current 
passing between the terminals SS, without altering the pressure P , 2 ; 
or from the short circuit, and gradually increase the pressure P 2 at the 
terminals SS, without altering the current / 2 . The pressure P 2 
the terminals SS requires at the terminals PP a pressure vector C X P 2 
and a current vector J 0 = P 1Q y 0 . Similarly the current I 2 iiq the 
receiver circuit SS requires at the supply terminals PP a current 
vector C 2 I 2 and a pressure ‘vector P k = P k Zk- Now, since any two 
conditions of- the circuit are independent of one another, the . load 
condition can be obtained by superposing the no-load and short-circuit 
conditions. Hence, when the circuit is on load, the pressure at the 
supply terminals is p„ p 9 


and the current 


fl = /<•)+* flK = P 1 0?/0 + C 2 L, 


or, since K = C 2 I 2 and P 1 0 - 6\ 

then Pi = C\P 2 +C 2 I 2 z K (88) 

and Ii^CJs+VJ# o. m 

These two equations are the chief equations of the circuit, and by means 
of them the conditions in the circuit for any load W 2 — P^'Pi — can 
be determined. As is seen from these 
two equations (88 and 89) every circuit 
is determined by four constants C\, g 

C 2 , y Q and z K . q % 

"It can be shewn, however, that a 3 

definite relation exists between these Lj, 

four magnitudes, so that only three p Pia> 143> 

constants are sufficient to determine 

the characteristics of a circuit. Consider the circuit represented m 
Fig. 143 having the constants s 19 s 2 and y ( — we can then calculate 
the constants z K , y 0 , C\ and C 2 for this circuit as follows: 

At no-load this circuit takes a current 7 0 , where : 

r PU) ___ ^ >1 _ p ^ 


The receiver pressure P 2 is 

P 2 == Pi 0 — P 0^1 


Pi ()?/«?] _ P IQ 
i+^«“’i+^y« 
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Hence, for this circuit, ri ^ 

ft = 1 H- #1% ----- 


and 


Vo = 


Va 

ft' 


At short-circuit the supply current is 

/l A' = h + / 2 W a = / 2 ( 1 + %?/„) = / 2 ft> 
and the short-circuit pressure 


whence 

and 


= I 2^2 •+ ft A'.^i — ft R 

ft-l+W. 

„ _ , ft 

ft' 


+ 


6 ' 


= / 1A , 


K^K'i 


Troni equations (90) to (93), we get bj multiplying s? A -- ai 


3$ 0 = 


-"2 

?1 +*77 


ft; a 


_ev-l 


c. 


+ fel.l 


•%fi V^_ 
C x + 6' 1 6 1 2 


or 


ftftft - y 0 f A-) = i . 


We have thus the relation between y 0> (7, and 6' Sue] 

might have been predicted, from the. fact that 'the four 
Vo> 5r. W and C 2 can be expressed by the three magnitud. es «. 

(b) Determination of the Constants of a General Circuit by M 
Every circuit can be defined by the four constants C,, O', 

an since these can be expressed by three independent; co 
^2 a *j 1 ls possible to replace every circuit by an equiva' 
similar to that in Fig. 143. The above relation (eq! 94) 
this circuit, and can therefore be applied generally. 

Hence CA( l-yeJ-l 

is the third chief equation of an electric circuit. 

, ron ) f is ^ see that only three measurements are 
determining the constants Q l , C 2 , y 0 and z K . 

droni equation (94) we get 

ii 

C 1 C s = C 1 C i < 1 <*i+'M=. 


nec 


"A 


/, 


~P>% 


7a- -/o’ 


ri e ?K /o and - K d ? n ° te the n °- load alld short-circuit current 
and the same supply pressure P x . ent 
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In Fig. 144 let OP 0 be the no-load and 0P K the short-circuit 
current ; then 

n n — ^ hi ^95 ^ 

1 2 “^-iWo COS(<£ 0 -<M ^ ' 


^1 + ^2 
tan (i/'i 4- ^ 2 ) = ■ 


■lOP k P„ 

/osin^o-^) 
ir “ /o cos (<£o ~ ^ k ) 


, I ^ 57*3/ 0 sin (<£p - 4>k) 

From this it is seen that the greater the ratio of the no-load current 
/ 0 to the short-circuit current i*, the greater Cj C 2 will be ; the angle 
( ^ + ^ 2 )j 011 ^ ie contrary, depends chiefly on 

the difference (<£ 0 - <£*) of the phase-displace- 1 

ment angles at no-load and short-circuit. If, $ 

in addition to y 0 and s /c , either C\ = C^ 1 or 

C 2 = C 2 e^ 2 is measured, the other constants 

can easily be calculated from formulae (94) ~ \ 

and (95). 

In many cases it is impossible, and under 

any conditions difficult, to measure C\ and C\ 2 l 0 

directly, since they are both complex quan- fig. 144 . 

tities. The absolute magnitudes of the same 
can he found from the no-load and short-circuit measurements, 

C\ = and 6' 2 =L. 

P 2 -*2 

The angle \p l is the phase-displacement angle between the supply 
and receiver pressures at no-load, and the angle the pbase- 

displacement angle between the supply and receiver currents at short- 
circuit. 

These phase-displacement angles are small, and ^ consequently not 
easy to measure. When the supply and the receiver terminals are 
a long distance apart, it is even impossible to determine these angles 
exactly by direct measurement. Hence we shall shew how these two 
angles can be simply determined by indirect measurement. 

From the three chief equations, we get, by simple transpositions, 

P 1 -./ A .= 6'P 2 (1-. Wa -)=L 


-tex), 


h - = a M l - v^k) = ft 

Vi 

J2 ~ Q 1 (Ji~~ P i#o) 
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The two equations (88a) and (89 a) are in every way equivalent and 
analogous to the chief equations (88) and (89). Whilst, however, 
by means of equations (88) and (89), it is possible to calculate the 
supply current and pressure P l for a given receiver load (1\, /A 
the equations (88a) and (89a) enable us to calculate P 9 and 1 * 
when the load (P v at the supply station is known. “ ‘ 

. pressure P 2 act at the receiver terminals wit') the supply 

circuit open ; then the current I Y in the supply circuit is zero, and 
the current at the receiver terminals is 


^2 QlPlVo > 

whilst the receiver pressure P 2 =C 2 P l . From the receiver terminals, 
a current / 20 = - /, = CJ > lVo . = P 2 0 g y 0 = P 2 will flow into the circuit, 
and the pressure at the receiver terminals is 

a 0 =<yv 

From this, we get — = 1°, 

ft Vo 

where y' a is the admittance of the circuit when the supply terminals 
are open. * 

If we now short-circuit the supply terminals (J 3 , = 0) and apply the 
pressure at the receiver terminals, the current will be 

/w-Ci/i 

and the short-circuit pressure at the receiver terminals is 

A,= -A=C' 2 / i? ,=/ sa .^5=/ 2a 4. 

Zjc is the impedance of the circuit when the supply terminals are short- 
circuited, and we have 

G_is 

ft 

Hence, from the three chief equations we have the following relation : 

= /Q>7\ 

ft (9,) 

whence we get (98) 

or + (98a) 

From formulae (96) and (98) ^ and can now he easily calculated 
— for we have 

ft = i(ft+ft+A«/') 

and ft=i(ft + ft-^ft. 
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In order to determine C\, C 2 , p 0 and z Ki it is best to carry out three 
of the following four measurements. As a cheek, it is also desirable to 
carry out all four. 

1. With open receiver terminals, measure the supply pressure P 10 , the 
no-load current 7 0 , the no-load losses W 0 and the receiver pressure P 2 . 

Then, since y 0 = -i and <£ 0 = cos _1 we can now find 

-*10 Vo-* 10/ 

Further, C 1 = Lo. 

P 2 

2. With the receiver terminals short-circuited, measure the supply 
pressure P K , the short-circuit current I 1K , the short-circuit losses W K 
and the receiver current I 2 . Then, since 

% = A and $jc = cos" 1 (Pf- ), 

1 \K V K l \KJ 

we can find z K = r K ~jx K =* z K * 

Further, 

h 

3. With the supply terminals open, measure the pressure P 20 , the 
current 7 2fl and the power fF' 0 at the receiver terminals, and the 
pressure P 1 at the supply terminals. From the first three measure- 
ments we get 

<£' = cos" 1 

and further, C 2 = 

-* i 



4. Short-circuit the supply terminals and measure the pressure P* 2K , 
the current I 2K and the power W' K at the receiver terminals, and the 
supply current 7 r We then get 


<jy K = COS " 1 



and 



From the four phase-displacement angles <£ 0 , <j> Ki <j> 0 and <fc' K we get 
the angle in accordance with formula (98). 

It often happens that the pressure acting on the supply circuit is 
transformed before reaching the receiver circuit. In this case, P 2 and 
Z> in the above formulae denote the receiver pressure and current 
reduced to the supply system. By this means, the ratio of conversion 
of the transformer is completely removed from all further calculations. 
a.c. ‘ L 
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(c) Chief Equations of a Symmetrical Circuit. Considering again the 
circuit represented in Fig. 143 with the constants z x , z 2 and y a , we see 
from formulae (90) and (92) that 

(n = 1 + Ziy a = 1 +zy a =C 
and C 2 =l+z 2 y a =l+zy a =C 


are equal when z^ = z 2 — z, i.e. when the circuit is symmetrical about its 
centre. This holds generally, even for complicated circuits, and we 


then get 


C 2 ( 1 - yof K ) = 1 


(94 b) 


If z K and y 0 are known, C = Ce & can he found from the relation between 
y 0 , z K and C. The two magnitudes z K and y 0 can easily be found by 
measuring the pressure, current and power at no-load and short-circuit. 
We have 

^ (99) 

~sj\ - y Q Z K COS (f 0 - 4>k) ' - h COS (</> o - 4>k) 


- Ia COS (</) 0 - 4> k ) 


and tan ^ T x - - r — f — — y-r, 

1 ” Vo^k COS (fa - 4 >k) Ik ~ 7 0 COS (<£o - <f> K ) 

or, measured in degrees, 

f~ 28-65 _ jo s m(^-f>4 

Ir Iq COS (<ho~~ 4* K ) 

For this symmetrical circuit, the chief equations are : 

P^CiPz + LA), 

I^C(I^P 2 ya) 

and C 2 (l - y Q z K ) == 1 


V^k sin (4>p — 4 k) _ h sin (</>o ~ 4>k) 


These hold for the usual cases met with in practice, for example 
transformers, induction motors and many power transmission schemes. 

We shall now shew how the magnitudes P K , I 1K and obtained 
from the short-circuit diagram can be used for finding the percentage 
rise of pressure, and the magnitudes P lQ , 7 0 and </> 0 obtained from the 
no-load diagram, the percentage change of current in a circuit, whilst 
both can be used for the determination of the change in the phase 
angle <£. 


49. Determination of the Pressure Rise in a Circuit by means 
of the Short-circuit Diagram. If the pressure P 2 at the receiver 
terminals SS is to remain constant from no-load to full-load, JV 2 , the 
supply pressure must be varied accordingly. This pressure variation 
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is best expressed as a percentage of the no-load pressure i P 10 . 
change is generally an increase, whence we define 


P - P 

10 o = € % 


The 


as the percentage rise of pressure. To calculate this for a symmetrical 
circuit with C x = C 2 , we proceed graphically, as in Fig. 145. Set off / 2 



Fig. 145. 
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and working out this root, 

, ± + A + 4 4/4 ± 4/xjc (4 + Ay±o4±Af . 


_ + , V E 4 - / X ^ (A^JSr + ]/ A') 

-X// /r + ™- g ... . 

When /x A . = i/ a . = 0-2, the last term A^iwoo’ an( ^ i s therefore 
generally negligible. 

If we write AP = ^ OA and CP = 6Hi , 

where /% and r A . are not to be taken as ratios but as percentages, then 
the percentage rise of pressure will be 


Pi ~~ PlO 


«%“-^“ ?1 00 = ±/* + ^ (101) 

The negative sign before fi K is for the case when the phase angle <£ 2 
leads and is greater than ^ - <$> K . Hence, to determine the percentage 
rise of pressure, we set off (Fig. 146) AC=I 2 z K as a percentage of P 2 



Fig. 146. — Short-circuit Diagram of a Symmetrical Circuit for determining the Percentage 

Pressure Rise. 


at an angle <j> K to the ordinate axis, describe a circle on the same as 
diameter, and draw A P at an angle <fc 2 to the ordinate axis : we then get 

AB=~- 100 ; BC=^x 100 . 

•*2 P'l 

and the percentage pressure rise 
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This is a maximum when c j>$ = (f> K . 

When <jb. 2 =0, //,*■= ^'100 and v K =^100. 

Thus, in this ease, « % = 4- j-- 

Tig. 146 can be appropriately called the short-circuit diagram. 

If we are not dealing with a symmetrical circuit, but with, the 
general case, for which the constants ft and ft may considerably differ, 
we substitute the actual receiver pressure li, with the phase displace- 

Q 

merit 4h by a fictitious pressure F 2 = jrP* displaced from the receiver 
current I 2 by the angle <jf> 2 - Aft Then, since, from equation (88), 


Pi 

ft 


the above formula (101) holds also for the rise of pressure in the general 

v C / 

case, provided that we use P 2 = instead of P 2 and $*2 — ft “ ^ 

instead of in the short-circuit diagram. Fig. 147 represents the 



Fig. H7. — Short-circuit Diagram of the General Circuit. 


short-circuit diagram of a general circuit — in this I % s K is set off as a 
percentage of Pa- 

50. Determination of the Change of Current in a Circuit by means 
of the No-load Diagram. The pressure P 2 at the terminals 88 
requires, as we have seen, a no-load current. On account of this 
110 -load current, the load current ft is greater than the short-circuit 
current I lK . Starting from short circuit, let the pressure be gradually 
Increased — then I 2 will also increase, and we have now to calculate 
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the percentage increase of current in passing from short-circuit to 
full-load. This is. 


i%=^V^ 100 - 

1 IK 


For a symmetrical circuit, 

^ = / 2 + P 2 ?/ 0 (see eq. 89/>). 

This equation also can be expressed graphically. In Fig. 148 set 



l 




X \ 



i 

' \ \ 
\m\ 



____ -"n< 

(7 


off Il 2 along the ordinate axis and l 2 = OD at angle <£ 2 to 1\ 2 . Set off 

further JD1 — ihy 0 at angle <j> 0 to the ordinate axis, where </> n = tan -1 —, 
so that * ff () 

OP.§. 


Further, since 0D = I 

7 -2 Q 5 

the percentage increase of current j % can he written 
3 % = ^ 100 = — 100. 

i lA' 01 ) 

On Ilf? describe a circle and produce <X£> to cut the circle in Q ; then 
I)E = P,b lj and EF=P 2 <j a . 
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Let I)Q = ^6D and FQ=^0l); 

then the percentage increase of current is f 

< 102) 

The negative sign before //- 0 is for the case when the phase angle <£ 2 

7T * 

leads and is greater than - <£ 0 . 

Hence, to find the percentage current increase, set off (Fig. 149) 
DF=-P 2 y 0 as a percentage of I 2 at an angle <p Q to the ordinate axis, 




\ , 

H 

h 




/ 

\ 


\ 


/ Hi? 

/ »/ 

\ 

X 

l 

E 

\ Skwo / 

D 


Fig. 149. — No-load Diagram of a Symmetrical Circuit for determining the Percentage Change 

of Current. 

describe a circle on the same as diameter and draw DQ at an angle cf> 2 
to the ordinate axis. 

Then we have 100 ; EF = 100, 

I 2 ik 2 

and the percentage increase of current 


This is a maximum when ^2 = < ^o- ^Fen — 0 
/x -^100 and v 0 = ^100. 
Hence, in this case 


r/o , 100 {^ + ‘(^.)*}. 
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We can appropriately call the diagram in Fig. 149 the no-load 
diagram. 

In an unsymmetrical circuit, 

I 0 

Consequently the no-load diagram and formula (102) hold for any 

circuit, provided we use P'z^jtP* instead of P 2 and — fa- Aip 

instead of <f> 2 . This is done in the no-load diagram in Fig. 150, which 
accordingly holds quite generally. 



Fig. 150. — No-load Diagram of the General Circuit. 


. ^ ^ en the conditions are such that the results yielded by the short- 
circuit and no-load diagrams are inaccurate, we can use an alternative 
method, and find the pressure I\ and current /, in the supply circuit 
by means of the load diagrams shewn in Figs. 145 and 148. 


51. Change in Phase Displacement. The phase displacement be- 
tween the pressure and current in a circuit changes as we pass from 
the receiver terminals to the supply terminals. This displacement is 
determined by the vector P = (7^ of the short-circuit pressure and 
the vector /o~?nP#o of th e 110 -load current. The angle of phase 

displacement of the load at SS has been denoted by <f>., in the above 

similarly we can denote that at the supply terminals PP by 4> v 


Then 


-■<£1 = 



for the two vectors and L are rotated through the same angle in 
respect to the vectors P 1 and . 
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From Figs. 145 and 148 we see that 

«(§• §) = «(§’ a) + <(A> h) + <(u §) 

or </>]_ = A</> a + </> 2 + A<j6 0 . 

In order to find the phase-displacement angle at the supply terminals 
for a symmetrical circuit, we must therefore calculate the two angles 
A 4> k and Ac p 0 . 

PC 

From Fig. 145 we have sin (£<£*) = ==. 

Denoting the ratio 2A — Lm. by a, we get 
00 1 

1 1 

" I+ i2 1+ < 

+ 100 

, . .... PC v K 0. 

and nnW> K )-Q 2 *- m 

We can express sin (A <f> K ) in the form of a series, thus : 

(4.^) is negligible compared with A<£ a , so long as A<£ a ~ 0*25, which 

is usually the case where A<£ a . is expressed in circular measure; or when 
measured in degrees we have 

v K a 180 

A ^ = T00‘ 7T 5 

i.e. A<ft A - = 0-573 v a .« = ° 

In a similar manner, from Fig. 148, 

sin(A^ 0 ) = =, 

or, denoting = = by /?, we get 

C/JF «*1 

ft = I = _L 

^ ,J% i+i 


A^, 0 = 0-573v/ = ^a 
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whence the angle of phase displacement at the supply terminals is 

*-* +ww (&+rfe> '< 103 > 

In tins formula, v K and v 0 are to be taken negative when the points 
P and Q respectively lie on the arcs BC and FF \ this is the case when 
the angle of lag <£ 2 is greater than <j> K or cf> 0 respectively. 

f In the case of the general unsymmetrical circuit, we must substitute 
<p 2 = 4> a- for <kj in formula (103), where is the angle between the 
imaginary receiver pressure P' 2 and the receiver current L ? . 

It has already been shewn that A^ = ^ 1 - • hence, for any circuit, 

the phase-displacement angle at the supply terminals is 


4>1 = + O ' 2 - A) + 0-573 (y^- + (103a) 

52. Maximum Power and Efficiency. With constant supply pressure 
A an( I l° a( I power-factor (i.e. cos <f> 2 = const.), it is only possible to 
transmit a certain maximum power to the receiver circuit. If We try 
to go beyond this by increasing the load admittance y 2 , the receiver 
pressure P 2 will fall more rapidly than the receiver current / 9 will 
rise. This maximum is naturally reached when the drop of pressure 

/ 2 % in the circuit itself equals the receiver pressure P' 2 = ^ P*. 

From the equation 


p p 

— kl P 4. T r —±lT v 4 m T» 

C C * 2 ^ 1 2 K ~ TV *2*2 T" 


.£ 

'(V 


it follows that, when is constant, the power given out at the receiver 
terminals 


i A cos A 


is a maximum when the product of the two absolute values -1 Lz iy and 

j . . p A 

1 1S a maximum. Since the sum ~ of these two vectors is constant, 

the product of their absolute values is a maximum when they are equal. 
Hence the condition for maximum power is 

kip - 


ft 


A ~ 


or 


Qi __ 

Q ?2 ~ Y'A'* 


In this case the receiver current is 


/ _ V2 
i2 ~C 


in 

a-i 


7T?2 + ?A' 

*2 
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The vectors z K and S 1 - are displaced from one another by the angle 

4> K - <f>z + M'- ■ 2 

Hence the receiver current at maximum load is 

ji 

2 26’ 2 2 i: cos|(^-^ 2 + Al/') , 

o G 

and therefore W 2maiX = I\z 2 cos <f> 2 = % cos 4 > 2 


cos <j > 2 


2(7 X C 2 %{ 1 + cos (<k A^)} 

Now, from Eq. 95, p. 159, 

1 . J g - JftCOS 


W 


Hence, 


jp; = 


Pi { Ik - Ip COS (ftp - <£*) } cos 

2{l+cos(<jf> x -^ 2 +Ai/')} 


.(104) 


Since PI, = ~ and I^ K =y(, the conditions for maximum power can 

be written : With constant supply presswe and load power-factor, we get 
maximum power for the load , whose no-load and sho 7 't-circuit pressures are 
equal. 

Proceeding further, we can now find the load power-factor cpscp 2 
necessary for obtaining the maximum pow er at the receiv er terminals. 
By differentiating Eq. 104, we find that this happens when 

- { 1 4 cos (<f> K - d >2 + A^)} sin 4> 2 - cos 4 > 2 sin (<#>* - 4> 2 + A^) = 0 

or when - <£2 = 4>k + A^. 


Introducing this value of <£ 2 into the expression for W o luax , we get 

P^cos^a 


W = - 

rr c. 


2u *“ 26 , A» je (1 + oos2<^ 


b 

4Ci« 2 cos <jE>a 4dfr 2 




.(104a) 


To find the efficiency of the general circuit, we calculate the power 
}y supplied to the circuit at the terminals PP and divide this into 
the power IF 2 taken out at the receiver terminals. The supply power 
is most easily obtained from the real part of the product of Pj and the 
conjugate vector of I 1 . The supplied power W 1 is 
W x — J'F„+ Wjc + sPzh, 

where Wa—Pl^g^CiP^a 

is the no-load loss when P 2 acts at the receiver terminals, and 
W K = l\ K r K = CfJlr K 
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is the short-circuit loss when the current in the receiver circuit is 4. 



s =p cos d> 2 + q sin <£ 25 

where 

v _ I* + /. C0S (4>0 + </>*) 

I K — 1 0 cos (</> 0 — <fcj j-) 

and 

4 sin (<j> 0 + 4> k ) 

1 Ik ~ /. cos (</>„ - </>,,)’ 

or 

. Ik cos (<fe - Af ) + J 0 cos (<£„ + 4> k -4> 2 + A f ) 


I K - 4 cos (<£ 0 - f> K ) 

and depends only on the kind of load, i.e. on cos c/> 0 . 
Since the power at the receiver terminals is 


W 2 = Il fa. 


we get the percentage efficiency 
TV 

*%-g>100 — 


w Q 


W, + W K +. 


- 100 . 


-W a 


.(105) 


_ n 

cos <p 2 - 

Both at no-load and short-circuit the efficiency is zero, for in the 
first case the useful current is zero and in the second case the useful 
pressure. In the former case, the sum of all the losses is W n and in the 
latter W R . 

Starting from no-load and keeping the load power-factor constant, 
the efficiency and the heating losses W K gradually rise as the load is 
gradually increased, whilst the no-load losses W 0 decrease. When 
Jr K — Wqi the efficiency will he a maximum, for, .with a given loss 

^i° + ~ COn ?k’ P ro ^ uc ^ ^ 0\Q\g^r K P\i\ is a maximum 

when the two losses are equal. Thus we see : 

For a given kind of load in a circuit , the efficiency is a maximum when 
the stw't-circuit losses cai responding to the load current equal the no-load 
losses coirespondmg to the load pressure. 

The maximum efficiency for a given load power-factor is 


V max / : 


■Wo 




100 . 


.(106) 


Fui ther, we find by differentiation that the power factor cosck, 
tor which the efficiency is a maximum, occurs when 

W^W K 

and ( W 0 + W K ) sin <f> 2 = 2W { 0 sin <j> 2 = - P 2 I 2 {p sin (A^) + q cos (A^)}, 
and the maximum efficiency is 


0 / _ 




,m< “ /o ^stP cos (A^) - 2 suT(A^)} + 2^ 0 cos 2 ^ - 


(107) 
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Considering equation (107) more closely, we see that the load current 
J 2 at the absolute maximum efficiency is displaced in phase with respect 
to the receiver pressure. * In general it will be found that / 2 
behind or leads P 2 almost as much as I x leads or lags behind J\ . 

53. A Transmission Scheme. As an example of the application of 
the no-load and short-circuit diagrams to a symmetrical circuit, we will 
consider a transmission line. This consists of a supply station where 
the pressure is transformed up, the transmission line and the receiver 
station where the pressure is transformed down. We will assume both 
supply and receiver transformers to have the same ratio of trans- 
formation. 

(1) No-load measurements : 

i\ = 1000 volts, 7 0 = 100 amps., W r 0 = 40 K.w., P 2 = 985 volts. 

(2) Short-circuit measurements : 

4—1000 amps., P K = 250 volts, W K = 80 K.W., 7, = 985 amps. 

We get C 1 = C. 2 = C=^^r = I'()l5, 


4 4- yjs 2 = 2^ — 57*3 


7 n sin (<ft n - 4) 

7 ff -7 0 cos (<^-4) 


0 °- 12 . 



For a load current 7 2 = 985 amps., the watt and wattless components 
of the no-load current are, in percentages, 

T °/ — 1 - 4-06 °/ 

i "" r/o_ 9'85 7 0 " /o ’ 

7„ % = ^5 VTOO^iO^ = 9-31 %. 

The no-load diagram is drawn in Fig. ,151ft. 
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For a power factor cos ^> 2 — 0'9 in the receiver circuit, the percentage 
current increase is 2 1 & 

i%=/‘o + 2^ = 7 ’ 9 5%. 

At short-circuit, the watt component of the supply pressure is 


C K W~ 


80 


W_K 

h 


= 80 volts 


oo 

0r <HS5 = 8 ' 13 °/o of the constant receiver pressure i> 2 = 985 volts. The 
wattless component is 

P A-ri='/250 2 - 80 2 = 237 volts, 

Ei«:r TEW 0 ^ ^ A Py The short-circuit diagram is shewn in 
£ i g. lo Lb. 1 he percentage pressure increase with cos <p 2 = 09 is 

6 % = /tr + 2^j= 19 '4 %- 

ond^Llf an?m - 1SSi0nS a 1 ^ me ’ 1 thepllase dis P Ia cemeut between current 
and piessure is increased by the angle 

A< Ao + A^ = 0-573 (V^-.-l- = i2°-25 

\1+; l+t/ 

Hence the supply phase-displacement is 

£i = ^>2 + A ^o + A ^= 25°-85 + 12°-25 = 38°-l 

and the power factor at the supply terminals cos <A= 0-785. 
ine efficiency of the transmission scheme is 


V = 


1*2 L 2 COS fa 

v7+r*+sP % i 9 ’ 


where 


whence 


S = h . cos ja ±jo cos (jo + bx - jg ) 


7% = 


■ ^0® (4>0 — ^A' 

_ 4000x0-9 + 100 cos lll °-85 
4000 - 100cos4°-9 

985 x 985 x 0-9 


= 0-945, 


40000 + 80000 + 0-945 x 985 x 985 

= 871 = 34.9 0 / 

1035 biZ '°' 

54. A Single-phase Transformer. As a further example we will 
Jft*? single-phase transformer, which represents the simplest form 
° f electromagnetic apparatus and machines. The no-load measure 
ments taken on a 50 k.v.a. single-phase transformer were 

F 10 = 5000 volts, J 0 = 0-4amp., /F 0 = 750 watts, 


X 

j 


A SINGLE-PHASE TRANSFORMER 


J73 


and at short-circuit 

I 1K =10 amps. , P K = 250 volts, W K — 1 000 watts. 

Hence the no-load watt current is 

t _^o_76O_ 0 . 15 

low ~l J ia ~ 5000“° 16 P ’’ 

and the no-load wattless current 

I Q WL = Jil ” ' ~Il w =n/ 0‘4 2 - 0 : 15 2 =0*37 amp. 

I oyv is 1*5 % and I QWL is 3*7 % of the load current (10 amps.) ; from 
these two magnitudes the no-load diagram (Fig. 152a) is obtained. 
At cos <£ 2 = 0*9 the percentage current increase is 

i/ 2 2-R7 2 

n °/ — f, _l o =2-97 -4- A_ = 3-0 7. 

7/o-'/ 4 o + 200 + 200 /o 

Witli normal short-circuit current, the watt component of the primary 
pressure is w 1000 


P — - 

-t A' IV 


= 100 volts, 


i.e. 2% of the normal pressure. The wattless component is 
1\ wr --Jl* c - 2* , r = J250 a - 100 s = 229 volts 
or 4 '5 8% of the normal pressure. From, these two values we obtain 




/V 



Figs. 152a and 6.— No-load and Short-circuit Diagrams of Single-phase Transformer. 


the short-circuit diagram (Fig. 152Z>). A-t cos£ 2 =0-9 the percentage 
pressure rise is 

*■ 2 *^*9fS 2 

«%=/** + 3 79 200” = 3 ’ 84r %' 

The increase in the phase displacement between pressure and current 
due to transformation is 

= • r ' 28 - 





The angle of phase difference on the primary side is then 
= <£ 3 + A <£ 0 + Ac/j a -= 25°-85 + 3°-28 = 29°-13 
and the power factor at the primary terminals, 

cos ^! = 0-871, 

whilst cos <f >2 = 0'900. 

In Fig. 153 the percentage increase of pressure and current and the 
increase in phase displacement with constant pressure and current on 



Fig. 153. 


the secondary side are also shewn as functions of cos <j>„. It is seen 
that all three magnitudes vary most in the neighbourhood of unity 
power factor, i.e. cos <f> 2 = TO. y 
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55. Load Diagram of an Electric Circuit. As -we have seen, the 
no-load and short-circuit diagrams are well suited for investigating the 
working of a short transmission line or modern transformer, t or ^pre- 
senting the phenomena, however, which occur m a long transmission 
line or in motors where electric energy is transformed into mechanical, 
these diagrams are less suitable. If we have, for example, a motor -fed 
from mains whose pressure is kept constant, we require a diagi am whie 
will enable us to see directly how large a watt current and how lai^e a 
wattless current will be taken by the same at any gven load Fmthei 
the diagram must shew, at the same time, the efficiency and speed of 
the motor when working at this load and also its 0 ™^ h Xt2e 
We shall now shew how to construct a diagram from which all these 
quantities can be accurately obtained. For this purpose we start 
from the equations (88) and (89) of the general electric circuit, viz. 

P 1 = C,l > 2 + CoJ. i Zjc 

and 

From these, it follows : 

P, - l a %- = CiP 2 (l - 2/f*) = g’ 

and since /,=&, the current in the supply circuit will be : 

/r \ ’ /o+ C A 

/ + f/oj = (fl- 1 _ yfa 

P U t = VoQlQz = ?/« 

i -y<p K ■ 

, ft ' -gt,. 

M 


A.C. 
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then the current I 1 can be written : 

/, = (i\ - I x z K ) (y a +y b ) ( 108 ) 

. , l r xmmnmor-, This equation shews that every 

Z k X T‘"f circuit can be replaced by that 

as siiewn in 154, since e d uatiori 
1 ra § (108) also holds for this circuit. 

a 3 * We must now find, however, to 

2 7 what the two parallel branches in 

hhe original circuit correspond. To 

G^SXScSlt ofthe the braneh with admittance y„ a 

power JF b is supplied, where 

W l > = F 2 J 2 cos (<f> 2 + 2^) = P,L, cos .(^ + 2 ^) = w cos (<t> 2 + 2 if.,) 

COS ^> 2 2 COSf /) 2 ’ 

7 *®\ . brawh With admittance y b corresponds with respect to power to the 
toad circuit with impedance z 2 . 1 

To the second branch w'ith admittance y a a power TV is supplied 
which, expressed symbolically, equals ' suppuea, 

Wn ~(Pl~ I^K) 2 Va = ^QlQl&o = . 

nr e ^r r ^ dS ^ a , ^ whi ° h , is P ro Po rti onal to the square of the 
occur ^n ttArL? SS f lnCUd f los 1 ses as iron losses and those which 
rt* T °l 1 electnc , al a PP aratus an d machines. Con- 
t, nally the path with impedance z K , we find in it the loss 

Wi=iX- 

^ the copper loss in the circuit, and represents that part of the 
electrical energy which is dissipated in the form of heat. 1 


Pig. 155. Diagram of the Equivalent Circuit in Fig. 154 . 

J 1 ° h 1116 ne to ati-\e part of the abscissa axis is taken for 
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the axis of the imaginary values. By adding y a and y h geometrically, 
we get the resultant admittance y T . Since the admittances y a and y h 
are in series with the impedance g £J we first find the impedance z r 
corresponding to the admittance %. Thus : 

y r=5 , ,4A=y/' 

and 

y f Y t/ y 

Adding now the short-circuit impedance z K to s rJ we get the resultant 
impedance p. The inversion of % gives the admittance ?/, which falls 
in the first quadrant. Finally, multiplying the admittance y by the 
terminal pressure P 1 , we get the current? in the supply circuit. As 
usual, let the pressure vector P^ fall on the ordinate axis, so that the 
current vector I x coincides with the admittance y. Then the vector 
OG not only gives the direction of the current in the supply circuit, 
hut also its magnitude to a certain scale. 



Fig. 156. — Construction of Current Diagram. 


To determine the locus of the current vector I lf we first find the 
curve traced out hy the vector y h when the load z 2 I s 'varied. This is 


y b ^ = C\y, = C\y^^\ 

Assume, "by way of example, that the phase displacement <j> 2 in the 
load circuit is constant. Then the locus of the admittance 

y b =clyj (m:> 

is a straight line E B (Fig. 156) making the angle (</> 2 + 2^ 2 ) with the 
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ordinate axis. In order to draw the load diagram for this case, we first 
set off the constant admittance 

OA =y a = C l C 2 y 0 = g a +jb a , 

and draw through A a straight line K„ at angle + to the 
ordinate axis. The admittance y r is then represented by the vector 
OB drawn to this line. Then, to find the impedance z r corresponding 
to y r , we find_ the inverse of the straight line K„ with the origin 0 as 
the centre of inversion. This inverse curve is not drawn in the fourth 
quadrant, but in the first, since we must return to this latter by a 
further inversion. Now, the inverse curve of a straight line is a circle 
passing through the centre of inversion ; thus, in this case, the inversion 
circle is K'„ and the centre of inversion is the origin 0. The centre 
of K B lies on a straight line passing through the inversion centre 0 and 
perpendicular to the line K„. The radii-vectores of the circle K' n from 
0 then give the impedance s r . -We now add the short-circuit 
impedance ? A - to z r by moving the co-ordinate system to the right 
through a distance equal and parallel to z K . The origin O' of the new 
co-ordinate system consequently falls in the third quadrant. Then the 
vectors drawn to the circle A , t , or, as it is now, K' c , from this new origin 
give the total impedance z of the whole circuit. ' Finally, still remain- 
ing m the same quadrant, let K, with centre M on the line O'M ;, be the 
inverse circle of the circle K 0 , with O' as centre of inversion. Then 
the vectors drawn from O' to this circle K represent both the 
admittance y and to another scale the current /, supplied to the line 
111 . ma g ni kiKle and phase, when the vector of supply pressure J\ 
coincides with the ordinate axis. . ' 1 

. Th .® circle ^ is the desired current diagram, and on it lie the short- 
ciicmt point Pg and the no-load point P 0 . The former is the inverse 
ot the. point 0, and the latter is obtained by a double inversion of 
the point A. 

In Fig 157 the final current diagram K is drawn to another scale. 
All points on the upper part of the circle, lying between P r and P 
correspond to points on the straight line K„ above A, i.e. to load in 
e ranc y b \ while points on the lower part of the circle correspond 

tLw,r ^ ght lin ® K/ ‘ be ! 0W A > ie - % is then negative and 
the branch works as a generator. The ordinates of the circle Ii shew 

directly the watt currents I w , which the circuit takes in or gives out 

m theliSt^ th6Se ° UrrentS ^ Pl ’ ° btain the P° wer consumed 

The loss and power lines are now found in the same way as above 

eoooerToss mav^ p >T er 7 1 = PlIw 1S Slmply the abscissa axis- The 
copper loss may be written 

^ jt — Ij Tx — B K V K , 

where V A = 0 is the equation of the loss-line and B k - is a constant This 
loss-lme is the semi-polar of the circle with respect to the origin as 

shewn previously. The distance Pi? from a point P on the circle’ to 
this loss-lme is proportional to the copper loss. 


* 


I 


f 

f 



LOAD DIAGRAM OF AN ELECTRIC CIRCUIT 181 

Consider the triangle 0P K P. The two sides OP K and 01 J represent 
the short-circuit current 1 K and the supplied current respectively. 
Let each side of the triangle be multiplied by z K , then OP K ~ Ik&k 
represents the terminal pressure 1\ and OP = I^ K the pressure con- 
sumed in z IC , Since the three pressure vectors 1 \ , I x z K and ‘ ( f form a 

' 2 1 \> 

closed triangle, the line P K P will represent the pressure vector yr to 

the same scale of pressure. This pressure causes a loss V a in the 
branch whose admittance is y a — Q 3 C 2 y { 0 . 

As before, we can write 

where V <{ = 0 is the equation of the loss-line. This loss-line is tangent 
to the circle at the point P K and the loss V a for a point P on the circle 
is proportional to PS, the distance of P from this loss-line. 



Fig. 157.— Current Diagram of Equivalent Circuit in Fig. 154. 


The power-line can now easily he determined. Denoting W 1 ~ V K 
by W„ we have ^ _ ^ Vjr = A, W„, 

where we write JF 1 -A 1 W l 

to obtain symmetrical notation, Wj = 0 being the equation of the 
abscissa axis. 

The line W tt = 0 for the remaining power after subtracting the 
copper losses, clearly passes through S s , the point of intersection of 








s 
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the abscissa axis with the line of copper loss V ? ,= 0. 

the power ' line w “ =0 passes fclu-a 
The power consumed in the branch of admittance y„ is 

w * = ^ ~ V K-V a = y/,w, -Bv= A b w h , 
where -Bv = B K V K + B a V a = V 

denotes the sum of the losses, which are represented by the Jin 
s the equations shew, this resultant loss-line must pass thr*' 
he intersection of the two loss-lines V A . = 0 and V =0, and W 

we . h r e i°“ d both tb ese loss-lines. The ^ 
> . must further pass through the intersection 

mSt™ ^ = ° With tbe resultant power-line W 6 = o. 

] , power-line contains the points for which the povvei' 

fc? li 1S VI' T hl0h ° n y oceurs at no-load and at short' 
Hence, the resultant power-lme passes through the points P a 

™ Can 6nd % V intersection "of the Jower-lfie 
throuS^ £ scissa axis, and the resultant loss-line V=0 can be 
through the points S 1 and S 2 . 

• 5u* a ? ranc ? 1 equivalent circuit, the supplied Dower the 

Zo ”f ““ “ efnl i S & Xence J 

St bl represented by three hues, which intense* 

two of r S 6Wn jn ®® 0 ^- 25, that a straight line drawn be 
two of these lines parallel to the third is divided in the ratio 

three lines°to erS ^ ? lm ® from , tbe P°int of intersection of the 
three lines to a point on the circle. Such a line can, therefore a 

th.“SiS3 r St. e ®° ie “ i ' " the perc “ t, * e loss “ “ 

b P twp« Flg +n 15 i 7 - a Hne haS be6n drawn Parallel to the abscissi 
between the lines V A = 0 and W.-O. A line S? then divide; 

hue in the ratio the ratio of the part nearest the loss-line t 


whole line being 


V K V K 

. Y k ~~ anc * ^e r ^tio of the part neares 

• - - 1 W a W a e 

w + v startm g frox 

® * K r ' \ 


IV + y 

rr #t r K . . i 

powei-line to the whole line being 

the i ine dr ^P ar ^l to the abscissa 
percentage loss ’in the branch ** 616 ^ ™ eetS thlS llne S ives 

In the same way (Fig. 157) a line is drawn parallel to W 

e ween V -0 and W 5 = 0, and the intersection of this with P P 
the percentage loss in the branch y a , Wlth 1 rJ £ 


Pa% = 


w^tv a 100= w 100 - 
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To obtain the efficiency of the whole equivalent circuit, the 
procedure is similar. Draw a line between W 6 = 0 and V==0 parallel 
to the abscissa axis and divide it into 100 parts, beginni ng a t the 
power-line = 0. Then the intersection of this line with S\P gives 
the efficiency, w W 

rf Y o = 'J^r^0 = yi00. 

1/0 w h +v W l 

Ye will now consider the relation between the power W h in the 
equivalent circuit and the power W 2 consumed in the original general 
circuit. At the beginning of this section we denoted the load- 

impedance of this original circuit by z % - — • 




Hence W b = -J-I b cos (f> b =jP 2 L 2 cos (</>. 2 + 2\p 2 ) 

Therefore, the efficiency of the general circuit is 

o J_E>1 DO =w / COS <f>2 _ _ 

Q/o ~W 1 cos 0 2 + 2^ a ) 7 cos (tf> 2 + 2^)’ 

Since 2 \p 2 is usually a very small angle, rj is only slightly greater 
than rf. If 2f 2 is known, we can divide the horizontal between the 

power-line W*=0 and the loss-line V = 0 into 100 — — . equal 

1 ° cos (92 + 2 ^ 2 / 

parts and read off rj directly inste ad of rf. 

As shewn above, the line JP K P serves for reading off' the pressure in 
the receiver circuit for any load. The current I 2 in the receiver circuit 
can be obtained just as easily from the diagram. At any point P, 
we have j _ q p~p 

which can be proved as follows : 

Tor any load, we have 

lb — QA ” /l ” (P 1 ~ Vix 

and at no-load 0 “ z k)V^ 

Subtracting the second equation from the first, we obtain 

Since = 

lf ^ = ri =CiCs; ' 


we have 


184 












THEORY OF ALTERNATING-CURRENTS 


heuce / 2 =ft(Wo), 

or, in absolute values, I 2 = C 1 P^P. 

This ^ diagram, which enables us to completely investigate the 
properties of any electric circuit and to study the working of the same, 
we shall refer to as the load diagvcuni of the circuit. Prom it we can 
find directly for any load the following values : the current I\ and 
phase displacement <£ 3 in the supply circuit, the pressure P t) in the 
receiver circuit, the total power W-^ supplied to the circuit, the power 
JK taken out of the circuit, i.e. the useful power, the efficiency rj and 
the percentage losses in the copper and in the iron and dielectrics. 

56. Simple Construction of the Load Diagram by Means of the 
No-load and Short-circuit Points. It now remains to be seen how the 
circle diagram K admits of a simple construction or calculation. Two 
points on the circle— namely, the no-load point 1\ and short-circuit 



point P K are already known by experiment or otherwise. The 
perpendicular to the line joining these two points passes through the 
centre M of the circle. In addition to this, the direction of the line 

P 0 M from the no-load point P Q to the centre M of the circle can easily 
be determined as follows : J 

In Fig. 158 the straight line K n represents the admittance y t + y, 
this line, as shewn above, is inclined to the left of the ordinate Juris at 
tne angle + The corresponding impedance is represented by 
the circle K'. The line 0M’ b falls 'below the abscissa axis, making an 
angle it- Then, after drawing 0(7 equal to and 

taking the inversion of the circle K' u to such a constant of inversion that 
K “ re P resen te its own inverse curve K, the points P K and I\ represent 
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respectively short-circuit and no-load in the circuit. Now, as shewn in 
Sect. 48, p. 1 59, lOP i; 1\ = ^ ^ = i L OMP 0 . 

Consequently the angle [i which P 0 M makes below the abscissa axis is . 

P = <A 2 + 2 & - 2 (i'x + h) = 2’Z'i 

= 4 > 2 ~ ('Ai + ’Aa) - A, A 

= (/>. 2 -l OP k P 0 -kf. 

Usually Axp =i' 1 - >A 2 is very small and may be neglected. When 
^>., = 0 (i.e. non-inductive load) the radius P 0 M makes the angle 
OP K P n + Axp with the abscissa axis, and lies above it. 

If the point P„ lies above 0 on the circle, the opposite sign must be 
given to the angle <9P A -P 0 . This is the case when the phase displace- 
ment at no-load is .smaller than that at short-circuit. 

In Fig. 159, for the sake of clearness, only those lines are drawn 
which are necessary for the determination of the centre M of the circle, 



and are obtained at once from the short-circuit and no-load points, 
when A^ is known or negligible, as the case may be. 

When <f>2 and Ai p are zero, the determination of the centre M ot the 
circle is greatly simplified, as is shewn in Fig. 160. In this diagram, 
a vertical is drawn through the no-load point P 0 to cut the line 01 %• 
The centre of this vertical is the same distance above the abscissa axis 

as the centre if. . 

From this construction the effect of disymmetry m the circuit on the 
position of if is clearly shewn. The greatest disymmetry occurs when 
#1 = 0, i.e. when ^ = 0 or - -h - A^ = 0 and the centre lies at 
df (z _ 0) ; or when s 2 = 0, i- e - = ^ or - (^i + ^ 2 ) " ^ anc ^ 

centre lies at M (Z2==Q) . . , 

The centre M can also be obtained by another analytical graphical 
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method by us ing the line MO' through the origin as well as the line 
bisecting 1\ P K at right angles. This line makes an angle a with the 
abscissa axis, the tangent of which can be calculated from the following 
rormula, which is deduced from Fig. 156: ° 

tan a = ~ Ik sin (^ ~ A ^) ±A* ~ & ± + 4 .^cos (0 /c - 0, + A0) 

I K cos (0 2 - A0) + 1 0 WL sin (0* - 0 2 + A0) - J 0 cos (0 A . - 0 2 + A0) ' 



1-uua ^»2 = U. 

.I 1 ""® <3 “d C . »» *erj little different from unity end still 

it m«t 5 0 -” H,n "1 % 8ref0 ? - *> “ * ™y -ill »gle 

IpCfoLlu ' ” 8kC, '” S ,l “ “*'»• ™ obtoi ” folkt&g 

tan o = yrSin^ a + / 0 ^sm(if) J - <fel + CQsf A- - ^,) 

1k cos ^ sin (<£* - c j> 2 ) - 1 0 w cos (</> /f - c/> 2 ) * 

For a non-inductive load, <£ 2 = 0, and we have then, 

tan a = — TF s ^ n + 4 ra cos 

-4A + /o IFi sin 0 A ' Tq ,y cos 0 A - 

_ /p sin (0 O + 0 r ) 

Ir- Iq cos (<£ 0 -f Cj6 /r ) 

annlicat^ d ofr, m ? -r Transmission Scheme. As examples of the 
Smf consfswi / dia f a “> , we co ^ider first a transmission 
m T g r PP 1 7 Statl0n where tlle P^ssure is transformed 

isfor“own n agrin. * Stati0n Where the pressure * 

S^No n i°o2 g r6adingS are taken 0n n °' l0ad and sh °rt-circuit: 

/on cn. i> i = 1000 volfcs > 4 = 325 amps., 7A 0 = 40 K.w. 

(2) Short-circuit. 

P A .= 1000 volts, / A - = 3000 amps, 14 = 900 K.w. 
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The transmission scheme works with a constant power-factor of 
cos <f ) 2 = 0*95 in the receiver circuit. 

The load diagram is shewn in Fig. 161 drawn to a scale of 

1 mm — 60 amperes. 



Since such a scheme can in general be taken as symmetrical, we get, 
by direct measurement from the diagram, 


G 1 C 2 = C 2 = 


OP , 


: 1 * 12 , 


PoPk 
C= 1*06. 

The line 0P Ki 50 mm in length, represents the primary pressure 
P 1 = 1000 volts to a scale of 1 mm = 20 volts. The receiver pressure 
on no-load is 

P 2 o = 20 C. FJ J k= 20 x 1*06 x 44*5 = 945 volts. 

At P the receiver pressure is 

py = 20 x 1 '06 x 32*7 = 695 volts. 

The short-circuit current in the receiver circuit is 

I 2K = C . JVP*= D06 x 60 x 44-5 = 2830 amps. 


58. Load Diagram of the General Transformer. The general 
transformer, whose method of working is described in Section 39, 
can be replaced by the equivalent circuit (Fig. 121, p. 120). r t and r 2 


188 


THEORY OF ALTERNATING-CURRENTS 




are the primary and secondary effective resistances, S\ and S 2 the 
primary and secondary coefficients of stray induction of the trans- 
former. The constants r 2 and x 2 = %ircS 2 are both reduced to the 
primary circuit. 

The usual ease of the general transformer is the three-phase induction 
motor. The secondary power W 2 is here mechanical and equals 





where r 2 ^~-lj is the ohmic resistance equivalent to the load and 

is placed across the secondary terminals. The slip s gives the relative 
velocity of the rotary field relative to the secondary winding. Since 
the loss in the secondary circuit due to the rotor resistance r 2 is /|r 2 , 


the total power supplied to the secondary circuit is 

As all phases are alike in a polyphase motor, we need only con- 
sider one phase. 

The following measurements were taken on such a motor : 

(1) No-load , i.e. synchronism ($ = 0), 


the load resistance r 2 0 — being infinite. 


/ 0 = 10T amps., P x = 110 volts, ^=146*5 watts. 


(2) Short-circuit , i.e. at rest or s- 1, since r 2 0 - 1^ 


is zero. 


Ik 


3 105 amps., P x = 1 10 volts, W K = 4040 watts. 


Hence, we get 


cos ^=nra=°- 132 > 

cos ^ra= 0 ^ 


In Fig. 162 the no-load point 1\ and the short-circuit point P K are 
drawn to the scale 1 mm = 2 amps. For standard three-phase motors 
we can put A^ = 0, and further, since <£,= 0, we get the centre of the 
circle by means of the construction in Fig. 160. 

The lines of output W 2 = 0 and of total loss V=*0 can now be 
determined by means of Fig. 157, and from these the efficiency v is 
obtained. J 1 

Only the slip s, from which the speed of the motor can at once be 
determined, remains to be found from the diagram. This is 


lb 


r 2 '2 


Fj 

: w’ 
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where TV denotes the power supplied to the secondary circuit. Hence, 
the slip in per cent, is equal to the percentage popper loss in the 
secondary winding, and can he represented in a similar manner to that 
shewn in Fig. 157. The construction is as follows : 

Draw the loss-line V 2 = 0 for the loss V 2 = I 2 2 r 2 , and the power-line 
W = 0 for the power W supplied to the secondary circuit. Sinc e, as 
we have shewn, the secondary current J 2 is proportional to P 0 P , the 
loss-line V 2 = 0 is tangent to the circle at the no-load point P Q . 

The power-line W = 0 passes through the no-load point P 0 , since at 

this point = 0 (because I 2 = 0), and through the point on the 

circle for which 5 = 00 . Since this latter point cannot be determined 
experimentally, we will employ the following approximation : 

The line V^O for the primary copper loss lS\ is identical with 
the loss-line V A - = 0. Neglecting the iron losses at short-circuit, we 
have this equation for the short-circuit point, 

W r 1 =V 1 -b V 2 =V 1 + W. 

Hence, if we draw a line P K C through the short-circuit point parallel 
to the loss-line V T ™ 0, i.e. a perpendicular to the line OM, this line is 



divided by the abscissa axis (W^O) and the power-line (W«0) in 
the ratio W 1 : W. That is, from Fig. 162 we have 

P7J_W\_ I\t k r, 

P K 1) W l\r K -f K r 1 Gr-n* 

— +r 2 , 

PJ-) r„ 


Substituting 
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Hence we can find the power-line W = 0 by drawing a line Pjj 

perpendicular to 0M and dividing it at the point I) in the ratio -L 

The line P 0 D is then the power-line W = 0. 5 1 

■f ° r Percentage secondary heating loss, is now read off 

irom the diagram by the point of intersection of the ray from A and 
a line parallel to W = 0. * 0 

, Hrawing the image of th e po int P a in the continuation of P n M, 
the slip can be measured by P 0 F, where F is the point where ¥J> 

L wn CUt / th n M ine V ? = 0 - The scale of sli P on the loss-line 
, j.i, ! d determining the slip for any load-point by the 
first method and marking off the value on the loss-line V„ = 0. This 

the S u P is Clearly correet ’ sin " ce the two 

mangles r^l and 1\G-FI are similar. 

,vZ - Se !T d me * hod for determining the slip s is accurate and 
com enient for small slips. 
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59. Pressure Curves of Normal Alternators. 60. Fourier’s Series. 61. Analytic 
Method for the Determination of the Harmonies of a Periodic Function. 
62. Graphic Method for the Determination of the Harmonics of a Periodic 
Function. 63. Alternating-Currents of distorted Wave-Shape. 64. Power 
Yielded by an. Alternating-Current of distorted Wave-Shape. 65. Effect of 
Wave-Shape on Measurements. 66. Resonance with Currents of distorted 
Wave-Shape. 67. Form Factor, Amplitude Factor and Curve Factor of 
an Alternating- Current. 


59. Pressure Curves of Normal Alternators. In the preceding 
chapters we have dealt only with alternating-currents whose wave- 
shape is a sine curve. Strictly speaking, such currents are seldom met 
with in practice, for modern 
alternators would become 
much too expensive, if they 
were required to generate 
purely sinusoidal currents 
with all hinds of load. Con- 
sequently, we have to be 
contented when the wave- 
shape only deviates by a 
certain specified amount 
from a pure sine curve. 

Some 15 years ago, the 
question of the best shape 
of pressure curve was 
much discussed in techni- 
cal circles. Some main- 
tained that the peaked 
curve, as shewn in Fig. 172, 
p- 199, was the most favour- 
able for transformers, since 
for a given effective pressure 
the hysteresis loss is then a minimum, and the efficiency consequently 
a maximum. This is, however, doubtful, because every deviation of 



Fig. 163. — Diagram of Alternator with Revolving 
Armature. 
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the current from a sine wave leads to an increase of the eddy losses in 
both iron and copper. Others, on the contrary, maintained that the 
peaked curve placed the greatest strain on the insulation, since for 
a given effective pressure this curve shape has the largest amplitude. 
Although many investigators at that time characterised this objection 
as groundless, it is nevertheless upheld nowadays. For lighting pur- 
poses, the flat-shaped curve (Fig. 172c, p. 199) was held to be the best, 


since in this case the current remains longest in the neighbourhood 
of its maximum, and therefore yields a steadier light. 

At the present day, however, such opinions are rarely advanced, the 
prevailing opinion being strongly in favour of the sinusoidal pressure 
curve. In modern generators the greatest deviation from the funda- 
mental is usually limited to 3 to 5 %. In Fig. 31 it was shewn how a 
purely sinusoidal pressure wave can be generated. The construction 
of such a generator, however, is very uneconomical. In order to employ 
a strong magnetic field, it is necessary to bed the winding — in which the 
current is to be induced — in iron, as shewn diagrammatically in Fig. 163. 
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This winding is fixed on a laminated armature and, in the case before 
us, rotates in a multi-polar field. The current is led off by means of 


Fig. IG5. — Diagram of Alternator with Stationary Armature. 


slip-rings and brushes. Fig. 164 is a photograph of such ail alternator 
with rotating armature. It is also possible, however, to have the 
armature fixed and let the magnets rotate — in which case we get 


fig.U66. 


the arrangement in Fig. 165, a photograph of which is shewn in 
Fig. 166. The exciting current is led to the magnet coils through 

A. O. N 





i ; 

I j 
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slip-rings. In this arrangement, which is especially adapted for 
the production of high-pressure currents, the stationary armature is 
also referred to as the stator. 

i The pressure curve of these generators depends firstly on the shape 

I I of the pole-shoe, and secondly on the armature winding. If this latter 
is concentrated in one large closed slot per pole, the pressure curve 
will have the same shape as the field curve. This is represented m 
Figs. 167a, b, c for different kinds of loads. It is of especial interest to 



-Fig. 167.— Field Curves of Alternator, (a) Fig. 108.— Pressure Curves of Alternator. 
At No-load; (6) with Non-inductive Load ; (a) At No-load ; (6) with Non-inductive Load ; 

(c) with Inductive Load. (c) with Inductive Load. 


note the deviation of the curve at non-inductive load from that taken 
at no-load. The no-load curve is symmetrical, whilst the curve taken on 
load is distorted. This distortion is of course caused by the armature 
current, which reacts on the inducing field, and the difference represents 
the armature reaction. If the armature winding is distributed in 
several slots, the pressure curve will no longer follow the field curve, 
hut will approach a sine wave, as is clearly seen from Fig. 168. These 
curves were taken on the same machine and under the same conditions 
as the above — except that the pressure of the whole winding was taken, 
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<■*.<■ P ressures shewn in Fig. 167 were taken from a single 

'^Jeentrated coil. 6 

I*i-c^ heSC kst ° UrveS ( for a distribu ted winding) are typical of the 
t; I . x 4 ‘ <3l iT G CU , rvos of . modern alternating-current generators, and it is 
that they deviate very little from sine waves. 

Fourier’s Series. As we have just mentioned, in practice we 
f'urir*-- ° ce i d a lternating-currents whose momentary values, as 
« >th ll ° nS • * lme ’ do - not var ^ after a sine Lw > but according to some 
c;*ji Periodic . functions. In order to be able to carry out accurate 

SUC ^ curren ^ a simple manner, it is best to 
f r*«r *^ se a pressure curve into a sum of sine functions of different 
€ . 1 1 s * ne function possessing the lowest frequency is 

wf lecL ^ Q fi rst harmonic or this fundamental, and all other sine functions, 
Zf c q u enoi e s are multiples of that of the fundamental, are called 

harmonics. Since Fourier was the first to shew that every 
h.^- 10 * 10 function can be analysed into a series of sine functions, such 
J p es are generally termed Fourier’s Series. 

I >e fore proceeding to deduce the same, however, we shall first quote 
lnte g ratlon formulae which will afterwards he needed. 

I hese are as follows : 


.(109) 


u-f-7r (0 when m > n, \ 

I sin mx sin nx dx = - 0 when m = n = 0,1 •• 

Itt when m = n > 0, j 
tv I i oire on and n are any positive integers. 

further, I cos mx sin nx dx = 0 (110) 

•' ~7T 

('2tt when m-n = 0A 

cos mx cos nx dx = ?r when m = w>0,[ (Ill) 


mt u l 


F-f-Tr 

J ~tt 


1 


0 when m 5? n 


x-'Vjj 


Ixi t>be interval, -tt to + 71-, let f(x) be any continuous single-valued 
|H‘idodic function; we can then express the same by the following 
**** 1 * * os — -known as Fourier’s Series : ‘ ^ 

/ (x) = a x cos x + 6j_ sin x 4 - a 2 cos 2x + b 2 sin 2x 

+ * • - + a n cos nx + b n sin nx + 

The constant coefficients a v a 2 , a 3 ... and b v h 0j b s ... are determined 
I ty multiplying both sides of the equation by cos \nx)dx and integrating 
fi-om 7T to -j- 7r, whereby all terms on the right vanish except one. 
Tims, we get 


p + 7T p-j-7T 

I f(x) cos nx dx = a n I cos 2 (nx) dx ■= a n 

* -tt J -rr 

1 f +7r 

n = — j 

J -7T 


) cos (nx 


# #■ 1 ” 


a. 


iim 


Til Ml >RY i >F A I/riOHN ATINt ivrnu F.VfS 


Similarly, irnilf i plying all through Uy mu f ;iml inh«grat i 
lad wren ?r and -f r, w«* gH, 


I r ? * 

J w 


two rnxprmmiw for a n ami /<„ ran ho M*m*ovha! trandunm-d 
wr intugratr* llrnt from -- rr to 0 and tlmii from ii to f ?r, «.* I* 41 * , 


I f ln 
<l n ■ ■ j 

^ J •■■■■ n 

1 f I 4 * f 1 " j, 

_ | 1 /( / | I 'OH | #|vf 1 *// j . 

r u »■ J.t I 

In tin- first inli^riii jiul / y; (linn 

r(* *»» 

f(x)cm(n.r),lr J /( n //)>/( in 

* ft J n 


or 


j f( ^ tf)vm{hy)*iv 

Jr* 

/*» 

1 J'(,r)wm(n,r)il.? J f( 

J *r Jo 


iHidwc^tt /(„ ^ j j ftn t /< 

I 

Similarly, I (/(/)-■■- /( ■- far}#//, 

v in 


Kmmplr /. Kind fin* valiu* of / whmi fit#' fiiiirlion i Inin 

out tin* mdangulnr run** rrprrwmfrd in Fig, Miff, 



H** t lUii, !fcrt«f»tft«lnr fNirtr 


Ki'om ml 0 to W *r, i /, nml from <«/ ti t,, r _ , / 

Tlnni. «„ *[ id * Wi/{«/( diOr /i|m* nwti/{..»f i (i 
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i r +7r ■ i r 

and b n = - i sin nut cl(ut) - - I [I - ( - /)] sin nut d (cot) 
J —7 r J 0 


f 0 when n is even, 
~~ * ^ when n is odd. 


imr 


tt . 4/rsm<o£ sm3ut sin 5 tot sm nut 

Hence % = — I — - — -| ■= i 1- . . . H — + * • • 

7r [_ 1 3 5 n 

Example II. Find the value of i when the function -) traces 

out the triangular (saw-tooth) curve shewn in Fig. 170. 



Accordingly, 


1 f +7r . 


tot — 

0 

to 

(o£ = 

7T 

2’ 

i = 

-I (tot). 

7 r x 7 

tot — 

0 

») 

tot = 

7T 

2’ 


- -7(««o. 

7T N 

(Jit — 

7 r 

2 

>> 

tot = 



-~I(tt — tot). 

7 r 

11 

■Vi 

3 

TT 

2 

j) 

tot = 


& = 

2 

/(tt — 0j£). 

7 r 


cos nut dt 
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| j' + TT 

and & w = -| imino)td(o)t) 

J -7 r 

7 r 

2 f* 

= — 2 [/ gj£ - ( - 1 o>^)] sin nut d (ut) 

j o 

2 C 77 

+ ^ 2 j (* - <*>t) - 1 (tt - «£)-}] sin nutd(ut). 

If we put cu^' = 7r - (at, 

then the last integral becomes 

9 


+ - 


- j (I ut' + 1 ut') sin (nw - nut') d(ut'). 

Jo 

For all even values of n, 

sin (nir - nut') = - sin nut', 
and for all odd values of n, 

sin (mr - nut') = sin nut'. 
Consequently, we get 

4 f5 

K = ^ J sin 7&W d ( ui t), 

when w can only be an odd number ; thus 
6„— 


u n = ”o— i - tot COS 7Ko£ -h - 

irn { 71 


~K 


7 r 


i.e. 


Hence 


7T 2 n 2 5 


_8/. j_ 

87 1 . 

7T“ ’ 6 3-' 

7T 2 9 ; 

8/ 1 

5r 2 25 ; 

81 1 

7 r 2 49' 

sin o>i t sin 3 c ot sin 5coi t 

1 9 

- + 25 


49 




. ^is example not only the cos t&g>£ terms vanish, but also the term: 
sm nut, lor which n is even. 

This latter property is common to every cum whose two halves with respec 
to the abscissa axis are symmetrical , i.e. when the two halves coincide 
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when placed one above the other, as in Fig. 171. Or, considering the 
expressions, 

a = - f h ' /(as) cos nx clx = - f [/(as) +/(x - ir) cos rnr ] cos »x dx 

7r Jo 


i c+tt I rrr '/y y . \ 

and b n = - /(a;) sin wa? = - [/(«) +/(a - ir) cos 7mt] sin x 

^J-tt ^Jo / 


^4 D /,4 


^ ’ 1 


wx-r-4 x -hh 

o\ 


Fig. 171.— Symmetrical Curve with respect to Abscissa-axis. 


Q f 

co ! : 

j 

x ] ■: 

r l 
n ! 

> i 


XJ r- 

vav 

/ w< 

“< A 


°N3V 


we see for all even values of n, since cost r= +1, that a n = 0 and b n — 0, • 
provided that /(*)=-/(*-> r). 

In practice, nearly all curves have this property ; hence we can 
always omit those terms whose frequency is an even multiple of that 



I(sina)t- ^ sin 3 cot) 


IfoinujU s sin3u)t) 


Fig. 172. — Effect of Third Harmonic on Wave-shape. 
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of the fundamental. An exception is the pressure curve of homopolar 
machines, which, however, are seldom used. 

Considering again the expression 

a >‘ = ~ / (*) eos nxdx = - j [f(x) +/(-*)] cos rax 

-7T ^ J-0 


we see that is always zero when 

/(*)=-/(-»), 

i-e. vanishes, and consequently all the cosine terms of the series 
vanish, when the pressure curve is symmetrical about the origin. 



a Srio J d? c al Fm C S ll0d Tf f0r tie Determination of Harmonics of 

experiment (dthfmby the ^point by poin^met^od^or by ^in Itscillo^rapM 
and wish to analyse the same, it is not possible as a rule to express it 

n 1 f allS -° - a fi “ te sel ' 1 . es ’ so the above method cannot be used 
for determining the amplitudes a„ and b n . C<1 

If the curve is taken by the point by point method and 2 m 
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momentary values have been measured at equidistant points in the 
whole period 2ir, then we start from the equation 

i=a x cos <ot + Jj sin mt + a s cos 3 at + b s sin 3to t+ ... 

and apply the Principle of the Least Squares, whereby the constants 
a n and must be so determined that (i -i measuced ) 3 is a minimum, 
i.e. we must have 

calculated ~ ^measured)" a 

da n “ 

aild ^ calculated ^measured)" a 


and we get just as many linear equations as there are unknowns. 
Denoting the 2m measured values by i 1 , i 2) i 3 ... i 2m , then 


2 f . 2x 47 r . 6 tt 

d *i eos SS+V** s= + V»a iw + • • • + * m _ lC os 


2(m-l)7r , ) 

' 0S 2m lm )' 


; 2 f . . 2 

i m [ 1 % 

and in general 


h sm - + sm 
1 2m J 2m 


4tt ... 6ir 

2m + t s S111 2m + - + * m - lSm 


2 (m — 

2m /’ 


<*» * 2m + *2 cos n ^ + %cos » ^ + . . . +i m -iCOsn^^-i m j, 

, 2 f . . 2 tT . . 4r7T 07T . . 2(f}l — lWI 

& » = mr iSm ^ + %Sm,l 2m + *3 smTO 2m + •" +J »- sm * ± 2( » L }' 

In order to impress this method more clearly on the memory, its 
mathematical derivation can he considered from the following physical 
conception, more familiar to electrical engineers. 

An e.m.f. e n = cos nmt is induced in a circuit carrying a current 
represented by the curve 

i = cos mt -b b l sin mt 4- a s cos 3mt 4- b z sin 3 mt + . . . , 

in which we require to find the n th harmonic of the cosine terms. All 
the current harmonics must be wattless with the exception of that we 
are considering (the ?t th ), and the mean power is 

K- 

On the other hand, the mean power is given by 




i COS (It 


and similarly, 


= mean value of ( i cos nmf). 
a n = 2 x mean value of (i cos nmt), 
b n = 2 x mean value of ( i sin nmt). 
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This is the same result as that just obtained in another way. 

If we take, for example, 2m = 24, then the calculation can be carried 
out in the following tabular form : 


Experi- 

mentally 

Determined 


Coefficients for Determining the Amplitudes. 


Momentary 

Values. 

% 

h 

<z 3 

h 

% 

h 

a 7 

b 7 

h 

0-966 

0-259 

0-707 

0-707 

0*259 

0*966 

- 0-259 

0*966 

h 

0-866 

0-5 

0 

1-0 

- 0*866 

0-5 

- 0-866 

- 0-5 

h 

0-707 

0-707 

- 0-707 

0-707 

- 0-707 

- 0*707 

0-707 

- 0-707 

h 

0-5 

0-866 

- 1-0 

0 

0-5 

- 0-866 

0-5 

0-866 

h 

0*259 

0-966 

- 0-707 

- 0-707 

0*966 

0-259 

- 0-966 

0-259 

l 6 

0 

1-0 

0 

- 1-0 

0 

1-0 

0 

- 1-0 

l 7 

- 0-259 

0*966 

0-707 

- 0-707 

- 0*966 

0*259 

0-966 

0-259 

H 

- 0-5 

0-866 

1-0 

0 

- 0-5 

- 0*866 

- 0-5 

0-866 

h 

- 0-707 

0-707 

0-707 

0-707 

0-707 

- 0*707 

- 0-707 

- 0*707 

ho 

- 0-866 

0-5 

0 

1-0 

0-866 

0*5 

0-866 

- 0-5 

hi 

- 0*966 

0-259 

- 0-707 

0-707 

- 0-259 

0*966 

0*259 

0-966 

h 2 

- 1-0 

0 

- 1-0 

0 

- 1*0 

0 

i 

o 

0 


In the first column are the experimentally determined momentary 
values, taken 15° from one another. In the second column are the 
cosine values, by which i 2 ... to i m must be multiplied in order to 
find a x ; in the third column are the sine values, by which i x , i 2 , etc., 
must be multiplied in order to find b 1 , etc.; in the next columns are 
the coefficients for determining a 3 , 5 3 , a 5 , b 5 and a 7 , b 7 . 

It has here been assumed that the given curve is symmetrical about 
the abscissa axis, whence i x — -i m+ 1 , i 2 — ~ W 2 > and so on. If this is 
not exactly the case, the mean value between i x and i m+1 must be taken 
in order to get i x . Further, for symmetrical curves, the origin can 
always be chosen so that i m = 0. 

62. Graphic Method for the Determination of the Harmonics of a 
Periodic Function. Instead of the above analytic method, we can also 
proceed graphically, which is especially convenient when the whole 
curve, and not only a few points on it, is at hand. An example of 
such a method is that given by Houston and Kennelly , El. World, 1898, 
which depends on the following theorem : 

“If an odd number w of half waves of a sine wave are divided into 
]) sections by f vertical lines equidistant from one another, then, when 
jj > 1 and p and w have no common factor greater than unity, the sum 
of the areas in the odd sections equals the sum of the areas in the even 
sections.” In the summation, all surfaces above the zero line are 
taken as positive and below as negative. 

To prove this theorem, divide the abscissa axis of the sine curve 
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from x to x + wir into p equal parts, draw the ordinates through these 
points, and find the area of each section (see Fig. 174). 

& 

I sin xdx — cos a - cos /3. 

J a 

Now find the sums of the areas of the even and uneven sections, and 



Fig. 174. 




I 
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j 

! 


all the terms on the right-hand side except the last cancel out, so that 
we get 


T7 W O 

£ cos 77- = 2 cos x cos 

2p 


V 


■ 1 1 \ W7T 


2 2) p 


O W7r A 

= 2 cos x cos = 0, 

and, since p and w have no common factor greater than unity, 

>=0. 


On the other hand, if w ~p, and we commence to divide the wave at 
a point where it passes through zero, so that x = 0, then 

F= ty, 

i.e. equals p times the area of a half wave, which can also be seen 
directly from Fig. 174. 

From this theorem we get the following rule : 

A wave-line, representing graphically a semi-period of an alternating- 
current, can be expressed by 

a x cos x + \ sin x + a 3 cos Zx + b B sin Zx + 

In order to find the coefficient b n , of the sine terms, starting from 
zero, we divide the half wave-length into n equal parts and determine 
— by some means or other — the difference F between the sums of the 
even and the odd area-sections. 

Then, since F equals the mean ordinate of the sine wave of amplitude 
2 

b n times r, i.e. equals b n • - r, we get 

7 r 



where t equals half the wave-length of the given wave. 

To find the coefficients a n of the cosine terms, we must again divide 
the half wave-length into n equal parts, but we must now start at a 

quarter wave-length from the zero of the % th harmonic, i.e. at — 

of the interval of the given half wave. In other words, the dividing 
lines for the coefficients a lie midway between those for the coefficients b. 
Then, as above, we get, from the difference F 1 of the sums, 




7rF 1 
'~2t ’ 


This method is not strictly correct, since in the surfaces measured 
for one harmonic the surfaces of those harmonics are also included 
whose frequency is a multiple of that of the fundamental. This 
inaccuracy therefore occurs as soon as we come to the ninth harmonic. 

The surfaces can be measured with a planimeter. In order, however, 
to obtain greater accuracy, the following device may be used: the 
areas of the given polygons ABGDA and ABCDEA'A (Fig. 175), 
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which have to be measured, are divided into equal even and odd 
sections, which can he omitted without further ado, so that only small 
surfaces remain to be measured; these are traversed in the proper 
sense with the planimeter, and the result can at once be read off. 



* 

Fig. 175. — Determination of Areas for finding Third Harmonic. 


In Fig. 175 the surfaces F and F x are obtained directly by means of 
a planimeter when we trace out the small areas f u f 2 , / 3 and f l9 f 2i fl 
respectively in the direction indicated by the arrows, since 

J?-/i -/»+/* and 

After the coefficients a n , a 7 ... b f) , b n ... of the harmonics have 
been found in this way, we can also determine the coefficients a x and l\ 
of the fundamental, by taking the planimeter over the whole surface, , 

in the one case starting from % = 0 and in the other x = I. To obtain 

a x and b u however, we must not directly substitute the surfaces F 
and Fj as measured in the formulae for a n and b n , since in addition to 
the area enclosed by half a wave-length of the fundamental, there is also 
measured the sum of the areas of all the harmonics within this 
half wave-length, « 9 

S b n ~~ — ; 

t r 01. 


consequently, 
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Similarly, we get ^ cos (^ - 1) 2 

__ 7r -^ 7 1 1 ^5 , 

“ 2r + 3 5~ + 7 

In Fig. 176 the current curve of a homopolar alternator is shewn- 
This curve has been analysed by both of the above methods. In the 


Fig. 176. — Analysis of Experimental Curve into its Harmonics. 

analytical method, the distance 2r, corresponding to 360°, has been 

2 7T 

divided into 24 parts ; thus one division equals ^ = 15°. The equation 
found in this way is ^ 

2 = - 3*7 cos g^+ 99-9 sin wt + 2*96 cos 3(d 

- 3*54 sin 3a>£ + 2*57 cos 5coi ( - 12*8 sin 5c ot 

- 1*73 cos 7(x)t + 5*46 sin 7oi. 

These harmonics are also shewn in Fig. 176. 

The equation found by the graphical method is approximately the 
same, thus 

i— - 3*82 cos co£ + 99*2 sin o>£ + 2*94 cos 3W- 3*29 sin BU 
+ 2*38 cos but - 13*4 sin out - 1*98 cos 7totf+ 5*79 sin 7 col 

We thus see that the latter method is correct within one per cent, 
of the amplitude of the fundamental wave. 

In drawing out the curve of the equation found analytically, the sine 
and cosine terms of each harmonic have been combined and set off in 
their proper position with respect to the other waves. The amplitude 
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i n and the phase angle <fi n of such a combined wave are found as 

follows : / _ a \ 

a n cos not 4 - b n sin not — v a n 4 li tl sin (not 4 tan 1 J 

— i n sin (not 4- </> w ), 

where ct n = K sin 

and b n = i n cos <£„. 

By this means, we get for the equation of the curve (Fig. 176) 

2 = 100 sin (g >t 4 358°) + 4-61 sin (3 ot 4 140°) 

4 13-05 sin (5o>* 4 169°) 4 5*71 sin (7c d 4 342° *5). 

63. Alternating-Currents of distorted Wave-Shape. In Chapter II. , 
we saw that when a varying pressure p acts at the terminals of a 
circuit containing ohmic resistance, self-induction and capacity, we 
have, from Kirchhoff’s Second Law, 

r di If. , 

p= w+L it + c y dt 

1 clp dS r di 1 

or Ldi = W 2 + Llt + LC' 

Further, we saw that, with constant r, L and 0, a sinusoidal pressure 
always produces a sinusoidal current of the same frequency. 

Since the pressure equation is linear, the law of superposition can 
always he applied. And since the pressure always has the same 
frequency as the current it produces, it is obvious that each pressure 
harmonic of any pressure wave produces a current at its owm frequency, 
independently of all. other harmonics. 

Thus, when 

P=Pi 

= Pi max sin (c ot 4 fa) 4 P 9m ax sin (Sot 4 ^ 3 ) 4- . . • , 

then 

i = 4 - ig 4- ir 0 + * * • 


r 2 4- ( oL 


i 4^-1 


0 )Ij 1 


, = . sin hiot + - tan - 1 ( — 

l f \ \2 \ ri \ r 

,a + ( 3 " £ - 5 i») 


' ScoOrJf 


V 1 + ( 710) Tj — - 


— -sin + (^~” 6 >)}- ' 
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Or, we can write 

i= /, max sin (tot + i'l - <M + Is sin (3wi + 'As ~ ‘/ J a) 

+ • ■ • + In ,„a* sin («w2 + lf„ - <jf>„), (112) 

where the amplitude of the «. th current harmonic is 


In max 


VM- 


- 




and 




L /nwL 1 \ 
\ r no)Cr/ 


.( 113 ) 

,.( 114 ) 


The phase displacement <#>„ of the n th harmonic is positive, 


zero or 


negative, according as 


nuLz 


:na)0 


or 


> 1 

n <o>'jLC' 


From this we see that each harmonic of the pressure wave produces 
its own current, and further, from the law of superposition, all these 
currents are entirely independent of each other. 

The amplitudes of the currents do not all bear the same relation to 
the amplitudes of the pressure harmonics, since the impedance of the 
?i th harmonic 


:-V r ' 


r 2 + ( nuL - 


nwC 


.( 115 ) 


depends on the value of n. Further, the phase displacement <f> n is also 
a function of w, so that resonance cannot occur at the same time 
with more than one harmonic. Since this phenomenon, however, is 
frequently due to the higher harmonics, it is not sufficient to consider 
resonance with regard to the fundamental alone, especially where 
capacity is present in the systems. 

Since the relations between a pressure and its current are different 
fcfr* every harmonic both as regards magnitude and phase, the current 
curve is, as a rule, quite different in shape from the pressure curve. 
We will now shortly investigate the influence of r , L and C on the 
shape of the current curve. 

Consider first the simplest case, when the circuit contains only 
ohmic resistance, then 

and <i>„ = 0, 


i.e. the current curve has exactly the same shape as the pressure curve 
and is in phase with it. This can also be seen directly from the 
differential equation, since p = ir. 
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If, on the other hand, the circuit contains both resistance and self- 
induction, then 

i and ^ =tairl, T~- 

\! T“ -b (no)L) 2 1 

Hence the greater the value of n, the smaller will be -ft 1 — and the 

greater <f> n9 that is to say, the higher harmonics are not so pronounced 
in the current curve as in the pressure curve, when the circuit contains 
ohmic resistance and self-induction. Thus the self-induction has the 
effect of making the current curve more nearly a sine wave. 

On the contrary, when the circuit contains resistance and capacity, 
we have p / i \ 


and <£„ = tan-i(-^)- 


(?MO ft ) 2 


The higher harmonics are now more prominent in the current curve 
than in the pressure curve, and the current curve may become very 
greatly distorted, when there is sufficient capacity in the circuit. 

64. Power yielded by an Alternating-Current of distorted Wave- 
shape. The power of an alternating-current of any given wave-shape 
can be expressed by the rate at which it develops heat in a resistance, 
thus : i rr 

if.** 

Putting *=/ I ,„a X sin(toi! + r/' 1 -<f>i) + 4„,a S sin(3W + V's-^3)+ - 
and remembering that 

f 0 when 

\ sin mx sin nx dx = « 0 when m — n = 0, 

^" 7r { 7T when m = n>0, 

we see that, in the integration of Pdt, only those terms of i 2 which 
contain a sine squared yield a result differing from zero, and we get 


i 2 r dt = 2^1 max + -^3 max + -^6 max + ••• 


Putting this power equal to Pr, as before, we get for the effective 

current, _____ __ 

I = a / J fidt = \j 7 ) (Jl max +■ In max + d s max + * ■ • ) 


=v/]f-4T7!T;.: (116) 

From this it follows that each harmonic of the current curve pro- 
duces its own heating in the circuit independently of the rest; that is, 
the total heating losses in the circuit equal the sum of the heating losses due 
to the several harmonics. 


o 
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whence, by division, 

(I2 o, 

"W 

Instead of the factors ~ we have now the factors 3 2 , 5 2 , 

7 2 , ... under the root, which strongly affect the influence of the higher 
harmonics on the readings. 

For example, if P B = ^P l , then 

(7= --70-565 = -4 0-75 and not 
toA 0 )P 0)P 

In this case therefore it is not sufficient to merely know the effective 
values of the pressure and current, but the curve shape must also be 
taken into account. 

(b) This, however, can be easily avoided in the following manner. 

In series with the capacity we 
r JL i connect an induction coil L 

/ pi t — - ai ?d a large resistance It, as in 

| t===I p 1 Fig. 177. The induction coil 

p) /yx must be free from iron and 

*' ) \U have sufficient stops to enable 

I JL p us to regulate its self-induction, 

f / J vwvvmv- so that its reactance x s = toL 

Viy approximately equals the capa- 

Fro. 177.-— Connections for measuring- Capacity. • x , 1 

J city reactance x = — . We now 
w 6 

vary the number of turns in the induction coil until the pressure P is 
practically zero. When minimum pressure occurs, then we know that 
resonance is present, whence 

Of course, care must be taken that the resonance is due to the funda- 
mental and not to a higher harmonic. We then measure the coefficient 
of self-induction L for this number of turns without the resistance and 
the capacity m circuit, and we get, with fair exactitude, 

L— ^ >s 


-Connections for measuring Capacity. 


and from this 


/>_ JL__ l 

u 2 l~Zp; 


By this means we eliminate all the disturbing influences of hio-R er 
harmonics m capacity measurements. * 01 
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66. Resonance with. Currents of distorted Wave-Shape. _ If a pressure 
wave containing several higher harmonies acts on a . circuit, pai tial 
resonance will exist under several conditions. This can be best 
illustrated by an example. Consider the circuit shewn in Fig. 178, 
which contains chiefly induc- 

tL 


tance and capacity ; partial 
resonance will he caused by 
the wave of frequency c, when 
the self-induction is such that 


i mmp — • 


L = 


1 


n 2 (i) 2 C ' 


Hence, if we vary L and plot the FlG - in- 
effective current I as function of e 

the coefficient of self-induction L , a wave-shaped curve is obtained, as m 
Fig. 179, which is often called the resonance curve. The curve shewn is 
drawn for a pressure curve having the equation 


p = 1 00 sin (cot + i/q) + 30 sin (3c ot + ^ 8 ) 

+ 15 sin (5c ot + \p 5 ) + 20 sin (7 c ot + ^ 7 ). 

The frequency of the fundamental is c = 50, the resistance r = 5 ohms, 
the capacity (7=50 microfarads, while the inductance L was varied 



from 0 to 0-3 henry. The maxima of the effective current occur at 
the different values of L for which resonance is present. The last and 
greatest maximum is given when resonance is due to the fundamental, 
the next to the 4 , third harmonic, and so on. 
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Fig. 180 shews the several current harmonics plotted as functions of 
the inductance L. In order to shew the effect of the higher harmonics 
more clearly, the scale has been made larger than that of Fig. 179. 
We see that the maxima of the several current harmonics, which occur 
at resonance, are related to each other in the same way as the amplitude 
of the pressure harmonics. The curve of resultant current is obtained 
by geometric addition of the harmonics. With a larger inductance this 
curve almost coincides with the fundamental. With a low inductance, 



Fig. 180. — Resonance Curve. 


however, it remains higher than this and also higher than the 
harmonics. The angles £ by which the harmonics are displaced from 
the fundamental, clearly have no effect on the resonance curve. 

It is, however, also interesting to see how one current curve passes 
into the other as the inductance of the choking coil is altered. We 
shall therefore consider analytically the case when 

1 

71 ujLC 

is an even number. This condition lies directly midway between two 
resonance conditions, viz. between that due to the tw 

due to the (n+ Inharmonic, for n> being even, can only' represent’ ‘ a 
transient stage and not -an actual harmonic. The prevailing current 
will therefore he b 

^n— 1 %i+l max ^ (^11 1 ^ 0)t -j- 

+ I(n+ 1 ) max sin {(»+ + 
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Assume I„_i = I„+i = -4, then the current i n can be written 

in = in- 1 + i+ 1 = 2/huuuc sin (wo* + cos (wof - — - g— )• 

This current is drawn out in Fig. 181, for '/'« = x Pb = ^ and w = 4. 

As is seen, it forms a sine curve whose frequency is a mean of those 
of the two currents and whose amplitude varies after a sine wave. 
The higher the periodicity of the harmonic, the more periods we get 



for every period of the main current. Hence, by the interference of 
two neighbouring harmonics, a current is produced, which possesses the 
same character as currents caused by surging. 

If the amplitudes I H _ X and I n+1 are not equal, we still get a current 
whose mean periodicity is n. The amplitude of this current, however, 
does not vary between zero and a maximum, but only between a 
minimum and a maximum value, as seen from Fig. 181. 

From the foregoing it is obvious that we cannot regard all pulsations, 
such as those represented in Fig. 181, as surging between free and 
forced oscillations. 

B . Strasser and J. Zenneck * who were the first to draw attention to 

* Annalen der PliysiJc , Bd. 20, p. 759. 
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thes e . even harmonics, suggest that the same should be treated as 
individual currents. They substitute for a large number of the uneven 
harmonics, even harmonics which change their direction at every half 
peiiod of the fundamental. Such harmonics are shewn in Fig 182 
By considering the field curve (Figs. 167a and b) of a generator on 

no-load and on non-inductive load, it 
is easy to see that the distorted part 
of this field— due to armature reaction 
— induces even harmonics in the stator 
winding. The armature reaction is 
obtained by subtracting the two curves 
(Fig. 167a and b), and the curve thus 
found is - very similar to the second 
harmonic in Fig. 182, while the field 
curve in Fig. 167 b is itself very like 
the curve in Fig. 182 printed with 
FlG * 1S2 * & heavy line. B. Strasser and J. 

7 . 4 Zenneck call these harmonics phase- 

diangmj , since they alter their phase by 180° every half period of the 
fundamental. Since, however, it is not easy to treat phase-changing 
currents and pressures analytically, we shall not pursue this method 
ot representation further. All such phenomena can be quite well 
explained by means of odd higher harmonics. 

67. Form Factor, Crest Factor and Curve Factor of an Alternating- 
Current. &mce the effective value of a periodic current or pressure 




Pig. 1S8. Construction for finding Effective Value of Periodic Curve (Fleming). 
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Take some point on the abscissa axis as origin for the polar diagram of 
this curve. The area of the polar curve is then 


T 

| y j Q 2/ 2 dt, 


where y is the ordinate of the periodic curve. 

Now draw a circle whose area equals that of the polar diagram, and 
denote the radius of this circle by R ; then 

T 

Buffett 


T 

2 f 2 


= effective value of the curve. 

The polar diagram of a sine wave is a circle j other periodic cuives 
give other polar curves, which are more or less similar to circles. The 
circle of the same area as the polar curve can easily be estimated by 
the eye, when a planimeter is not available. By this means we have 
a simple method for approximately finding the effective value of any 
periodic curve. 

The ratio between the effective value of a periodic curve and the 
mean value is often needed, and is known as the fowl foctot , since it 
depends on the form of the curve. The more peaked the curve is, the 
larger is the form factor. For a pressure curve, the form factor is 


M 


t]/* 

For the pressure curves (Figs. 169, 170 and 172a) the form factors are 
1-0, 1T5 and 1T1. The form factor of a sine curve is 

_l-A=Ao=i' n - 

w 2^2 

Another characteristic factor which is met with now and again in 
technical literature is the crest factor f* which denotes the ratio 
of the maximum to the effective value. This is only, of interest foi 
pressure curves — serving as a measure for the strain put on me 
insulation. The maximum value of currents and pressures of given 
curve-shape, on the other hand, has no direct relation to the iron and 

* As suggested by Prof. G. Kapp. 
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copper losses in electromagnetic apparatus, and has therefore on 
limited importance in practice. 


- value 

effective value 


-*• max 

4j> 


and ecpials J'2 for sine waves. 

curve, fadm- faCt ° r ’ Wljlch iS ° f eSpecial importance for motors, is th'' 
_ effective va lue JP 

P amplitude of fundamental P 1 

-v ^ w ~ 

capacity of a motor depends chiefly on the fundamental pressure 

A=^- 

Hence the importance of this factor. 



CHAPTER XII. 

GRAPHIC REPRESENTATION OF ALTERNATING-CURRENTS 
OP DISTORTED WAVE-SHAPE. 

68. The Equivalent Sine Wave and the Power Factor. 69. The Induction t actor. 
70. Graphic Summation of Equivalent Sine-Wave Vectors. n. Ertect 
of Wave-Shape on the Working of Electric Machines and Apparatus. 

68. The Equivalent Sine Wave and the Power Factor. It would 
be possible, as already shewn, to represent graphically each one of the 
harmonics by itself. Since, however, such a representation is not 
very convenient, it is simpler to proceed as with the power diagrams 
and set off the apparent power FI at angle </> to the ordinate axis, so 
that the ordinate equals the power PI cos <f>. cos <j> is called the foww 
factm\ This diagram can be drawn to any desired accuracy when the 
pressure, current and power are known. 

In the previous load diagram (Ch. I. Sect. 12) the current and 
pressure waves were sinusoidal ; in this case, however, the . waves may 
have any shape whatever ; thus <j> is not the actual phase displacement, 
but only imaginary, being the angle between the sinusoidal pressure 
and current, which are equivalent to the actual pressure and the 
actual current with respect to effective values, and yielding, therefore, 
the same power. This imaginary sinusoidal wave is called the equi- 
valent sine wave ; and it is with this that we usually have to deal in 
practice. For most practical purposes this is sufficiently exact, but 
in exceptional cases, e.g. with condensers or with strongly-distorted 
pressure waves (i.e. pressure waves which deviate strongly from a sine 
wave), this method of calculation is inexact. 

We will first examine what the actual significance of the power 

factor cos </> is. The power is 

PI cos <£ = IV, 

where r is the effective resistance of the circuit ; hence 


cos <j> — p 
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COS^i + ( -T7 3 ) COS 2 4> 3 + ( T5- 5 ) COS 2 c f> + . . 


where </> 19 <£ 5 , etc., as above, are the phase-displacement angles of 

the several harmonics. 

Siiifip. 


we can also write 


cos <p = cos (fq - 


Both formulae (122) and (122a) have been deduced on the 
assumption that the effective resistance r is independent of the fre- 
quency ; this is generally true, but not always. 

Let the effective resistance for the fundamental be , for the third 
harmonic r 8 , for the fifth r 5 , and so on; then, in this case, we get 


I?\ + fir si + ... 

H 


Further, from formula (122), we have 
sin <£ = Vl - cos 2 <£ 


^ 1 + (|j)sm^ 3+ ... 


and P sin <£ = VP* sin 2 ^ + P'j sin 2 <£ 3 + P\ sirr<£ 5 +• . . . , 

or, since PjSin^^ ap,, 

P 3 sin^ 3 = 3a;/ 3 , 

P 5 sin<^ 5 = 5*/ 6 , 

then sin <\> = sin pj +• 97* + 25/^ + . . . . 

This formula. is deduced on the assumption that r remains constant 
for all harmonics, and that the reactance rises proportionally with 
the frequency. 

It now remains to be seen how great is the error introduced in 
the experimental determination of the effective resistance and effective 
reactance of an inductive circuit by using a distorted pressure curve, 
when we calculate with the equivalent sine waves. 

The power supplied to the circuit through which the effective 
current I flows is always W=Pr 

when the effective resistance r is independent of the frequency ; in this 
case, therefore, the determination of r is independent of the curve- 
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shape. This, however, is not the ease with the effective reactance ; 
for each harmonic of the terminal pressure 

P-’JP* 1 +Pl+Pl+~.'.. 

produces a current with its own frequency. Thus : 

r A 7 _ , I* - ... 

1 *Jr 2 +x] * n/' - - + (3.x,)- 

if the reactance x, is proportional to the frequency. 

/=VJf+4+i!+3 
= 1 IWs , 

re, \/ r 2 + re"; r 2 + 9® 2 8 
= 3" V P? sin 2 <^j + -|lt sin 2 <fc, + . . . • 

But, ' P sin (/> = -Jl\ sin' 2 ^! + it sin 2 <k, + . ■ ■ ■ 

Combining these two last expressions, we get 

_ P sin c/j / Fj sin 3 <j>! + £Pjl sin a j> :1 + jjP± + • • • (124) 


!55! '" I V ~Pf sin 2 <f>! + it sin 2 <^>;i + It sin 2 <jf > 5 + • • • 

Generally the harmonics of the pressure curve are not known, neither 
are the constants r and s. of the circuit in question ; consequently we 
disregard the shape of the curve and calculate with the equivalent 
values. We then have j> g j n ( l 

X g = -j j 

and introduce a small error by assuming the root equals unity. _ This 
.root is always somewhat less than unity, so that the approximate 
formula already gives x somewhat too large. The error, however, is 
not large; for example, for the strongly distorted pressure curve 

p i = 100, P 3 = 10, P 6 = 31*65, the root equals 0*943 when -=1*5, and 
0*948 when - = 2*5, i.e. the error in this case is but 5 %. 

If the circuit has no inductance, but only resistance and capacity, 
then the capacity reactance will be 

_ P sni <i> / P‘i sintyt + 9Pjj sin a <ft 3 + 25i^ sin 2 ^ + (125) 

Xc 7 \J P\ sin 2 (/>! + l‘l sin 2 </j :l + Pt simp, + • • • 

so that the root is not approximately unity in this case. 

69 The Induction Factor. In the previous load diagrams 
(Chap. I.), the abscissa PI sin p represented the so-called imaginar y 
power. When harmonics are present, however, the matter is somewhat 
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different, for if we take the sum of the imaginary powers of all the 
hai monies, i.G. jrr -n t * » nr* < 

— Jr ill sm c/jj 4- P 3 J 3 sin 

this is not equal to PI sin </>, but is always smaller, as will now he 


shewn. 

Since 


tan <j£> w = 


1 


— wv, oetii = — — — 

r na >Cr r 

where x n is the reactance of the 7h th harmonic, then 

, 1 r rl 

cos c£ n ==— 

v 1 + tan 2 <£ n v^-(- 

so that jp. = (p- s i n ^ cos ^ + p* sin ^ cos <£ ;t + 

From the formula for sin </>, we get 


PI sin 


in siiTcjij 4- PjJ sin 2 <£ ; > 4- . . . . \/pJ cos 2 ^ -f PJJ cos 2 $ 3 4- . . . , 


Hence /= j 

PI sin <£ 

_ ___ Pi sin <^2 cos <fr x 4- P 3 sin <fc P 3 cos <ft 3 + , . . 
vp sin s & + i*sin 2 <k + ~ . Vpf eos 2 ^ + P.; eos 2 ^, -t- . . 
Again, since P :! sin </., = 3aP.„ P B sin = 5a;J B . . . , 
mn /a;,-, ^ _ Anisin <)>, + PPsin <£., + . . . 

./ sui9-p / _ p j 


(126) 


=■ sin <£ x 


Pi /i + 3i! + 5/„ + . . . 


and since 


i £ = sin & A V/f + 9/J + 257, + . . . , 


then / will also equal 

P7 sin <f> /7/TT9ifT267!Ttr ( } 

If circuit is non-inductive and contains only resistance and 
capacity, the reactances of the several harmonics will be 


and we shall get in this case 


f== w s 

' PI sin cf> 


r2 t 2 

4+^+y +... 

o 5 


This factor/ is always less than unity. 


r / r2 /! /f 
I \ Il + J + 25 + ■■■ 


(1265) 
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Consider the sum of the real powers of all the harmonies, then, by 
the definition of power factor, this must equal the actual power 
PI cos <j>, which is also the case when we work the same out. W e thus 
see that the power factor is 

W 


COS — PV 


.(127) 


and that pj = / sin 4>< sin <£ (128) 

fsin<t> is a characteristic of an electric circuit, and is called the 
induction factor. 

This factor, however, has only significance with sinusoidal currents 
in graphical representation, because in this case it equals sin <£, since 


70. Graphic Summation of Equivalent Sine Waves. If we have 
several circuits acted on by the terminal pressures P 1, P n and Pm 
producing the effective currents P r , I u and P raj the apparent powers 
Pill, PiJn and Pm Pm can be set off in the power diagram at angles 
<£ nj <p in to the ordinate axis, so that the ordinates of these vectors 
represent the true powers TV x , TVu and TV In . Now arises the question . 
Is it always allowable to sum up these power vectors graphically ? It will be 
found that it is only permissible in certain cases, as we shall now 

proceed to shew. . 

The ordinate of each vector represents the true power m its re- 
spective circuit, hence the algebraic sum TV of the three ordinates 

W 1 = P 1 I 1 cos<fc, 

Wu — Pul n cos <j£> H, 

w m = Phi -P m COS <t>m 

must represent the true power in the three circuits. The same i esult 
is obtained by calculation, based on the fact that the imaginary 
power TV } in the three circuits equals the algebraic sum of the several 
imaginary powers TV rjr , TV UJ and JV mj . 

We thus have 

W = Wi + Wu+TVm 

— Pjli COS 4>i 4- Pnln COS 4>u + P in Pm cos Piu 

and fPI sin cj> = TVj = TV Tj + TV nj + TV [Uj 

=/ I i > I P I sin <j>i +/iiPiiPit s^ 11 t/mPiiiPm sin c/> m . 

If the geometric summation of power vectors is allowable, the 
following two relations must hold : 

Jpp\= PI cos cf> — Pi Pi cos </>j + P 11 P 11 COS <pn + P in Phi cos fan 

and j IV j = PI sin </> = I\I, sin 4> l + F ll I u sin <j>n + Pmlm Sln 4>m- 
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It is at once seen, that the first of these equations is identical with 
the first of the two previous equations and is thus satisfied ; on the other 
hand, the other two equations — viz. that for the imaginary powers and 
that for the abscissae of the power vectors — do not always agree, 
and we thus see that it is only allowable to add the power vectors 
graphically when 

P\Ii sin <fr 1 4- P tlI n sin <fr n 4 - P ml m sin 4>m 

= PI sin <f> = -y P 1 I 1 sin P n I n sin </>„ +•— P m I m sin <j> m . 

Thus the general condition for which it is allowable to add power 
vectors graphically is 

(f~fi)PJi sin </>! 4- {f — fn) Pul a sin <fr T1 

"t (f~ fm)P ’ 111-^111 sin <j) U i = 0 (129) 

The general solution of this problem has, however, less interest than 
*the treatment of the two cases for which all the P’s are equal when the 
three circuits are joined in parallel and all the P’s are equal when 
the three circuits are joined in series. We then get, on the one hand, 
the condition for which it is allowable to geometrically add effective 
currents without considering the wave-shape, and on the other hand 
the condition for which it is allowable to geometrically add effective 
pressures, likewise neglecting the wave-shape. That which holds for the 
first case, however, does not equally well apply to the second; con- 
sequently the two cases must be treated separately. 

First consider the case of circuits of any kind connected in series. 
If the current I is constant throughout the whole circuit, we can write 
the condition for the geometric addition of power vectors as follows : 

U-fi)Pi sin (fri 4- (/-/ii)Pn sin <fr u + (/-/ ni )P m sin cfr m = 0. 

This equation at the same time gives the condition for which it is 
permissible to graphically add pressure vectors, when the circuits on 
which these pressures act are in series. We shall not enter further 
into this general problem, but merely consider the case for which it 
can be directly seen that the above condition is satisfied. This is 
the case when _ / 

, • J ~Ji —Jn -/iiij 

and this is first the case when the ratio between r, L and C are the 
same for the three circuits. 

Three such circuits can be called similar, since their diagrams are 
always similar. That it is allowable to geometrically add the vectors 
in this case, which make the same angle <fr with the ordinate axis, can 
be seen without further demonstration. 

The second case when /=/i=/ n =/ni (Form. 126a), when the same 
current I flows through the whole circuit, occurs when r is independent 
of the frequency and the reactance x is the same function of the 
frequency for all the circuits. This is the case, for example, when 
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all the jk’s are proportional to the frequency or when they all vary 
inversely as the frequency. _ ^ . 

A special instance of this second case, in which geometrical addition is 
also possible, is that for which the reactance of all parts of the circuit 
except one is zero ; we then have, obviously, 

/=/*, s0 that 

I sin 4> = I x sin <j> x , 

where I x and <f> x relate to the £c th circuit. / 

As an example of this special case, we can r", / 

take the diagram of a generator working on / 

a non-inductive circuit. Here we have two 
pressures which are to be geometrically ^ / 

added, of which the one — the terminal pres- % / 

sure — is in phase with the current, whilst / 

the pressure drop in the armature may have / 

any desired phase. W e thus get the diagram LZ — - — 

shewn in Fig. 184, where P K is the terminal °\ 

pressure and E a the e.m.f. induced in the f io . i 84 .— Diagram of the Effec- 

generator ; P, is then the pressure drop in ^Pressures of a Generator for 

the armature. ... , , 

For circuits connected in parallel the terminal pressure will be the 

same for each branch. 

In Equation 129, P x , P n and P m cancel out, and the condition for 
the graphic summation of current vectors is then 

(f-fi) I i sin cj> l + (/— f n ) In sin 4>n + (f- fin) hu s i n $111 = 

This equation is satisfied when 

f—fi —fn —/in • 

This is the case, firstly , when the circuits in parallel are similar, 
i.e. when all the circuits have the same ratio between r, L and 0 ; and, 
secondly , when the conductance g of each of the parallel branches is 
independent of the frequency and also the susceptance of each path 
is the same function of the frequency. This second case m only of 
mathematical interest, and has no practical importance, since g is nearly 
always a function of the frequency; consequently the proof will be 

omitted here. . 

A further case, where the graphical addition of the currents in 
parallel 'circuits is likewise allowable, is that in which the reactance of 
every circuit except one is zero ; it is then easy to see that f—j x , and 
thus I sin 6 = Asm <A, 


where I x , < j> x , f s refer to the circuit, which may possess both in- 
ductance 1 and capacity. The proof for this is given on p. 311 m the 
description of the “three-ammeter method,” which is more convenient 

for this purpose. . 

To shew the effect of the higher harmonics on the magnitude oi the 
error introduced by graphically adding the currents in parallel circuits, 
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the values of /, cos <j> and cos ^ as functions of ~ are given in the 
following tables for the three pressure curves : 

(1) P 1 = 100 ; P 3 = 31*65 ; P 5 = 10. 

(2) P 2 = 100 ; P 3 = 22*4 ; P 5 = 22*4. 

(3) = 100 ; P 3 = 10 ; P 5 = 31*65. 

is the inductive reactance of the circuit with respect to the 
fundamental. When this ratio is given, the corresponding sin < /-q , 
cos^j, sin <£ 3 , cos and so on can be easily calculated, and from 
them the factor /, on the assumption that x s is proportional to the 
frequency. 

Table ( a ). 


r 


&s 1 

r ~ 

0 

0*1 

0*2 

0*5 

1 

10 


1 

0-874 

0*878 

0-895 

0*934 

0*960 

0*909 

f 

2 

0*815 

0*823 

| 0*854 

0*921 

0*956 

0*918 


3 

0*766 

0*776 ! 

0-802 

0*898 

0*945 

0*909 


1 

1 

0*992 

0*970 

0*865 

0*679 

0*100 

COS 0 

2 

1 

0*989 

0*967 

0*865 

0*679 

0*100 


3 

1 

0*985 

0*958 

0*858 

0*676 

0*100 

COS 

1 

0*995 

0*981 

0*894 

0*707 

0*100 


Table (a) refers to a circuit whose capacity is zero, whilst Table (b) 
is drawn up for a circuit whose ratio of capacity x cl to resistance r is 
0*2 ; thus in this case, 

— = 0-2; — = 0:066..-. and ^ = 0-04. 

? r r 
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Table (J). 

— = 02 . 

r 


%s l _ 

r 

0 

0*1 

0*2 

0*5 

1 

10 

1 

0*945 

0*521 

0*235 

0*838 

0*943 

0*909 

/ 2 

0*948 

0*434 

0*237 

0*817 

0*938 

0*918 

3 

0*946 

0*322 

0-273 

0-780 

0*922 

0*909 

1 

0*984 

0*992 

0-988 

0*928 

0*748 

0*101 

cos <p 2 

0*984 

0*989 

0-985 

.0*926 

0*748 

0*101 

3 

0*984 

0*985 

0-978 

0*918 

0*745 

0*101 

cos 4h 

0*982 

0*995 

1 

0*958 

0-782 

0*1015 


In Figs. 185 and 186 the ratios / (curve I), cos <j> (curve II) and cos/, 

(curve III) are plotted as functions of for the pressure curve (3). 

From the values for / in Table (b) and in curve I, Fig. 186, it is 
clear that there are several circuits, which are not similar, but whose 



Fig. 186. — Assumption, ‘/ I = 0 , 2. 


currents can nevertheless he' geometrically added without error, since 
the circuits have the same ratio / for the given terminal pressure. 

When currents in parallel circuits are graphically added, the watt 
component of the resultant of all the currents always equals the sum 
of the watt components of the several currents this is not the case, 
however, with the wattless components, and the difference between the 
wattless component of the resultant current and the sum of the several 
•wattless components is 

wl = (fi -f)Ii sin + (/„ -/)/n sin <£„ 4- (/i„ -f)I m 
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Example. Let pressure (3) act on three parallel circuits with the 

ratio — = 0 and — = 0-1, 0-2 and 0'5, of which the first takes the 
r r 

current 7,= 100 amps., and each of the other two 50 amps., then 
/ 1 = 0-776, /„ = 0-802 and f IU = 0-898, whilst by calculation /= 0-805. 
Hence, in this case, 

&I WL = (0-776 - 0*805)100 .0*173 + (0*802 - 0*805)50 . 0*286 

+ (0*898 - 0*805)50 .0*526 = 1*9 amps. 

The wattless component of the resultant current is 59*8 amps.; the 
percentage error in this extreme case is therefore, 


100 


1*9 

59*8 


= 3*17%. 


From this example and from curve I, Fig. 185, it is seen that for all 
inductive circuits , whose reactances are practically proportional to the frequency , 
it is allowable to add the equivalent sine currents graphically . The addition 
of equivalent currents of other parallel branches, where the reactances 
do not hear the same relation to the frequency, or whose resistances 
vary with the instantaneous value of the current, can lead to con- 
siderable errors. Examples of such circuits are arc lamps, condensers, 
polarisation cells (above the pressure for which dissociation occurs) and 
in high pressure mains (in which the maximum difference of pressure 
exceeds that for which dark discharge occurs). 

In curves II and III, Figs. 185 and 186, we see the effect of the 
shape of the pressure curve on the power factor cos <■/>, and it is seen that 
this curve lies considerably lower for a distorted curve than for a sine 
curve. It is, therefore, not allowable to replace a terminal pressure of 
distorted wave-shape by its equivalent sinusoidal pressure, and with 
this calculate the current and power factor. In practice, however, this 

X 

method is often adopted, which, in the above example for — 0*5, 

gives cos <^ = 0*894 instead of cos <£ = 0*858. This error, however, is 
too large to be neglected-— and still larger errors may be introduced 
when we apply this method in the calculation of circuits containing 
capacity or apparatus with similar reactances. 


71. Effect of Wave-Shape on the Working of Electric Machines and 
Apparatus. In the introduction to the previous chapter attention was 
drawn to the injurious effects of higher harmonics. We .shall now 
illustrate this by means of examples and curves. 

(a) Lighting . As already observed, the flat-shaped curve is the most 
suitable for this purpose, because in this case the current remains 
longest in the neighbourhood of its maximum value. Consequently 
we can work at a lower frequency with a flat curve, such as in Fig. 187, 
than with a peaked curve, like that shewn in Fig. 188, before variations 
an the intensity of the light become noticeable. The Authors found 
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from experiments carried out in the dark room, that the light of a 
16 c.P. carbon-filament lamp for 110 volts began to fluctuate when the 
frequency of the current fell below 23*3, whilst this only occurred with 



Fig. 1ST. Fin. 18S. 

the flat-shaped curve (Fig. 187) when the periodicity fell below 20 cycles 
per second. 

With a 25 C.P. 115 volt metal-filament lamp, the pulsations were 
already noticeable with the above pressure waves when the frequency 
fell to 28*3 and 23*7 respectively. This limit also depends on the 
lamp pressure — the lower the pressure, the lower the frequency at 
which flickering becomes noticeable. 

It has often been noticed in practice that arc lamps are inclined 
to be somewhat noisy when the pressure curve is very peaked. 




This humming noise, which is due to the pulsations set up in the arc 
and the surrounding air, can be sufficiently damped, at a frequency of 
50 cycles, by connecting a choking coil in series to suppress the 
harmonics. Fig. 189 represents the pressure curve of a large three- 
phase central station, where— according to a report by Herr C. Zorawski 
(E.T.Z. 1906, S. 607) — the humming became so considerable that 
choking coils had to be connected in series. Choking coils, however, 
tend to lower the total power factor of the system. 

(b) Travisformers. Prof. G. Bossier (E.T.Z. 1895, S. 488) has ex- 
perimentally investigated the effect of the shape of the pressure curve 
on the drop of pressure in a small transformer of some \ K.W., which 
had comparatively high resistance and reactance. The results of his 
research are shewn by the curves in Fig. 190. Curve I represents 
the secondary pressure with non-inductive load when the peaked 
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pressure curve e 0 (Fig. 191) was applied at the primary, whilst 
curve II was taken w T hen the approximately sinusoidal pressure wave 




e Q1 was applied. For a non-inductive load of \ K.w. the peaked 
pressure curve gave a pressure drop of 7*65%, whilst the sinusoidal 



curve gave but 6*65% drop; thus about 13% less than the other. 
These experiments agree also with the calculations, which shew that 




EFFECT OF WAVE-SHAPE 


231 


the sinusoidal pressure wave is the best with regard to the pressure drop in 
transformers, and also in mams. With non- or nearly non-inductive loads 
a pressure curve causes a relatively larger drop of pressure, the greater 
the largest of the harmonics is and the higher its frequency. This is 
also to he expected, as any electromagnetic apparatus, such as a trans- 
former for example, is designed for a certain definite frequency, and 
the more any other frequency deviates from that for which the 
transformer is designed (i.e. from the fundamental) the more un- 
favourable should be the result. 

To find the influence of the wave-shape on the losses in a trans- 
former, the Authors measured the no-load losses in a transformer for 




Fig. 102c/. 



Fig. 1026. Ao. 192t*. 



Fig. 192<?. 



Fig. 102/. 


the three pressure curves (Fig. 1 9 2a-c) and the short-circuit losses 
for the three current curves (Fig. 192 d-f). The results obtained arc 
shewn in the following table, which shews that the more peaked the 
curve the smaller the no-load losses, whilst the short-circuit losses 
increase the more the curve deviates from a sine wave. 


1 icv.a. Single-phase Transformer. 


(ft) No-load. 


Pressure Curve. 

Fig. 192a. 

Fig. 1926. 

Fig. 192c. 

P a — volts, - - - 

110 

110 

110 

J 0 = amps. , - - - 

0*423 

0*447 

0*452 

JF 0 = watts, - - - 

31*4 

33*6 

34*9 
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(b) Short-circuit. 


Current Curve. 

Fig. 192c?. 

Fig. 192e. 

Fig. 192/. 

Tramps., - - - 

10 

10 

10 

Pk — volts, - - - 

7*44 

7*36 

8-05 

Wk= watts, - - - 

46*4 

44 ‘0 

45*4 


(c) Induction Motors. As in the case of a transformer, the Authors 
have also measured the no-load losses for the curve shapes in 
Figs. 193a and b and short-circuit losses for those in Figs. 193c and d 
in a 2 h.p. three-phase motor. The results are shewn in the following 




Fig. 193c. Fig. 193rf. 


table. The no-load losses remain practically the same, whilst the 
short-circuit losses, and still more the short-circuit reactance, for 
the same effective current are larger the greater the harmonics which 
are present. 

2 h.p. Three-phase Motor. 


(a) No-load. 


Pressure Curve. 

Fig. 193a. 

Fig. im 

= volts, - - - 

112 

112 

/ 0 =anips., - - - 

3*7 

3*65 

JF 0 — watts, - - - 

156 

152 


- 
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( b ) Short-circuit. 


Current Curve. 

Fig. 193c. 

Fig. 193d. 

/jr = amps., - - - 

10 

10 

Pa- = volts, - - - 

25*8 

25-0 

W a = watts, - - - 

204 

198 


Thus, the efficiency of a motor is also a maximum when the pressure 
curve is a sine function. The same holds for the power factor and the 
maximum power, for with a given applied pressure the short-circuit 
current is smaller, when measured whilst the rotor is just set moving. 
This is due to the fact that only the pressure of the fundamental 

R=— transmits power from the stator primary to the rotor secondary. 

We thus get the same result as for a transformer, namely, the asyn- 
chronous motor works best with a sinusoidal pressure curve. This is 
also true for commutator motors ; for the flat-shaped pressure curve 
is bad for commutation, whilst the peaked pressure curve reduces the 
load capacity of such a motor. 

(d) Synchronous Machines, If several synchronous machines having 
different pressure curves work in parallel, large currents of high 



frequency will flow between them, since the pressure harmonics need 
not be in phase when the fundamental pressures are. If the reactances 
of the synchronous machines are very low, the currents due to the 
higher harmonics can attain such dimensions that the working may he 
sufficiently affected to cause the machines to fall out of step. The 
shape and magnitude of these currents are best illustrated by the 
curves in Figs. 194 to 197, taken at the Electrotechnic Institute, 
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Karlsruhe, by Dr. Bloch. Figs. 194 and 195 give the pressure curves 
of the central station and of a 5 H.P. single-phase motor, whilst the 



Fig. 196. 


curves, in Fig. 196 shew the currents in the motor. By connecting a 
large reactance in series, the current curves in Fig. 197 were obtained. 


80 























A 



3 



-lx 






z 







60 



L_ 

L 

A 

4 

_ 

__ 

A 







4 







Here again the damping effect of the choking coil on the higher 
harmonics is clearly seen. The presence of currents of high frequencies 

in synchronous machines can be limited 
by taking care that all the synchronous 
machines working on the network have 
the same wave-shape at no-load. Since, 
however, the wave-shape varies with the 
load, it is not possible to completely avoid 
these internal currents. The best means 
for keeping them small is of course to 
have the pressure curves of all the machines 
as nearly. sinusoidal as possible and to give 
the machines a suitable reactance. 

(e) Cables and Conductor's. The flat-shaped 
fig. 196 . pressure curve should of course place less 

. strain on the insulators and cable-insulation, 
since tor a given effective pressure the maximum pressure is then least. 
On the other hand, this requires higher harmonics, which may give rise 
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to resonance, under certain conditions. Since such wave forms have a 
disturbing effect on the pressure regulation of a system, and are more 
difficult to deal with analytically than pure sine waves, it is also 
always desirable to use sinusoidal pressures for transmission plants. 
The two pressure curves, Figs. 194 and 198, are for a large electricity 
works. The latter represents the day pressure, the former the night 
pressure. As is seen, the higher harmonics are more pronounced in 
the day curve than in the night curve, since the day load is more 
inductive although small. 


CHAPTER XIII. 

POLYPHASE CURRENTS. 

72. Polyphase Systems. 73. Symmetrical Polyphase Systems. 74. Interconnected 
Polyphase Systems. 75. Balanced and Unbalanced Systems. 76. Com- 
parison of the Amount of Copper in Alternating-current Systems with 
that in Continuous-current Systems. 

72. Polyphase Systems. If three coils are arranged on the armature 
of a generator (Fig. 199), so that they are all displaced from one 
another in space, the e.m.f.’s induced in these coils will be 

Pi — Pi max sin cot, 

Pn = Pn max sin (cot -a), 

Pi II = P III max si * 1 (tot — fi). 

These all have the same frequency c, because all the coils rotate with 
the same velocity. But they are all displaced from one another in 

phase by the angle which the 

coils make with one another 

in space. If each of the three 
coils acts on its own circuit, 
a current will flow in each 
coil independent of that in 
S the other coils. The three 
currents together form a 
three-phase current and such 
a system of alternating -currents, 
^ in which several E.M.FJs of 

F.o. 199 . — Production of a polypi^,, current. the same frequency and displaced, 

from one another in phase pro- 
duce currents which are also displaced from one another , is known in general 
as a polyphase system. 

Externally, a polyphase generator appears the same as a single-phase 
generator— only the stator winding is different. In Fig. 163 the stator 
winding of a single-phase generator is represented, and in Fig. 165 
that of a three phaser. 
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Generally speaking, a polyphase system can be investigated by 
splitting up the same into its several current branches, or phases ; 
the E.M.F. acting in each of these current paths produces a current in 
the system, which can be calculated independently of the E.M.F. 5 s of the 
other phases. The currents produced by all the e.m.f.’s must then be 
superposed, when the phases are electrically connected. The several 
systems can be classified thus : 

(1) Into symmetrical and unsymmetrical systems. 

(2) Into dependent or interconnected and independent systems. 

(3) Into balanced and unbalanced systems. 

The dependent or interlinked systems can be again split up into 
star-connected systems, ring-connected systems and systems comprising 
both of these two. 

73. Symmetrical Polyphase Systems. If a polyphase system is 
formed by n pressures, whose amplitudes are equal and displaced from 

one another in phase by - period, the system is said to be symmetrical , 

otherwise it is unsymmetrical. Such a system can also be called a 
symmetrical w-phase system, since it has n phases. In the case where 
the pressures are sine functions of the time, the n pressures are repre- 
sented by the following expressions : 

p 1 = P sin <ot, 

Pn = P sin («*■“). 

2> ni = Psm(a.<-2~), 


P„ = P sin j<o< - (ft - 1) ^ j • 

If we sum up the momentary values of these n pressures we obtain 
the well-known result that the sum of the momentary values of the 
pressures of a symmetrical polyphase system always equals zero. 

We can now deduce the various symmetrical polyphase systems by 
substituting various values for n. 



Fig. 200.— Single-phase Two-wire System. 


Example 1. When n— 1, p L = P sin vt, and we get the single-phase 
two-wire system of Fig. 200. 
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When n = 2, p 1 = Psin<j>t, 

Pn — P sin (wt - 1 80°) = - p>i ■ 

This gives the single-phase three-wire system (Fig. 201), where the 
pressures are reckoned from the middle point 0. When the two halves 
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Fig. 201.— Single-phase Three- wire System. 


of the generator are equally loaded, no current ■ flows in the middle 
wire — consequently this wire can be made very light. 

Example 2. When n-S, 

p L — P sin 0 ) 1 , 

2hi=P sin (wt - ^0, 

Pm = P s in (wt — ~g\ 

This is the symmetrical three-phase system, where the three pressures 
are displaced in phase from one another by 120°, which accordingly 
represents the symmetrical polyphase system having the least number 
of phases. 

Example 3. When n— 4, we get the symmetrical four-phase system. 

Px = P sin o)t, 

Pn = P sin (wt - 
Pm — P sin (<o2-tt) = -p u 
Piv = P sin (hi --£)=- Pn- 

Thus 2h and p m occur in the same circuit, and similarly p u and -p lY . 
Consequently there are only two pressures, and these are displaced 90° 
from each other. . i 

74. Interconnected Polyphase Systems. In polyphase systems, each 
of the phases may be made to form a closed system for' itself —such 
a polyphase system then consists of n entirely independent single- 
phase systems, which have only to satisfy the one condition that the 
frequency and the mutual phase-displacement of the E.M.F.’s of the 
several phases are always the same. The generators of the single-phase 
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currents must therefore run in perfect synchronism with one another — 
which is most easily attained by placing the several windings, in which 
the E.M.F. ’s are to be induced, on the same armature. We can now go 
a step further, and electrically connect the windings of the several 
phases with one another, i.e. interconnect the phases. In this case, 
however, the several phases will mutually affect one another, if the 
system is not symmetrical both in respect to the induced e.m.f. J s 
and the load. 

In the representation of polyphase systems it is usual to draw the 
windings of the several phases displaced from one another by the angle 
of the mutual phase-displacement. 

The phases can be connected in various ways with each other ; only 
care must be taken to have no closed circuits where the sum of the 
induced e.m.f. ? s is not zero; for such a circuit would act as a short- 
circuit in which an e.m.f. is induced; consequently a heavy current 
would flow in the same. 

The systems generally met with in practice are the star-connected and 
ring-connected (or mesh-connected) systems. 

The star system is formed by joining the starting points of all the 
phases to a common point. This point is then termed the neutral 
point , because in a symmetrical star-connected system it generally 
attains the mean potential of the surroundings. This point can be 
connected to earth, or to another neutral point, or insulated ; it is 
usual to regard the neutral point as having zero potential. Between 
the terminals of any phase, e.g. the a th , we measure the phase pressure 

P sin [(ot - (x - 1 ) — l, whilst between the terminals of two neighbouring 

t n J 

phases we have the line pressure , whose momentary value equals the 
difference of the momentary values of the pressures of the two phases 
in question. The momentary value of the line pressure between the 
terminals of the x th and (£ -h i ) th phases is thus 

p, = P sin { id -(x- 1)?~ } - P sin / ut - x 

1 L ™ J l n J 

= 27 J sin - cos /toi - (2® - 1) 77 !, 

n ( nj 

whence it follows that the effective line pressure is 

P.-SsinJP,, (130) 

where P p is the effective phase pressure. 

In the star-connected system , the line pressure equals the resultant pressure 
of two adjacent phases and the line current the phase current. 

The ring-connected system is formed by connecting the start of one 
phase to the finish of the next, so that all the phases are joined in 
series. Accordingly, this connection can only be used when the sum of 
the E.M.F. ’s of all the phases equals zero at every instant, which is the 
case with symmetrical polyphase systems -having sinusoidal e.m.f. ’s. 


T 
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Current is taken off at the junction of each two adjacent phases, 
whence the number of lines equals the number of phases. Then, in 
accordance with KirchhofFs First Law, the current in each line equals 
the difference of the currents in the two neighbouring phases. In this 
case, therefore, the line current does not equal the phase current, but, 
since the currents in two adjacent phases are displaced from one 

another by equals 

i L = I sin - (x - 1) - 1 sin - x 

= 2/ sin - cos j^-(2sc - l)~j ; 
hence, for effective values, 

/* = 2sin-/ i) (131) 

n v 

The line pressure is here the same as the phase pressure. 

Hence , in the ring-connected system , the line pressure equals the phase 
pressure and the line current the resultant current of two adjacent phases. 

In the following, all magnitudes referring to the lines are denoted 
by the suffix l and to the phases by the suffix p. 

The most usual connections for a symmetrical three-phase system 
are as follows : 

(a) Three-phase Star System. Fig. 202 is an independent three-phase 
system, where the phase current equals the line current and the phase 



Fig. 202. — Non -interlinked Three-phase 
System. 



pressure the line pressure. By coupling the three starting points 
a v & 2 , a z together (Fig. 203), we get the three-phase star-connected 
system with four wires, which can be converted into a three- wire 
system by omitting the middle- or neutral-wire a , which carries no 
current so long as the load is symmetrical. The line pressure in 
this system is 


P[ = 2 sin 60° P p = n/3-P,, (132) 

and Ij=/ ? (133) 


► 




i 

| 

li 
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(/) Interconnected Two-phase System. The scheme shewn in Fig. 207 
is seldom used, but rather that shewn in Fig. 209, which is developed 
from the former and represents one half of an interconnected four-phase 
system with middle wire. This system, which is not symmetrical, is 
usually termed the interconnected two-phase system or the two-phase 


three-wire system. For this we have 

(140) 

and I, = Sl P (141) 


(g) Scott’s System. To the interconnected polyphase systems belongs 
also Scott’s System , shewn in Fig. 210. This serves for producing a three- 

phase current by means of a 
two-phase winding. If one- 
phase has n/| as many turns 
P as the other and the start of 

this phase is connected to the 

: ° middle of the second, we get a 

symmetrical three-phase pres- 
p sure between the terminals A, 

B and C. Then the pressure 
between the terminals A and 
B and between A and G (Fig. 
210) is \/(-i) 2 + f = 1 times the 
pressure between B and C . It is thus possible to produce a symmetrical 
three-phase current by means, of an unsymmetrical two-phase system. 

The phase pressures are 

p a = oa=P |.jy=4y>, 

and P„ = Pc= OB = OC= \BG = %P t , 

whilst the phase currents equal the line currents. 

(h) Imperfect Polyphase Systems. These also belong to the inter- 
connected polyphase systems, and consist of a main phase, together with 
an interconnected auxiliary phase. These were all introduced in the 
early nineties, when it was desired to retain the simplicity of the single- 
phase system, and avoid its deficiencies by the use of auxiliary phases. 

The simplest of the systems is the imperfect three-phase system 
(Fig. 211), which consists of two phases at 120° to one another. The 
auxiliary phase, which is chiefly used for starting asynchronous motors, 
has a phase pressure equal to the distance of the point 0 from the line 
BO. The starting torque is proportional to this auxiliary pressure P 1n 

When the two phases are symmetrically loaded, the currents in all 
three lines are equal, but displaced 60° in phase from one another. 
Since this system does not produce a large starting torque for motors, 
, as just shewn, Steinmetz proposed a system, similar to Scott’s system, 
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which, is known by the unsuitable name of “monocyclic system.” 
This is a three-phase system, and serves to produce an un symmetrical 
three-phase current. Steinmetz chose the auxiliary pressure OA 
at the motors equal to of 
the main pressure BC\ whereby 

the motors receive a symmetri- Jj 1 

cal three-phase pressure. The A 

auxiliary pressure OA of the 
generators, however, was only 

chosen about a fourth of the ^ 

pressure of the main phase. V 
The ratio of conversion of the 
transformers for the main phase 

4 % 

is therefore ~j~ of that of the \\ , 

transformers for the auxiliary p w . 211.-Iiicomrlote Thrce-plm.se System, 
phase. 

None of these imperfect polyphase systems, however, have justified 
their existence, since they all need three wires, as in symmetrical three- 
phase system, and there is no reason why this latter should not be 
adopted and so completely utilise the material of both generators and 
motors. 


75. Balanced and Unbalanced Systems. In Section 11, we have 
seen that the current 

i = sin (u)t — </.>), 

produced by the pressure p = Pj 2 sin (»t, 
yields the momentary power 

JV = PI {cos 4> - cos ( m 2od~ </>)}. 

Since the mean power is IV — PI cos c/> } 

i Tjr 7 ( 1 COS ( 2 <ot -f <l>)'\ 

we have JI = JV[ 1 - — v 

[ COS cp j 

Although this pulsation of the power of a single-phase current, which is 
shewn in Figs. 4d and 44 for any angle and for </> — 90% does not 
prevent its application for many purposes, e.g. lighting by means of 
glow lamps, provided the frequency is chosen sufficiently high, it' is 
just this property of the single-phase current which makes it un- 
suitable for power purposes. On the other hand, a symmetrical 
polyphase system — as will be shewn later on — possesses the character- 
istic that the momentary power of the whole system is always constant; 
consequently such systems are used a great deal for motor purposes. 
Not only symmetrical systems, however, but also other polyphase 
systems can develop a constant power under certain conditions ; thus 
all systems possessing this characteristic are said to be balanced , and all 
others, imbalanced. 
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The power in a polyphase system equals the sum of the powers in 
the several phases. If the pressures j? r , p u , p m ... of the several phases 
produce the phase currents i u i n , %i ... , the momentary power will he 

tP=Pih +Pnhi +P111H11 + . . . 

and the mean power W = P^j cos 4- 7 n 7 n cos <£ n + . . . . 

If now the w-phase system is symmetrical with equally-loaded phases, 
we have, e.g., for the x th phase, 

Px+i = sin (at - 2tt ?) 

and 4+i — I*J% sin (at - 4> - 2ir ^)» 

where is the phase displacement of the current in a phase behind its 
pressure. From this it follows that the momentary power of the 
symmetrical 9i-phase system is 

W = 2 pj x = 2 PI 2 sin (at - 2?r ~ ^ sin (at - </> - 2 t ^ 


=r:{ 


n cos - 2 cos ( 2a )t — <j> — 4:7r ^ j- = Pin cos <£. 


W=nPI cos<£ (142) 

Thus the momentary power P 7 is constant for every symmetrical w-phase 
system and equals w times the mean power of a phase. 

For the three-wire two-phase system (Fig. 209) the pressures are 

p 2 = P p J 2 sin cot 


and 


Pn = P p j2sin(at- !)• 


If both phases are equally loaded in regard to current and phase 
displacement, then 

% = j p */2 sin (at - <f>) 


and 
Hence, 

W= 27. 


in = sin ( 0>l ~ <t> ~ I)' 




sin ( at - <f>- 


sin sin (at - <£) 4- sin • 

= 27 p 7 p cos <j> - P p I p {cos (2 at - <#>) -f COS (2c at ~ <£ - tt)} 
= 27^7,, cos = const. 

and the mean power W — '2P P I P cos <£, 

7„ 


f 


or, since 
then 


p T 

V2 d ip ”V2’ 


T 7 = 7*7 0 cos </>. 


..(143) 

.(143a) 
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We thus see that the three-wire two-phase system belongs to the 
balanced unsymmetrical polyphase systems. 

The power of a symmetrical three-phase system is, from Eq. (142), 


W = 3 P p I p cos <£, 


or, since in a star system 

F ’- JS ,nd 

and in a mesh system P p — P t and 


4=4 


/ - 


A 

V3 ? 


the power in any symmetrical and interconnected three-phase system is 


W — JSP Ji cos <j>. 


(144) 


From formulae (136) and (139) it follows similarly that the power in 
a symmetrical interconnected four-phase system is always 

W = 4 P p I p cos = 2j2P l I l cos c p (145) 

Scott’s system also belongs to the balanced unsymmetrical polyphase 
systems. 


76. Comparison of the Amount of Copper in Alternating-current 
Systems with that in Continuous-current Systems. To transmit a 
definite power over a fixed distance electrically at a given maximum 
pressure and efficiency, a definite amount of copper is essential. The 
higher the pressure and the lower the efficiency, the less the amount of 
copper that will be required. Since the pressure must not exceed a 
certain limit on account of the danger to the insulation or the 
employees, the pressure which enters into question here is the 
maximum pressure which exists between any part of the installation 
and earth. If the neutral point of the system is earthed, the limit is 
fixed by the maximum pressure between a terminal and this point. 
If the neutral point is not earthed, and the whole system insulated, 
the severity of the electric shock caused by touching a terminal depends 
on the pressure and the capacity of the system. If the pressures are 
high and the capacity considerable, as is usually the case in transmission 
lines, the person touching the terminal may have to pay the death 
penalty for his carelessness. For this reason, “live 5 * machines and 
apparatus ought never to be touched unless the person has previously 
insulated himself against the pressure. The insulation of a non-earth ed 
system, however, must be kept stronger than that of an earthed system, 
since in the former case the insulation must prevent the passage to 
earth of all the energy stored in the system. For this reason, 
earthed and non-earthed systems cannot well be compared, since the 
insulation of the latter must be calculated with regard to quite different 
pressures. 
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Hence, we shall only consider earthed systems for the present, and 
shall put the amount of copper required for a symmetrical polyphase 
system with earthed neutral point equal to 


100 

cos 2 <£' 


Further, we assume that the effective current density is constant in all 
the conductors and that the pressure curve is sinusoidal. The section 
of the currentless middle wire is chosen equal to half that of one of the 
outers. We then get the following results : 

(a) Symmetrical Polyphase Systems with Earthed Neutral Point. Con- 
sider first the symmetrical three-phase system. We see that each of 
the three phases carries the same current I at the same maximum 
pressure P mBX over the same distance 1. Let the section of a conductor 
be q ; then the copper losses per phase are 

I Z l . = p l P = I s l p 

. i 


i.e. with a given current density s they are proportional to the power 
transmitted per phase, 




Pr 


J_ P 


I COS (f> 


J2slp 

^maTcOS <j> 


and the total copper volume is 3 lq t 

By means of a single-phase two-wire system or any symmetrical 
polyphase system with n phases, the same power 3 P max / cos $ 
could be transmitted with the same percentage losses with the same 


3 

amount of copper. For in each conductor the current is - / and the 

n 

section of the conductor is reduced in this proportion. Thereby the 
current density s and also the percentage copper losses p K remain 
constant, whilst the weight of copper also remains unchanged. 

Hence , all symmetrical polyphase systems with earthed neutral point and 
the single phase two-wire system are alike with respect to the amount of 
copper required. 

In practice, however, only the three-phase system has made headway, 
because this requires the fewest conductors, and consequently the 
least insulation of all the symmetrical polyphase systems. 

(b) Symmetrical Polyphase Systems with Earthed Neutral Wire. Con- 
sider first the single-phase three-wire system with earthed middle wire, 
wdiich is theoretically ‘ a symmetrical two-phase system. Since no 
current flows in the middle wire when the load is symmetrical, then, 
for the same section of outer wire as previously, the copper losses 
remain the same as in a single-phase two-wire system. The copjDer 
required for this system, therefore, will exceed that required for the 
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two-wire system by the amount required for the middle wire. If we 
therefore choose the cross-section of the middle wire half that of one 
of the outers, as mentioned above, . this system will need 25 % more 
copper than the single-phase two- wire system, in order to transmit the 
same power at the same losses. The copper needed for the single- 
phase three-wire system is accordingly 

10 0 /, , 1 1 \_ 125 

cos 2 <£ \ 2 x 2/ cos 2 <#>' 

In a similar manner we find the copper required for a three-phase 
four-wire system is 

100 •(, 1 1 \ 116-7 

cos-<£ \ 3 X 2/ cos 2 </>’ 

and for a four-phase five-wire system, 

100 / 1 1 \ 112-5 

cos 2 <£ \ + 4 X 2/ cos 2 <j> 

(c) Single-phase Two-wire Systems with Earthed Outer Wire. This system 
caii be regarded as one phase of a polyphase system with a neutral 
wire of the same section as the outer wire. Consequently, this system 
needs the same copper and has the same losses in the earthed wire as 
in the outer wire. With the same section for the outer wire as the 
total section of all the outer wires of a polyphase system with earthed 
neutral point, we get double the losses in a single-phase two-wire 
system with earthed outer wire, when the same power is transmitted 
at a given maximum pressure. To reduce these losses to those in a 
polyphase system, we must double the section of the outer wire, and 
consequently also of the earthed wire. Hence, the copper required in 
a single-phase system with earthed outer wire is 




cos 2 </> 


400 
cos 2 <j> 


or, in other words, four times as much as that of a polyphase system 
with earthed neutral point. 

(d) Two-phase Three-wire System with Earthed Middle Wire. This 
system can also be regarded as two phases of a polyphase system with 
a middle wire of \/2 times the section of one of the outers. Conse- 
quently, this system requires for the middle wire 

n/2_ J L_ 
s’ 2 "72 

times the copper of the two outer wires, and similarly, as in a single- 
phase two-wire system, the section of each outer wire must also be 
increased in this case in order to transmit the same power with the 
same losses. The increase of section of the outer wires is, of course, 
equal to the percentage increase of copper due to the presence , of the 
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middle wire, i.e. proportional to + The copper required in a 

two-phase three-wire system with earthed middle wire is thus 
100 / ' 1 \ 2 291-4 

-n 1+-E 


or about three times that of a polyphase system with earthed neutral 
point. 

(e) Imperfect Three-phase System with Earthed Middle Wire. In this, 
the current in the middle wire equals that in each of the two outers. 
Then, in a similar manner to that of a two-phase three-wire system, we 
get the amount of copper equal to 

100,- AKX9 225 

o~7 (1 + 0 5)** — o~7 5 

COS 2 v COS 2 <fi 

i.e. two and a quarter times as much as in a polyphase system with 
earthed neutral point. 

(/) Continuous-current Three-wire System with Earthed Middle Wire. In 
respect to the amount of copper required, this system is similar to the 
single-phase three-wire system. But in this case the maximum 
pressure equals the working pressure P and not s/2 as much, as 
in an alternating-current system. Further, in this case there is no 
phase displacement between current and pressure, thus the percentage 
bssis sip 

Pk=p~ ioo, 

max 

i.e. with effective current density — ^ times that of a single-phase 

n/2 

three-wire system. Since, however, in a continuous-current system, 

the current is G0 % i - times smaller, and since we can moreover choose 

y2 r 

the current density ^ times greater than in a single-phase system, 
cos 4> 

in order to obtain the same losses, we must make the copper cross- 
section in a continuous current system 

/cos<M 2 cos 2 </> 


of that of a single-phase system, to obtain the same losses and to 
transmit the same power at the same maximum pressure. Hence the 

copper used in a continuous-current three-wire system is times 

that in a single-phase three-wire system, i.e. 

125 cos 2 <fr 6 .. 5 
cos 2 <£ * 2 

* as compared with in a polyphase system with earthed neutral 

point. cos ^ ■ 


* 
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(g) Continuous-current Two-wire System with Earthed Outer Wire. This 
bears the same relation to the single-phase two-wire system as the 
continuous-current three-wire system to the single-phase three-wire 
system. We thus need 


400 cos 2 <£ 
cos 2 <£ ‘ 2 


= 200 , 


or twice as much copper as a polyphase system with earthed neutral 
point. 


Summarising the above results, we get the following table : 
Continuous-current two-wire system with earthed middle 

point, 

Continuous-current three-wire system 'with earthed middle 

wire, 

Continuous-current two-wire system with earthed outer 
wire, - -- -- -- -- 

Symmetrical polyphase systems and single-phase two-wire 

system with earthed neutral point, 

Single-phase three-wire system with earthed middle wire, - 
Three-phase four-wire system with earthed middle wire, 
Four-phase five-wire system with earthed middle wire, 
Single-phase two-wire system with earthed outer wire, 
Symmetrical three-phase system with earthed outer wire, - 
Two-phase three-wire system with earthed middle wire, 


50 

62*5 

200 

100 
cos 2 cj> 
125 
cos 2 </> 
116-7 
cos 2 <£ 
112-5 

COS 2 4> 

400 

COS 2 (£ 

J100 

COS 2 C f> 

291-4 

cos 2 <£ 


Imperfect three-phase system with earthed middle wire, 


225 

COS 2 c/> 


It is thus obvious that the systems with an earthed neutral point 
are the most economical; then follow the systems with earthed middle 
wire, which only need more copper on account of the partly ineffective 
middle wire ; and finally, the systems with an earthed outer wire, 
which are very uneconomical. To this class belong the distributing 
systems of most modern railway installations. The advantage of a 
three-wire system, however, is much reduced in this case, since the 
rails, which serve as return, remain unused in the three-wire system. 
Since, moreover, the losses in the rails are very small in proportion 
to the losses in the overhead wire, the total losses in the line in a 
two-wire system are not much greater than in a three-wire system 
when the rails can be used as return. 
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PRESSURES AND CURRENTS IN A POLYPHASE SYSTEM. 

77. Topographic Representation of Pressures. 78. Graphic Calculation of Current 
in a Star System. 79. Analytic Calculation of Current in a Star System. 
80. Graphic Calculation of Current in a Polyphase System. 81. Conver- 
sion of a Mesh Connection into a Star Connection. 82. Conversion of 
Star and Mesh Connections when e.m.f.’s are Induced in the Phases. 
83. Symbolic Calculation of Current in Polyphase Systems. 84. Graphic 
Representation of the Momentary Power in a Polyphase System. 


77. The Topographic Representation of Pressures. Whilst, con- 
sidering star systems, we saw that they possessed a junction-— 
known as the neutral point. We make the assumption that this 
point possesses zero potential quite arbitrarily, for it is not potentials 

hut only potential differences that we 

measure. 

In Fig. 212 let the three vectors 0P U 
OP n and 0P m represent the three equal 
phase pressures of a symmetrical three- 
phase star system. Since the direction 
of rotation of the time-line has been 
chosen counter-clockwise, 0P U must be 
displaced 120° from OP, in a counter- 
clockwise direction, for the E.M.E. of 
phase II lags 120° behind that of phase 
I. As shewn in Sect. 6, p. 17, a vector 
is determined in magnitude and direction by its two components, that 
is, by its extremity, and a point in the plane represents the pressure 
between a point in the system and the neutral point in magnitude 
and direction. Moreover, we have seen that the line pressure 
equals the difference of the two phase pressures. This differenc e P t 
is determined by the geometrical subtraction of the two vectors OPi 
and 0P n , and we get 



Fin. 212. — Pressure Diagram of Sym- 
metrical Three-phase Star System. 


P 2 = OP, - OP,, = P,,0 + OP, = P u Pi , 

whence it follows that the distance between the ends, of the two 
vectors gives the line pressure P t in magnitude and direction. In 
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, general, we have the following method of representation, as given by 

Steinmetz and Berg and also by H. Gorges in the E.T.Z. 1898, p. 164. 

If we take the potential at any point in a system as zero, the 
potential of a second point (i.e. the pressure between this point and 
the point at zero potential) is represented in magnitude and direction 
by a point in the plane. In this manner, each point of the system 
is represented by a corresponding point in the plane, and since the 
potential of a conductor varies from point to point along its length, 
the same will be represented in the plane by a curve ; this has already 
been explained on p. 89, Sect. 29. The shape of the curve, of course, 
depends solely on the e.m.f.’s in the conductor. The curve may be a 
straight line or other curve either continuous or broken: If there is 
'i no current in the conductor, the potential at a point equals the sum of 

f all the e.m.f.’s from the point where the potential is zero to the point 

considered. When no current flows in the conductor and no e.m.f.’s 
are present, the conductor has the same potential everywhere, and will 
be represented in the plane by a single point. On the other hand, if 



Fig. 2 13. —Symmetrical Three-phase System with Unbalanced Load. 

the conductor carries the current /, the potential will be displaced 
by the distance Jr, owing to the ohmic resistance r, in the direction 
opposing the current, and by the distance lx , owing to the total 
reactance x = x s -x K , in the direction lagging 90° behind the current. 
The curve of potential along the conductor can be drawn point by 
point in this way, when we thus start at a point with given potential. 

This method of representation is well adapted for showing clearly 
the pressure' relations in a polyphase system, whilst the distance 
between two points in the* plane of the co-ordinates gives directly 
the effective pressure between the two corresponding points in the 
system. From Fig. 212 we see at once that the line pressure of a 
three-phase system equals JS times the phase pressure ; similarly, 
from Fig. 215, it is obvious that, in an interconnected two-phase 
system, the line pressure at no-load equals J‘2 times the pressure of a 
phase, and so on. 

For the first example of this method of representation, we shall 
consider a three-phase system in which the current producer is star 
connected and the current consumer mesh connected. Let only two 
phases of the A system be loaded, the third being left open (Fig. 213). 
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If the system is unloaded, the three equidistant points P I0 , Puo, ^mo 



(Fig 214) represent the three potentials at the terminals of a sym- 
metrical star system, provided that the potential of the neutral point 



Fig. 215.— Unsymmetrical Two-phase Three-wire System with Balanced Load. 

falls in the centre of the circle 0. Now let the phases I and II he 
equally loaded; the currents I 1 and I u = Ij are then represented by two 
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equal vectors making the same angle <j> with their inducing E.M.F.’s 
Pio-P mo and Pi ro Auo- The current 7 XXX flowing in the third phase is 
the geometrical sum of -7 X and -7 XX . On account of the currents 
flowing in the phases, the no load potentials at the terminals Pi 0 , P no 
and P mo are shifted to P l7 P u and P xxx , where e.g. Pi 0 Pi = 7p* is in the 
opposite direction to 7 X and PiPj — 7 X £C lags 90° behind the current; 
thus 7 > I0 P I equals IjZ, and so on. From this we see that a symmetrical 
three-phase system with unsymmetrical load has no longer an equi- 
lateral pressure triangle, as Pi 0 PnoPmo on no-load, but in this case 
an isosceles (' unbalanced ) triangle P x P n jP IIX . 

As a second example, consider an unsymmetrical two-phase three- 
wire system with symmetrical load (Fig. 215). P I0 , P no and 0 give 
the terminal potentials at no-load. 7 X and 7 n are the phase currents, 
whilst 7 0 (the current in the middle wire) is the geometrical sum of 
-7 X and -7 n . On account of these currents, the potentials P 10 , P uo 
and 0 are displaced to the points P T , P n and 0 X . Since the pressure 
triangle PiP xx &i is not rectangular, we see that even with symmetrical 
loading, the interconnected two-phase system is not exactly balanced. 

78. Graphic Calculation of Current in a Star System. 

Method 7. In the previous section, for the sake of simplicity, we 
assumed that the load current of the several phases was known both in 
magnitude and direction. Strictly speaking, this is seldom the case. 
In practice, however, it is often possible to estimate the currents in 
the sevei'al phases with close approximation, and from these determine 
the pressure drops in the different phases by the above method. 

If, however, we have to treat an unsymmetrically loaded system 
with large pressure drops in generators, mains and transformers, it is 
necessary, under certain conditions, to calculate these . more exactly 
than is possible by using the above method. For this purpose we turn 
to the following problem : 

To calculate the currents and pressures in a star system, whose 
generators and load admittances are all star connected. The E.M.F.’s in 
the several phases are known, also the resistances, reactances and load 
admittances. 

We assume as before that the neutral point of the generator possesses 
zero potential. Then at no-load the terminals of the various phases 
have a potential corresponding to the e.m.f.’s induced in these phases. 
These e.m.f.’s may have any desired shape and strength. Assume, for 
the present, that the potential of the neutral point of the load is 
known ; the potential difference consumed in each phase is then also 
known. This is, namely, equal to the potentials at the terminals of the 
phases at no-load, less the potential of the neutral point of the load. 
The current in any phase then equals the potential difference consumed 
in that phase divided by its total impedance. If the current is 
thus found in magnitude and direction, the potential at any point of 
the system can be easily deduced by the above method. Thus the 


254 THEORY OF ALTERN ATING-CURRENTS 

pressure drop from no-load to load can be simply determined for each 

^The knowledge of the potential of the star point, of the load will thus 
simplify the whole problem, for each phase can then be treated independently 

The determination of the potential of this neutral point, however, 
offers some difficulties, which can be best overcome as follows. As 



example, consider the star system shewn in Fig. 216 , the u.M.r. s 

induced per phase can be represented by OP l0 , OF U0 , OF nlo , Ul\ yo 
and OPvo (Fig. 217). The points P I0 , P ut , - P T « give the no-load 
potentials at the terminals of the generator. The total admittances of 
the five phases can be represented by gfoi, and so on. In these, 

the resistances and reactances of the windings of the several phases are 
also considered. At the ends of the pressure vectors, set off the con- 
ductances g of the several phases parallel to the ordinate axis, and 
from the ends of these the susceptances b in the horizontal direction. 
In this way the admittances y appear as lines which are displaced from 
the ordinate axis by the phase-displacement angle </> of the several 
phase currents. W e suppose the problem to be sorv ed, and i. ^ o 
neutral point of the load circuit to be found; the effective iMls of 
the several phases are then represented by the vectors Ojl l() , o^no, 
and so on whilst the phase currents are displaced from their respective 
E M.F.’s by the angle <f>. From Kirchhoff’s First Law, the sum of the 
currents in all the phases at any instant must equal zero, if all in 
the same sense with respect to the neutral point are taken as positive. 

Consider now, for example, the effective E.M.F. Pm^OiAno in 
phase fill with the current l m lagging d> m behind it. We then know 
that / nI = P m y I ij. Choose the time-line parallel to the abscissa axis; 

the momentary value is then 

. ini = a/2 1 ui cos am = sf% yin P m cos a m . 
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F rom Oi draw a normal on to y m ; this then, makes an angle « ITI 
with OJ^uq, and the shortest distance of the point 0 l from y ul is 
^iFmoCOs a m . Imagine y ni to be a force; then, neglecting the factor 
\/ 2, the moment of this force with regard to the pole 0 l is represented 
by the momentary value i lu . of the current / m . The condition that 
the sum of the currents in all the phases equals zero at any instant is, 
therefore, the sum of the moments of all the forces y with respect to 
the point 0 l must equal zero, or 0 L must lie on the resultant of all the 



forces y. If the time-line rotates with the angular velocity o>, the forces 
y must also rotate with the same velocity, so that the lines g always 
remain normal to the time-line and the momentary values of the 
currents proportional to the moments of the forces y with respect to 0 r . 
Imagine now that the whole diagram P no P mo P lV() I J Y0 as a rigid 
system at the terminals of which the corresponding forces y act ; we 
know then, that if the forces be turned through equal angles about the 
points of application, the resultant of these forces will likewise turn 
through the same angle about a fixed point This centre of the system 
of forces must coincide with 0 { in order that the condition “ the sum 
of all the moments is zero” is satisfied. From this the construction 
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for the point 0 l follows at once by finding the resultant of the for 
in two directions (e.g. at 90° apart). The point of intersectic 
these then gives potential 0 1 of the load star point. 

In Fig. 217 the momentary value of the current I m is positive 
the moment of the force y ul with respect to the middle point 0 1 o 
pressure must therefore be also positive. The moment of the a 
tance, which represents a current, will be also called a current rn 
in what follows. The momentary value of the current I x in Fig 
is negative, and equals 

i t = s/Zli cos aj = - J '2lj cos (1 80 - %) 

= - s/2y z Pi cos (180 - %). 

j 2 y lPl cos (180 - a z ) equals the moment of the force y x with r 
to Oj. This moment, which acts in a clockwise direction when 
negative, gives the momentary value of the current I 1 with its 
sponding sign (disregarding the factor J 2). From this it follows 
all current moments acting in a counter-clockwise direction are 
taken as positive, and all acting in a clockwise direction as neg 
This positive sense of the current moments is due to the direct: 
rotation assumed for the time-line, with which the former agrees. 

In Fig. 217 the currents I x and I m lag behind their resp< 
pressures P r and E m in phase ; nevertheless the susceptances ai 
must be set off along the positive direction of the abscissa axis, 
the conductances are set off along the positive direction of the ore 
axis, for the whole construction to be correct. The current Iu lea 
pressure P n , so that b u must be set off in the negative direction 
abscissa axis. This definite direction for the admittance forces y 
from the chosen direction of rotation of the time-line. 

After we have thus determined the potential of the neutral pc 
the load system and knowing the effective E.M.F.’s and pressu: 
each phase, we can find the current in each phase. The currents 
a drop of potential in the windings of the generator and in th< 
which causes a displacement of the potential at the receiver tern 
This displacement equals Ir in the direction of the current a: 
normal to it, as already explained. If the E.M.F.’s and loads i 
phases are not all the same, the pressures at the receiver circui 
differ considerably. 

The above method for finding the neutral point was first sug 
by Kennedy, Elec. World and Engineer 1899, p. 268. 

In the special case of a symmetrical star system whose phas 
symmetrically loaded, the neutral point 0 t of the load coincides 
the neutral point 0 of the generator, which can at once be seer 
symmetry. The same current flows in each phase, and the n 
potentials, P I0 , P II0 , P ino , and so on, at the receiver terming 
displaced by the same amount; the system remains symmetric 
balanced. 

If we have a star system with neutral wire, the neutral point 
also be determined by the above method. For this purpose it i 
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necessary to introduce a force y Q at the point 0 corresponding to the 

admittance of the neutral line, in order to consider the influence of the 

neutral wire on the potential of the point 0 L . When y Q is equal to I 

zero we have the system in which no neutral wire is present, — while i 

for the case y Q equal to infinity, 0 1 and' 0 have the same potential. I 

The points are then short-circuited, so that the current and drop of |l 

pressure in any one phase has no effect on the loads in the other phases. ; 

The conversion problem treated by Kennelly in the above-mentioned jj 

paper is of interest, for it also shews how, by suitably choosing the | 



Fig. 21S«-c. — D iagram of Symmetrical Three-phase System supplying Two-phase 

Current. 





Fig. 21 9a-c. — Diagram of an Interlinked Two-phase System supplying a Balanced I 

Three-phase Current. 1 

three load resistances of a symmetrical three-phase system, the same 
can be made to deliver a two-phase current. The conductances of the 
three load resistances (Fig. 218a) must bear the ratio 1:1: 2*73. 

Fig. 218/; shews the pressures of the various phases, of which 0P U and ' 

01 mo are perpendicular to one another. Fig. 218c is the diagram of 
the currents. • 1 

Conversely, a symmetrical three-phase purrent can be taken from an J 

interlinked two-phase system, by making the load resistances of the two I 

phases equal and in the ratio 1 : (1 Vn/ 3) to the resistance of the neutral I 

wire (see Fig. 219a). Figs. 219/) and c shew respectively the pressure 
and current diagrams for this arrangement, I 

A.C. ' B I 
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79 Analy tic Calculation of Current in a Star System. The graphic 
method described in Section 78 for the determination of the middle 
point 0 T of the pressure is not always convenient, especially m the case 
of a star system with a neutral wire ; for the latter has usually a much 
greater conductance than one of the loaded phases. , , . 

Further, the admittances are often nearly parallel, so that graphic 
summation is inconvenient and inexact, unless the resultants of the 
forces y are found by means of the force and vector polygon, as is 

CU Weshal{ therefore, first shew how the currents and the middle point 
0 I of the pressure of a star system, with and without neutral point, can 

"SSTPSTSSi pressures P„, P,„, etc., of the severe! 
phases, which equal the induced E.M.F.’s, will be denoted in general 
by P xo for a phase and the admittances of the phases by ?/• I hen 

2(P r0 -P o )|' = /o = -Po.%» 

where P fl is the potential of the middle point 0 1 of the pressure, 7 0 the 
current in and y 0 the admittance of the neutral wire, i rom this 

2(P x „y) = P 0 2(y)+P 0 _yo, 

where 2(P xo y) = /oi-=/i + /ii + /nii e ^ c - 

/ is the current which would flow in the neutral wire if the two 
neutral points were connected by a wire with zero resistance, whilst 
I[, I'n, etc., denote the currents in the phases under this assumption. 

If these currents are calculated, we have 

n Iqk _ r S(flr) + g n -y{S(6) + 7; 0 } 

• 0 2 (y) + y 0 • 0A {2(y) + !7 o } 2 + {2(i) + /'o} i 
If P 0 is known, we calculate 

/io =s -P oJ/ij 

/no- = P*yiu and so on * 

Finally, /o — ^/oj 

where /10 + /110 + /1110 + *•* +/o == /oa'- 

The phase currents are also easy to find, for 

/i = P io2/i — PoVi ~ Ji ~~ /io* 


Similarly, /n = /n ~ /no> etc. 

Let us take any given star system, and supposing first that the two 
neutrals are connected, as in Fig. 220, calculate the current distiibution 
— for instance, for jP 0 = 0. We have then 

Ji + Jn + . . . = Jo a '* 

Secondly, we will suppose the current J QK distributed over all the 
parallel conductors in the systems in proportion to their admittances, 
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by putting the phase pressures P 1{] , / II0 , etc., equal to zero and 
calculating the currents I 10) I no ... I 0 as if only P 0 were present (see 
Fig. 221). 

We have here, therefore, 

/io + /no + • • • +■ /o — /o a* 

The phase currents are then obtained by superposing the two current 
distributions in Figs. 220 and 221. 




To take a practical example, we will go through the calculations for 
a star system. Let us take a three-phase generator, star connected, 


0*02 ohm 



Fra. 222. 


feeding a lighting network with a phase pressure of 100 volts. The 
lamps are connected in star, as shewn in Fig. 222. With full balanced 
load in the network, the current per phase is 100 amps. The armature 
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winding of the generator has an effective resistance of 0*03 ohm and 
a reactance of 0*2 ohm per phase. The mains between generator 
and receiver have a resistance of 0*02 ohm per phase,^ whilst the 
neutral line possesses a resistance of 0*08 ohm ; the self-induction of 
the mains and incandescent lamps is negligibly small. 



We shall determine the distribution of current and pressure in the 
system, assuming that the first phase is fully loaded, the second 
working on ^ full-load and the third on half-load. In all^ the three 
phases of the generator, the same effective e.m.f. of 100 volts is induced; 
hence the no-load potentials of the four terminals of the generator are 
represented by the points 0 , P ioj Pn* and P mo (Fig. 223). The first 
phase of the load network has a conductance of 1 mho or a resistance 
of 1 ohm, the second phase f mho or T333 ohms, and the third phase 


CALCULATION OF CURRENT IN A STAR SYSTEM 261 

mho or 2 ohms. To these resistances must be added the resistances 
of the three lines and the phases of the generator, so that we have 

r x = 1 *05, %=0*2 or g r = 0*922, ^ = 0*1755; 

r n — 1*38, a n = 0*2 or g n = 0*710, b n = 0T03 ; 

?’ in = 2*05, x m = 0*2 or # m = 0*484, An = 0*0473; 

and r 0 = 0*08 ohm or g 0 = 12*5 mhos. 

The impedance between the neutral points is 

, ^ • _ f /p + f/i + gu + gm -J (b 0 4- &i 4- b n + b IU ) 

‘ " (do + 9 1 + 9n + dm) 2 + (K + h + + ^iii) 2 

— 0;0684 0*00 152 ohm. 

We calculate now 

Ii = PioVi = 100(0-922 4-/0*1755) 

= 92*2 47 17*55 amps., 

r u =Puoyu=(- 50 +/ 86-6) (0*710 470*013) 

= -44*4+/56*4 amps., 

/m =Pmoym = ( ~ 50 ~/86-6)(0-484 47*0*0473) 

= - 20*1 — 7' 44*3 amps. 

From this we find 

I QK = 27*7 47 29*7 amps., 

P o = (0*0684~/0*00152)(27*7+y29*7) 

= 1*94 4-/1*99 volts. 

This difference of potential produces the following currents : 

/io = Ayi = l*444-/2T8 amps., 

/i i o = =1*17 4-/1*61 amps., 

/mo “^oj/in == 0*85 4-/ 1*06 amps., 

/o = jP 0 ?/o = 24*22 +/ 24*85 amps. 

Finally, we get 

/i = /i # - /io® - 90*764-/15*37 amps., 

/ix = /n " /no = - 45*57 4-/54*79 amps., 

/ m = - / III0 = - 20*95 -/45*36 amps. 

The absolute values of the phase currents are 

Jj = 92 amps., / n = 71*5 amps., I m = 49*8 amps. 

The current / x causes an ohmic drop in the armature winding and 
line IjT = /j0*05 opposing the current, and an inductive drop I x x — i r 0*2, 
perpendicular to the current, as shewn in Fig. 223. Due to these two 
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pressure drops, the potential across the lamps in phase I is displa 
from P I0 to P I} and the lamp pressure is now d l I\ instead of the no-1 
pressure 0Pi Q . From Fig. 223 the lamp pressure of the three pin 

are ^P I = 7 I x 1 = 92 volts, 

OJn = / n xl *33 = 95 volts, 

= Fm x 2 = 99-6 volts, 

thus shewing the effect of the out-of-balance load. 

If all phases had been equally loaded with 100 amperes, the k 
pressure would have fallen to 93 volts in each phase. 

80. Graphic Calculation of Current in a Polyphase System. 

Method II. As well as the analytic method in the previous sect 
the following simple graphic method can also he used. W e 
describe it in connection with a symmetrical three-phase star sys 
with phases loaded unsymmetrieally and without neutral wire. 




In Fig. 224, the no-load pressures P J{Q of all the phases are dr- 
in the same direction, viz. along the ordinate axis. I' u I r n and I' m 
the currents which these pressures would produce if the neutrals of 
generator and the load were directly connected. Since all the no-! 
pressures are equal in magnitude in a symmetrical system, the curr 
/i, I[i and Jin in such a system will be proportional to the admitta: 
fi, y-n and y m of the three phases. To the same scale, the ve 
OA = Ji -l- I'u + /in represents the total admittance y — y L f ?/ n + y m 
tween the neutral points. 

In Fig. 225, the currents /[, /n and I [ IX are drawn at their cor 
phase angles / n and to the no-load pressures P J0 , P no and I 
Finally, we draw Fig. 226, in which the currents J{ t and 


CALCULATION OF CURRENT IN A TOLYPHASE SYSTEM 263 


are geometrically added, giving the current I QK = I[ + In + I'm , which 
must flow between the neutral points, from the load to the generator. 
The current J QK is now distributed among the several 
phases in proportion to their admittances by drawing a* 

on I 0K a polygon similar to that formed by the / \L 0 

currents ![, I'n and I[u on OA in Fig. 224. / I0J /v4 \ 

/no and / ino are the components of I QK in the fyf\ J 0 k fj 
different phases. By drawing parallel lines, we add // \ J 11,0 
I[ and -/ox together in Fig. 225, and thus ob- r J \ r 

tain the resultant current I Y in phase I. Similarly \ A, 

for the other phases. v 

We have determined the phase currents without fig. 226 . 

finding the potential of the neutral point 0 1 of the 
load. This can now be found at once, for the potential differences must 
be proportional to the currents they produce. Thus, for phase I, 

OjPio • 0P-, 10 — 1 \ : 

o;p I0 Ap 10 . 

•U 


Similarly for the other phases, 


J 11 p 
-yr* 11 o> 
1 n 


OiPuiQ— r' Pino* 
j iii 

If we strike off arcs about the points /%, P no and P mo with these 
radii in Fig. 225, they will all cut in the point 0 V This is the middle 

point of pressure in the 
w load. For each phase we 

l \ ^ _ get a pressure triangle 

similar to the current 
p \ / ) triangle for the same 

Nv I phase. 

\ X %J /\ *“ \o± ( The direct determina- 

\/' p r* 0K p tion of the point 0 l is 

\ ® most easily done by the 

NASA J construction in Fig. 227. 

Here again 

/ Pxo(?/i "h ?/ii 4* •• •) 

I — P ioy =® / 

/ is represented by the 

/ vector OA. Further, 

P 1AJ1 + PiuAn + • * * 

“ 1,0 ' , * 

Fig. 227. = 4i + hi + • - - — </ojr* 
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On the other hand, 

h K = I\y = ir?» or 

• Jr io J o 4 10 

i.e. if we rotate the co-ordinate system of the pressures so that the 
direction of P I0 coincides with' that of /, then P 0 lies in the direction 
of I 0K} and it is only necessary to construct the fourth proportional m 
Fig. 227 to find the point 0 l . 

81. Conversion of a Mesh Connection into a Star Connection. Of 

the different ring-connected systems, mesh connection is almost the 
only one which has found favour in practice ; consequently we must 
study this connection more especially. 

In the previous section was shewn how the neutral point or a star 
connection can he easily determined, and the calculation of the 
currents in a star system thus reduced to the treatment of simple 
conductors. In order to obtain the same simplicity for a mesh 
connection, the following method due to Kennedy ( Electrical Jf oi Id, 
vol. 34, p. 413) for converting a mesh connection into an equivalent 
star connection — with respect to the outside circuit — may be used. 



A C 



Fig. 228 .— Mesh System and its Equivalent Star System. 

Fig. 228a represents a mesh system with the impedances z m 

in the several branches. Let the equivalent star connection (Fig. 2286) 
have the impedances z a , z h and z c . Now, in order that the mesh can be 
replaced by the star without altering the conditions in the external, 
circuit, the impedances between the three terminals A, B and 0 of the 
star must equal the impedances between the angles A , B and C of 
the mesh. We have thus the following symbolic expressions for the 
impedances : 


?III (?I d- ' 

?n) 

#x + ?II + 

?m 

«i(?ii + ? 

in) 

?i d* #11 d* 

3 

?u fen + 

a) 

?l + #n + 

?IU 
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Multiplying each of these equations in turn by - 1 and adding, 
we obtain 


+ ?n + 


?i +■ ?n + %ui 


+ ?II + '?!] 


Substituting the complex quantities for z u z n and z in in these 
symbolic formulae and splitting up the expressions z a , z h and z c into 
their real and imaginary components, we get the resistances and 
reactances of the equivalent star connection expressed in terms of 
those in the mesh connection. 

^ _ ■ __ Qii —J® n) ( r m ~P'm) 

r i + r n + Tin -j ( x i + x n +• *^m) 

_ (t u (r m -~jx lu ) 

V -jx 

_ (?*n ~~j' x n) Q'm -.Pm) (? +j x ) 


. HWm ~ Xn&m) +^0ii%i+hn%) 



Conversely, if a star connection is given, we can substitute for this a 
mesh connection. 

In this case we assume that the admittances of the star are known, 
whilst the admittances of the mesh are to be determined. 

If the two systems in Figs. 228a and b are equivalent, they will still 
be equivalent if we connect like circuits between two like terminals, in 
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This problem of conversion can also be solved graphically. In 
Fig. 229, 0Z U 0Z n and 0Z m represent the impedances z l} z n and z m 
of a mesh connection in magnitude and direction. 

To determine now the impedances z a) z b and 3 C of the equivalent 
star connection, we first draw the vector OZ to represent the resultant 
impedance z^z^ z n + z lu , and then construct the triangle 0Z a Z u 
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similar to OZ ul Z. Then 0Z a is the required impedance z a in magni- 
tude and direction, for the following geometric relation is fulfilled : 


?ii + ?iii 

thus satisfying Eq. 146. The construction for z b and z c is exactly 
similar. 

The graphic determination of the admittances of the equivalent 
mesh from the admittances of the star is quite similar to the con- 
struction of Fig. 229, as shewn by Eq. 147. 

Example. Let <7i=l, g u = £ and g lu = 4 mho, or r x = 1, r n = 1*333 
and r m = 2 ohms. 


Find 


r b = % and 





r a — 

Wm 

L33 

.2 

= — = 0*614 ohm, 



r L 4- r n + r m 

1 + 1*33 + 2 

4*33 

or 

9a = 

1 *63 mhos ; 





r b = 

huh 

2 

0-462 

ohm, 



ri + r n +r m 

= 4 t 33 = 



or 

fh = 

2*16 mhos ; 




and 

r c = 

'V u 

_!*33_ 

0*308 

ohm, 



? 1 + ?’u + r m 

4*33 



or 

9c = 

3*28 mhos. 





Thus a mesh connection whose phase loads g I: g u and g m are in the 
ratio of 4:3:2 is equivalent to a star connection whose phase loads 
g b , g c and g a hear the ratio of 4:3:2, whence it follows that the 
influence of unsymmetrical loading is no greater in a star system 
than in a mesh system. 

82. Conversion of Star and Mesh Connections when E.M.F.’s are 
Induced in the Phases. Until now it has been assumed that no E.M.F.’s 
are induced in the phases which have to be 
transformed from mesh to star and vice A 

versa. If such E.M.F.’s are present, we 
have to proceed precisely the same as -r < % 

before ; considering, e.g., Fig. 230, where A t | \ 

the paths of the mesh connection possess xil 1 

both e.m.f/s and the impedances z u % and Jy < vL 

z UL , we can first imagine a condition y 
where no current at all flows, on account i 

of the E.M.F.’s in the star system main- _ c^Cwwwvw r 

taming equilibrium in the former— as ^ z, ^ 

can actually occur with generators working fig. 230.—' Transformation of a 
• Mesh System where rm.f.’s are 

111 paiaAlCi. induced in the Phases. 

If the e.m.f. in one or more of the phases 
of the star connection is now altered, currents at once begin to 
flow, and these currents will depend only on the impedance of the 
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whole system and on the amount hy which the E.M.F.’s in the star 
system are varied, since it is quite immaterial which E.M.F.’s maintain 
the equilibrium. Hence it follows that the impedances of the star 
system which is equivalent to the mesh system remain the same 



whether E.M.F.’s are present in the branches or not. As regards 
the conversion of star connections it is therefore immaterial whether 
E.M.F.’s are present or not. 

As an example illustrating the complete procedure, we can take 
a system in which both the generator and the load are mesh con- 



nected, as shewn in Fig. 231. We first calculate the impedances 
of the equivalent star connections, and then find the sum of the 
admittances in each phase and draw the pressure triangle for the 
generator on no-load (Fig. 232). At each corner of this triangle, 
we then set off' the admittance of the corresponding phase as a force. 
The centre of these forces is then the neutral point (9 X of the load, and 
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the distances of this point from the angles of the pressure triangle give 
the e.m.F.’s of the phases. These, multiplied by the respective phase 
admittances, give the line currents (equal to the phase currents), which 


make angles tan -1 - with O^Pq. These currents cause a displacement 

of the potentials from the angles of the pressure triangle which is 
drawn for the terminal pressures at the generator on no-load. The 



displacement of each angle is equal to the corresponding phase imped- 
ance of the equivalent star connection for the generator multiplied by 
the line current. The displacement It opposes the current in direction, 
whilst lx lags behind the same by 90°. By this means, we get the 
three new angular points P T , P n , Pm, giving the pressure triangle of 
the generator on load (see Fig. 232). 

In Fig. 233 the three lines I ai I b and I c represent the three line 
currents. It is often useful, however, to know the currents in the net- 
work, i.e. in the branches of the mesh. These can 
he found for the generator by taking the geometrical 
difference PkjPio of Pi Pin <md Pj q P m o , and divid- j 

ing this difference by the impedance z n of the I 

branch connecting them (Fig. 234). If the currents M 
of the load triangle are required, we must first I 
construct the pressure triangle for the pressures I ./v 
at the terminals of the receiver. The sides of 
this triangle are the phase pressures, and each fio. 2U . 

such side divided by the impedance of the 
respective branch gives the current in that part of the load triangle. 

We have thus completely solved the given problem without knowing 
the potential of the neutral point of the equivalent star system for the 
generator — this point is unnecessary for the construction. 
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Example I. The load admittances of the mesh system are all alike 
in every respect. . 

Then, since % = — 

*i + ?ta + ?iii 


&i — *n — : 


we have % = & = % = lz 

i.e. a mesh connection with equal impedances in all the branches can 
be replaced by a star connection whose phase impedance equals one-third 
of the phase impedance of the mesh connection^ That this is so is clear, 
for with star connection, the pressure per phase is V3 times smaller 
and the current \/3 times greater than in the equivalent mesh con- 
nection ; consequently the star impedance must be — i— = ~ that of the 
mesh impedance. (v3) 2 * 


Example II. In three-phase systems several star connections are 
often joined in parallel. Since the admittances of the several branches 
of the stars cannot be directly added when the load is unsym- 
metrical, each star must first be replaced by its equivalent mesh. The 
admittances of the various meshes are simply added for each branch, 
which is allowable, since these admittances are all in parallel between 
the same two terminals. Consequently we get one resultant admittance 
for every path, and the resultant admittances of the three paths form 
a single triangle, which is equivalent to all the equivalent parallel 
connected stars. This triangle can further be replaced by an equivalent 
star, whereby it is seen that several different star connections have 
been reduced to a single equivalent star. In a similar manner it is 
possible to treat any desired load on a three-phase system. 


83. Symbolic Calculation of Current in Polyphase Systems. In a 

symmetrical polyphase system with n phases, the e.m.f. p x induced in 
the x th phase is 

p x = sj2? sin jco£ - (x - 1) 

= J 2 E | sin o)t cos (x 1 ) — cos cot sin (x ~ 1)^|, 

or, symbolically, 

P X = P {cos (as - 1 )^+j sin (a- 1)'^-} 

= PP^ 2 t 


Since pi — j2P sin cot, i.e. symbolically P 1 =P, and since also 

2tt . . 2tt n/T 

e — cos — sm == e, 
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we can write for the E.M.F.’s induced in the several phases, 

Pi = P, 

Pn — A? 

P x =Pe x -\ 

P n = Pe n ~ l . 

Consider first the interconnected four-phase system (Fig. 235), whose 
generator is star connected, whilst the load admittances form a quadri- 
lateral. In this case it is best to start with KirchhofFs Laws, which 
state that the sum of all the currents at any junction is zero, and that 



Fig. 235. 


the sum of all the e.m.f.’s in a closed circuit must be zero. Up to 
the present there is no graphical solution for such a system ; 
consequently the symbolic method is used for treating this particular 
case — which seldom finds practical application. Applying KirchhofFs 
First Law for the five junctions in the system, we have : 

fl + Id - fa — 0 , 

/ll + f n ~ fb =0) 

fm + fi — f c = 0 , 

frv + fe — fa =0, 

and fi 4* Iji *4- fm + fjy — 0. 

Since the last equation can also be obtained by addition of the other 
four, we need not consider it further. 

Similarly, applying KirchhofFs Second Law for the five closed 
circuits in the system, we have : 

Pi ~ Pi i “ Ai ~ I a + P ii % — 0, 

P n “ P hi “ 7 n% — I A 4 Invhu — 0, 

An “ P IV “ Alfm “ P,fc + IiyZiy = 0, 

A v ” Pi “ Pv%iv — I d Z d 4- Ii%i ~ 0, 

and I a 3 a 4- I h z h 4- I c z e 4- I d z d — 0 . 

The last equation can likewise be' obtained by adding the other 
four, and can therefore be omitted. 
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If, in the pressure equations, we now replace the phase currents 
h, In, Im and / IV by the line currents J a , J b , I c and I d , we get the 
following four linear equations with the four unknown currents I lti 
I c and I (l . 

Pi ~ P : II - la (?i + + ?n) + -/,% + Pvh — 0, 

P n ~~ P in — !?>(% ii + + ?ni) +■ 1 c z XII + I a %n = 0, j 

77 II “ /W “ /c(?III + ?e + ?iv) + /z#IV + Pfllll — d, 

Piv ~ Pi ~ Id (?IV + + Sj) + 1 a £ i + / c %v ~ 0. 

From these we find the currents, 

/ = ^i 7—^2 7__^3 , ]iu i r 

in jji • c ~~ ]) U1U r<i"“ J) ’ 


' (?l + + ?Il)> 




' (?ii + + ?ni)> 


~~ (?III + ?c ■ 


~ (?m + ? <; + £iv)j 


’ (?i + ?« + ?ii)j 


“ (?IV + ?d + ?l) I 
?rv 

~ (rrv + + ?i) 


’ (?II + + ?IIl), ?III j 


is the determinant of the above four equations, whilst I) v U 2 , P 3 and 
D 4 can he found from I) when the coefficients of the unknowns I n , J b , 
I c and h are respectively interchanged with regard to the constant 
terms, 

P i P ii , Pn- Pm, P in - Piv and P IV — pi . 

When the four currents I a , I bi I c and I d have thus been determined, 
the four terminal pressures, 

Pi % a J Pfih > I c c0 c J I d'^ti, 

and the four phase currents, 

/is Illy /ill? IlYy 

can be easily found. 

The problem is accordingly solyed, and for the solution we have 
only used the simplest means. This method of symbolic treatment, 
however, yields a result which has 'very little meaning until we 
work out the determinants, and then from the symbolic expressions 
come hack to the complex. The final result is thus always long and 
complicated. ’ 

In practice we usually meet -with the independent two- or four- 
phase system and the two-phase three-wire system. The former 
can be calculated both graphically and analytically in the same way 


« is' ’ ■] > 1 • : ijj 
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as a single-phase system. The two-phase three-wire system can be 
best analytically and graphically treated by calculating the neutral 
point of the pressure. We shall, however, treat this case here sym- 
bolically, and by means of an example explain the operations with 
complex quantities somewhat more fully.- In Fig. 215 a two-phase 
three-wire system, with equal currents in the two phases, was graphi- 
cally investigated, and it was found that the drop of pressure in the 
two phases was unequal. If we consider the same system on the 
assumption that both the phases have equal load admittances, we 
find that in this case also the pressure drops are different. Thus the 
two-phase three-wire system is always unsymmetrical with respect to 
pressures and currents, even with symmetrical loading. 

In order to shew this, let 

P I0 = P — e.m.f. induced in phase I of generator, 

Piio —jP = E.M.F. induced in phase II of generator, 

I = current in phases I and II, 

I 0 = current in neutral line, 
z — impedance in phase lines, 

- z 0 = impedance in neutral line, 

y = load admittance of the two phases. 

P l and P n = terminal pressures between the phase terminals and the 
middle wire. 

We have, then, + I u — - / 0 , 

where all currents leaving the neutral point are taken as positive. 

fi = yP i &frd fn == yP ii ? 

Pi = Pi o “ + IoZo = P ~ ft (r + ?o) *” Iii & o 

and Pu— Piio ~ PiZ + IoSo —jP ~ fn (? + #o) — fi&ot 


or 


whence 


Pi { l + y(% + ?o)} + yzoP a — P > 

PiyZo + { 1 + y (z + ?o) }Pn —jP J 
1 +y(?+ 2 q) - jyzo p 

_ y?o -j{i+y(*+?o )} p 
* n “{i+y(? + sb)} a -(yab ) 2 


Take, for example, z=z 0 \f l . 2, then 


1 + (1-707-0*707 j)yz d 
= 1 +3 : 414p + 2-414?/+ Jp 


(148) 

(149) 


ancj 


1 + (1*707 + 0*707/)ys mj> 
1 + 3*414^ + 2*414 t/%2*^* 


For further similar calculations, see Steimnetz and Berg. 

A.C. S 
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The dissymmetry of currents and pressures is due to the fact that 
the reaction of first leading phase in such a system on the second 
lagging phase differs from that of the second upon the first. Hence, 
such a system is not to be recommended for current distribution — 
rather it is preferable to use the independent two-phase system, whose 
pressure regulation is just as simple as that of an ordinary single-phase 
system. For power transmission, however, the interconnected two- 
phase system is often used, since it necessitates only three wires, one 
of which can be earthed. In this case it is customary to use two 
concentric cables with uninsulated outers. 

84. Graphic Representation of the Momentary Power in a Polyphase 
System. In Fig. 45, p. 36, the momentary value of the power, 

: pi = PI jcos (<£ x - <£ 2 ) + sin j^2o d + + </> 2 - j, 

of an alternating current is graphically illustrated. This method of 
representation, however, is not suitable for polyphase currents. ’We 

therefore set off the momentary power as a vector, at an angle (ah- ~Y 
to the abscissa axis.* ^ 

Putting PI cos (<£ x - <£ 2 ) = PI cos <f> = W 

and J-Wh + 

then W =w(l + sin At« N ) 

will be represented by a closed symmetrical curve, the so-called power 
curve, whose centre is a point of the fourth degree. Since the power 
of each phase in a polyphase system varies with double the frequency 
of the current, the total power in a polyphase system can also be 
expressed by an expression of the following form : 

w— W{ \ + e sin - \f)). 

eJF is here the amplitude of the double-frequency power. Returning 
now to the rectangular co-ordinates x and y by putting 

w = \/x 2 + y 2 and tan (ut- ^ = Y 

we get the following equation for the power curve : 

(x 2 -h y 2 ) 3 - W 2 (x 2 -h?/ 2 + 2 exi(f = 0, 
which is a curve of the sixth degree. 


*See Steinmetz and Berg, Alternating -Current Phenomena . 
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In this equation, put 

w ma,x = (1 +e)JF= maximum power, 
w mhl = ( 1 - e) W— minimum power, 

then IF = — - nax ~^ mi - and e = W ^~ W — - 

u ^max “t ^min 

inserting this in the above equation of the power curve, we get 
(* 2 + S' 2 ) 3 - T {w max (a: + ?/) 2 + W mta (x - y) 2 } 2 = 0 

as the final form of the equation for this curve, whose main power axes 
are w 2tux and w min . The ratio w milx : iv min is often referred to as the 
balance factor of the system. In Figs. 236 to 239 the power curves 
of the most important alternating-current systems are given. 



Fig. 236. — Single -phase System on 
Inductive Load, (f> = 60°. 


Fig. 237. — Single-phase System on Non-inductive 
Load, 4>=0. 



Fig. 23S. — Inverted Three-phase System on Fig. 239. — Inverted Three-phase System 

Non-incluctive Load. on Inductive Load, </> = 60°. 



The single-phase system with non-inductive load (i.e. cosc/>=l) has 
the following power equation : 

w = IF { 1 + sin (Suit - f ) }, 

or, since w nmx =2 IF, w min = 0 and e=l, we get, in the rectangular 
co-ordinate system, + _ jfr 2 + y y ^ 0 . 

The power curve is shewn in Fig. 237. 

| 
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As is obvious from the above figures, the power in an alternating- 
current system is completely characterised by the two main power 
axes tv nmx and w mi)l . All symmetrical polyphase systems with n L: 3 
give circles for the power curves when symmetrically loaded. These 
systems therefore transmit the power quite uniformly, and for this 
reason have almost completely ousted all other unbalanced alternating- 
current systems for power purposes. 


CHAPTER XV. 


NO-LOAD, SHORT-CIRCUIT AND LOAD DIAGRAM OF A 
POLYPHASE CURRENT. 

85. No-load Diagram. 86- Short-circuit Diagram. 87. Load Diagram. 

85, No-load Diagram. (Percentage Current Variation.) When a 
symmetrical polyphase system is uniformly loaded, each phase behaves 



in the same way as in a single -phase system. Hence the no-load 
diagram derived for the single-phase circuit can be directly applied for 
the symmetrically loaded polyphase system. 


278 


THEORY OF ALTERNATING-CURRENTS 


; 


! 


In practice, polyphase systems are almost exclusively met with, the 
chief amongst these being the three-phase. We shall therefore now 
derive the no-load diagram for a symmetrical three-phase star- system 
with unsymmetrical load and with the no-load currents in the three 
phases equal. 

The no-load diagram enables us to determine the percentage change 
of current from the receiver terminals to the supply terminals. This 



the S f “ tl0n ls , nearl y equal to the current variation at 
the receiver _ terminals from short-circuit to load when the current in 
the supply circuit is maintained constant. 

currents T**? “ “T “metrically loaded, we must first find the line 

currents T 7 f m * & g eometrica % adding the three load 

currents I A j I Ba and I c ,,. The pressure triangle (Fig. 240) is then 

drawn for the pressures at the receiver terminals, as an equilaS 

triangle— this is not quite correct — and the no-load currents JL " 100, 

and so on, are set off as percentages of the line currents at an angle 6, 
to the phase pressures P l2 , and so on. With the no-load currents 5 

linTcurre 7® deSCribe cln 5 les alld obtain tb e variations of the three 

temiSri" ™ t “ fr °" the re “‘7 <» «>• supply 





4 
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and 


*111% = ±/%I0 + 


v mo 
200 ’ 


In Fig. 241, in the same way, the no-load diagram is represented for 
a three-phase network, to which several unsymmetrical transformers 
are connected of the kind shewn in 


Fig. 242. The load is symmetrical 
and inductive, with a power factor of 
0*9. Since the no-load currents in the 
several phases of the unsymmetrical 
transformers vary considerably, we 
get large differences in the diameters 
of the circles (see Fig. 241). 

86. Short-circuit Diagram. (Per- 
centage Pressure Variation.) The 
short-circuit diagram enables us to 



determine the percentage change of the Fig. 242.— Three-pliase Transformer. 


supply pressures when the pressures 

at the receiver terminals are kept constant from no-load to full load. 


This percentage variation nearly equals the change of pressure which 
takes place at the receiver terminals when the pressures at the supply 


terminals are maintained constant. 


When a symmetrical polyphase system is uniformly loaded, each 
phase behaves as in a single-phase system. Hence the short-circuit 
diagram of a symmetrical three-phase system can be found directly 
from that of a single-phase. 

We have here, however, three pressures at the receiver terminals, 
whose directions are represented by the three sides P A 2 , P n2 , -P 02 of an 
equilateral triangle. When the load is uniform, the line currents 7 ia , 
I ll2 and I m 2 will all be equal and make the same angle <£ 2 with the 
phase pressures P I2 , P X i 2 and P III2 . Each of these line currents causes 
a displacement of the potential at the supply terminals by the amount 
IA in passing from no-load to full load. Hence we set off the 
impedance pressures T 

100 


at angle <f> K to the line currents, as a percentage of the pressure P 2 
at the receiver terminals. On this, as diameter, we describe a circle 
and find the distances y A - and v K , given by the three terminal pressures 
in these circles. I 2 z K is here the short-circuit pressure per phase, and 
consequently equals P AK when the load is uniform, where P AIC denotes 
the terminal pressure at short-circuit. The direction of each terminal 
pressure cuts out lengths and v K from two circles. We thus get 
the percentage change of pressure at the supply terminals, on passing 
from no-load to load : 
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dlree 'P hase s J s< L em is asymmetrically loaded, we first dcter- 
® In* and I nI2 , as shewn in Pig. M3, by 

geometrically addmg the load currents T A2 , I,,,, and 

nonin f Wr i reU j fc d T la ^ am > Fi S- 243, is drawn for an unsynimetrical 
in dire^f e -« a l - IU 1,8 % ure ’ therefore, the load currents coincide 
direction with their respective terminal pressures P J2 , P,,, and 



Fl °- ^ 3 * “Short-circuit Diap™ a TW-pha*, Kyatcm. 


O. impedance pr»»™ hfji „ tll6 „ off m ^ ^ 

o n XTS;s,:rd e :^ 

variation of the pressure at the smJf le ’ andso ol)t ain the percentage 
variation is 1 th& SU PP^ terminals. For phlsc IS this 

*• % = Pbik ~ Ubiuk +• 

and similarly for the other two phases, 
ft as^atinXphasesysS “h phaSe ° f a P 0 ^ 

currentsf iMvFcaiTy^out P°b r Phase 

multiply the power per phase by the number Tfphft ^ affcerw ‘ rds 


M 
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The relations, however, are not so simple when we come to (leal with 
nn symmetrical systems or systems asymmetrically loaded, since the 
currents in the different phases mutually affect one another, but not all 
in the same way. Since systems with a considerable want of symmetry, 
or with very un. symmetrical loading, seldom occur in practice, we shall 
not treat such systems exhaustively, but rather satisfy oursel ves by 
shewing how the load diagrams for such systems can be constructed. 

(a) In star systems, it is best to find the neutral point of the pressure 
for different loads. If this point does not alter much with the load, 
the pressures between the terminals and the neutral point can be 
regarded as constant; and the load diagram for each phase is con- 
structed in the usual manner and the several powers summed up. If 
all the diagrams have the same conductance, they can he replaced by 
an equivalent diagram, whose pressure P equals the root of the sum of 
the squares of all the phase pressures A> Ai, An, and so on, i.e. 

P ~ s/Pj 4- At + An +■•••> 


and the current I in the equivalent diagram bears the same relation to 
the phase currents : 

/= Vi j + / if 4*./ in •+.... 

An interlinked four-phase system, where one double-phase is dis- 
placed 90° in phase from the other double-phase, but is of different/ 
magnitude, yields art equivalent diagram, for example, if both phases 
feed circuits of equal conductance y. The equivalent pressure is then 

iWi ,- r + K 

an<i the equivalent current 

/=V7TT7!,. 


If the two phases supply circuits, however, whose conductances are 
different, but with similar diagrams, the equivalent diagram can also be 
found for this case, if we take the pressure 



y y 


and the current 




4 


l y i 11 


1 

ml 


where the conductance y of the equivalent diagram equals the root of 
the product of the two phase admittances y x and y n , i.e. 

y^^thVu- 

The same also holds for an m-phase system, if wo write for the 
equivalent admittance m/ - - 


1 
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The equivalent pressure is then 


-P = 4 i ^+ l *U ySl +~.+F 1 

V v 11 'H *» 9 


and the equivalent current, 

V ^ y« 

iS=3S~S5S- 1 == - 



Pl °- 244 - L ° ad ° f • Th ‘i20-phasM3 Auction M„W. 

will consider Hoa? diaJST^orS h? ^ th f ee ;P ha « e tve 

'no-load lanltLScuiTlafthTfollc - Measu ™Ete' wST S™"'!!* 
for each of the three phases f ° 1Wln S “«*“ wow ol/hdW,} 

No-load : 

Short-circuit : ^ ^ ^ = ^ ampS- ’ ^ = 1 '° rCW - 

cos ^ = -p-A = 0 - 165 , ^ = go’ 30 '. 
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The short-circuit current at full phase-pressure is 

p 

4 = IiK rr = 379 amps., 

1 K 

w, n # 

and cos <j 6 A - = vry— = 0*352, <j> K =69 20 . 

K*\K 

From these the load diagram per phase is drawn in Fig. 244 to a 
scale of 1 cm = 75 amps., together with the power and loss-lines, in 
accordance with the constructions given in Sect. 58. 

For the maximum power (P m ), the diagram gives : 

Supplied power 77^ = 53*3 K.w., D 

Efficiency 15 = 72 %, cLoapL cfccvfcoMS- 


from which W» ma 
for all three phases, or 


: 0*72 .3 .53*3 = 115 k.w. 


: = 154 h.p. 


With this scale, we find for the full-load power of 75 h.p. (point P) 
/= 80 amps., t; = 89 %, cos <£= 0*9, $ = 3*9. 

The maximum power for <£ 2 = 0, A^dO is, from Formula 104, 

w - m h i 4 - ~ J ° cos z $*) l 

2(1 + cos c/>k) 

„ 289 (379 -21. 0-981) 

2(1+0-352) 

= 115 K.W. or 154 H.P. 


CHAPTER XVI. 


POLYPHASE CUEEENTS OP AHY WAVE-SHAPE. 

& Hl ^Polyoyd°e n Sy S teL GUrreilt and PressHre » Polyphase Sys; tema 

SysteJ^S and Pressure *» Polyphase 

currents, each harmonic ('fundamerif \ - S u aI T Wlth . Polyphase 
treated separately, and -just as the res if H f ^fjher harmonics) can lit* 
wares of two phases is found hr 1 ” ^ of fch<) fundamental 

of the same fre^enc/ln be °"’ s< ? also harmonics 

act is different for the several harmonic? °Th P h° <lt T h, ' ch tIle V 
frequency in an x-nhase s™f am ft m011ICS - the harmonies of the same 

the laws deduced P for this wil/applr 53 ?”” P ° ly g on of ,» sides, and 
pressure between two points and&f X t « eneraI 1 y' The effective 
are likewise found, as before by ta dL ^l CUTOnt in * conductor 
the squares of the effective vwssmesnr n qU T ™ ofc 1 of tho sum of 
quencies. The total power P ?f the ^1-“^ of , the several fre- 
powers of the several harmonics. ™ 7 t 18 the al g el) raic sum of 

p Preferable to^mat^the^amonicrof 1011 mai “ f ? ld variations that 

4 «. ““ ”i " h f 

phase pleasures m the three phases are as follows: 

Pi = P pl VI sin (lot + ^ ) 

P-Ppiis/Isin (3<jjf 4 . ^ \ 

P P p 5 \/2 sin (5cof + ^ 5 ) + _ _ 

P Jl = -fpi t2 sin (ojif 4- xp x _ 1 20°) 

+ -Pyss/? sin (3W -4 _ 3 _ i 2 0 °) 

+ Pp5\/2 sin (5tot + ^ — 5 . 120°) + 
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Pm — ^pi s i° (<«><+ V'i - 240°) 

4 - i^ ;{ V2 sin (3w^ +* ^3 - 3 . 240°) 

+ jP p 5 V2 sin (5oG - 5 .240°) + ... ; 

or, working these out : 

2 ? x ~I pl S sin (<»t + V'i) 

4 -T p3 \/2 sin (3 orf + ^ s ) 

4 - P p5 V2 sin (5o>£ 4-^ 5 ) + ... , 

Pn= ^,,1 V2 sin (&>f + V'i - 1 20°) 
a/ 2 sin (3(0 t + \p z ) 

4- sin (5 ut + \pr a - 240°) 4- ... , 

Pm= t P i sin (iot+ ^ - 240°) 

4- jPp 8 a/ 2 sin (3«j{ 4 - i/ a ) 

4- a/ 2 sin (5<o£ 4-^5-120°) + .... 

Prom this it is seen that every harmonic whose frequency is a 
multiple of the third harmonic is equal in all the phases, i.e. at any 
instant these e.m.f.’s have the same magnitude and the same direction 
with regard to the neutral point, whilst all the other harmonics of the 
three phases are displaced at 120° to one another, and can therefore 
be treated as ordinary symmetrical three-phase currents. It must 
be observed, however, that the order in which the phases follow one 
another is not always the same as that of the fundamental; e.g. for 
the fifth harmonic the order is 1, 3, 2, where 1, 2, 3 is the order 
of the fundamental. 

From the momentary values p lx and of the e.m.f.’s induced 111 
the three phases, the momentary values p a) p b and p c of the line 
pressures of a star system can he found. Thus 

Pt-Jh “Pn 

= s[ZP pl V2 sin ((0^4- ^ + 30°) 

+ sfSP p5 a/2 sin (Sut + ipr,- 30°)+ ... , 

Pa=]hl~Im 

= s/$I> p i a/ 2 sin (oot 4- i/q - 90°) 

4 a/ 3 P jj5 \/d sin (out 4 - 4- 90°) 4- .. . 

and Pb=frn-Pi 

= a/3 P pl a/ 2 sin (nit 4 * - 210°) 

+ \fSP p5 a/2 sin (5u>2 4-^ 5 - 150°) 4* — 


1 i 

I 
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If the time t is reckoned from another instant, e.g. o>t' = o>t + 3Q° 
we get r- ^ 

p c = \f3P pl \/2 sin ((of 4- 

- \/3P p5 s/2 sin (5cot r 4- z^ 5 ) 

-\Z3P p1 \j2sin(7o)t'+ 4- ... , 

p a = </ 3P pl n/ 2 sin (a)f + ^ - 120°) 

- \/3P p5 s/2 sin (5a)t' +■ \p 5 - 240°) 

- s/3P p7 \/2 sin (7a )t' + \f/ 7 - 120°) 4- ... 
and p b = j3P pl ^2 sin (a/ + ^ - 240°) 

- \/ 3 P p5 s/2 sin (5w/ + ^ — 120°) 

-\/3P p7 s/2 sin (7a/ + - 240°) + ... . 

This way of expressing instantaneous values of the line pres- 
sures agrees with that of the phase pressures, except that instead 
of P pl we have sj3P pl ; instead of P^, 0; instead of JP p6 and P p7 , 

— \'3P p5 and \/3P p1i and so on. Hence, if we reckon from the time t' 
where , 5 

<ot =<oi + 30°, 

“L a ^ree-phase system, we get the following expressions for the 
effective line pressures of the several harmonics in the system, 

Pn~>j3P pl ; P !S = 0; P !5 = — \[3P I 
Pn=~^P p1 ; i> 9 = 0; P nl = + ^3P pll .f < I60 > 

A star system with the phase pressures P , P p • , 

equivalent to a mesh system with the phase pressures >’% j> 

system. the ^ SyStem is re « arded as Egging 30° behind’ the “mesh 

The harmonics of the third order have no effect on the pressure 
between the terminals (in a star system), for these hnw* 4 BO U ° 
direction m the several phases and neutralise one another in respect of 
the outside terminals. Hence, the effective terminal pressure will be 

A = s/Pn 4- P ^, 5 + Pf 7 + ... 

~ \/3 (P pl + P p5 4- P“ 7 4- . . . 
whilst the phase pressure is 

~ \/ Pp 1 4- P p % + P^ r> -f- P p7 -J- . . . , 
whence we get the ratio 
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For example, if P pl = 100 , P pS = 3 1*65 and P p &— 10 ; 

th„, (O^ff f( 0 -i y --/S . 0-954 - 1 -655. 

If P pU P p2j P p5 , etc., are the effective values of the several harmonies 
in the phase pressure of an interconnected two- or four : phase system, 
we get the effective values of the line pressures in a similar way 
to the above : 

-P.i = V2P p i; P m =-n/2 P pS ; P m --*/SP,.,1 (152) 

' Ptf — -\-\/2P p7 ; Pis = ^P p Q} Pin — — n/2P p h,J 

whence P l =\j2P p (153) 

Further, the momentary value of one phase pressure is 

p„ = P p iN/^sinH+fi) 

+ 7U,V2 sin (3<oi + 1 ^ 3 ) 

+ P „5 72 sin (5<ri + f 5 ) + • • • , 
whence the momentary value of one line pressure is 
Pi = P n >/ 2 sm(ci)«' + ^ 1 ) 

+ P z3 n /2 sin (3cof + ^ 3 ) 

+ P Z5 n /2 sin (5 g/ + ^ 5 ) + • * • , 
where + 45 . 

From this it is easy to find the momentary values of the remaining 

phase and line pressures. . , 

To find the currents due to the several harmonics m a three-phase 
star system, the pressure triangle can be drawn for each harmonic, and 
the pressure of the load star point found for each triangle. The 
triangles of the third, ninth, and so on, harmonics come together 
at a point which is also the star point of the load, and is displaced 
from the neutral point of the plane of the respective hai monies 
by an amount equal to the phase pressure. Hence, in a symmetrical 
three-phase star system, there is a difference of potential between the 
star point of the generator and that of the load equal to the effective 
E.M.F. of the harmonics of the third order. This potential difference 
can only produce a current when these two neutral points are 
connected, whereby this P.D. can equalise itself along the neutral 
wire. Consequently, in a three-phase system without a neutral wire, 
only currents of the first, fifth, seventh, etc, order can flow, and only 
pressures of these frequencies will exist at the terminals. On the 
other hand, in a symmetrical three-phase system with harmonics of 
the third order, currents of these frequencies will flow when the 
neutral points are connected (Fig. 245). 
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have thus the general rule: A symmetrical w-phasc star system 
without a neutral line acts like a system on no-load with respect to all 
harmonies of the n th order ; for currents of these frequencies cannot 
flow in the outer wires . nor can their corresponding pressures act 
between the same. If n is a prime number, or only divisible by some 



power of 2, it will be found that, all the other harmonies in the n-phase 
star system act like the fundamental, if we disregard the order- in which 
they occur. When n is not a prime number, the phase e.M.f.’s of the 
harmonics, whose order have a common factor with n will partly 
coincide. For example with » = 9, we shall only get three different 
triple harmonics, since the nine-sided polygon reduces to a triangle. 

U the three phases of a symmetrical three-phase system are mesh con- 
nected, the sum of the three momentary E.M.f.’s will not equal zero, but 

lh +Pu +j°iii = 3P s */2 sin (3 u>t + if/ a ) + 3.7’ 9 \/2 sin (9a it + ^ n ) 4 - ... 

Such a system, therefore, with harmonics of the third order, does 
not satisfy the above requirement, that the sum of the e.M.f.’s of the 

phases connected in a closed circuit 

/\ equals zero. These e.m.F.’s of the third 

e ninth, etc., harmonics will always produce 

/ \ a current in the mesh (i.e. even oil no-load) 

^LvwwwvX— __ and r “ ]1 y ij I , the mesh. Under certain 

C>T conditions this current may reach a 

considerable value. The mesh connection 
acts like a short-circuited generator with 
F,Q - m P ecfc to these harmonics, and just as 

zer °> 3. .to too h™ic« t t„tTrUr u ,i'j„nL , u“" “ 

between the outside terminals. If the mesh ^ onened ,/ , P”"*?™ 
and a voltmeter is inserted (Fig. 246), the effective pressure 7 PM 

will be measured which may be denoted as the internal pressure 
In this connection an internal current is produced which V,r, 1 
measured by inserting an ammeter in the mesh 

tion the internal pressure produces no current ’ TV, +£ St f X co,mec ' 
•ho harmonics 5 t h, „• oXZ 
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89. Polycyclic Systems. In an alternating-current installation 
which has to provide simultaneously light and power, the selection of 
a suitable number of phases and frequency often presents considerable 
difficulties. One condition for the proper working of all known means 
of electric lighting is a high frequency. On the other hand, both single- 
and polyphase motors, together with rotary converters, work better, 
and have a greater overload capacity, with low frequencies. 

For a pure power supply, a polyphase system is preferable, whilst for 
lighting — on account of the better pressure regulation and simpler 
installation — single-phase currents are more suitable. . 

Moreover, with regard to the pressures, the conditions for power are 
different from those for lighting. The lighting pressure, on which the 
cost of the network mains depends, must be chosen low to meet 
the requirements of the lamps used at the present day ; the pressures 
for motors, however, can with advantage be chosen much greater 
than those commonly met with for lighting. 

On account of the sensitiveness of electric lamps to variations in the 
network pressure, it is advisable to keep the pressure drop in the 
network and the generator much smaller in installations giving both 
light and power simultaneously, than is necessary with one giving 
power only. Consequently, in the former case the amount of copper 
used is greater, and therefore the cost of the network and the generator 
is increased. 

The object of the polycyclic system, therefore, is to simultaneously 
transmit electrical energy by means of currents at different pressures 
and frequencies through one and the same conductor , and to distribute the 
same without their affecting one another. F or this to be possible, it is 
of course necessary that the currents of different frequencies should 
have no mutual effect on one another. 

Consider a symmetrical three-phase system (Fig. 247); then, assuming 
sinusoidal currents of equal amplitude, no pressure will exist between 
the neutral points 0 and 0 1 . .Hence, considering such a star system 



(main system) as a whole, we can use the same as one conductor for 
conveying other currents between its neutral points, by connecting, for 
example, a source of supply G s in the conductor 00 1 . These currents, 
which flow through the phases of the main system in the same sense 
and phase, and superpose themselves on the currents already existing 
in the main system (main currents), produce no detectable motor or 
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inductive effects in the generators, motors or transformers in the main 
system. This superposed current may be an alternating-current of any 
frequency or a continuous current. The two currents, the three-phase 
current and the superposed, single-phase current produced in generator 
(-Fig* 24/), are entirely independent of one another, and the super- 
posed single-phase current will flow along the conductors of the main 
system in the direction shewn by the arrows (Fig. 247), just as if the 
three-phase currents were not present. 

Instead of a three-phase system, a single-phase system might have 

1 C been used as the main system, 

| as shewn by Fig. 248; for a 
I single-phase system can always 
I be regarded as a two-phase 

> yJr ' > 1 system with its phases displaced 

^ I at 180°. 

| Dr. F. Bedell has shewn how 

— * 1 currents — especially direct cur- 

Fig. ms. rent — can he introduced and 

„ , . , . drawn out at points having the 

same potential m a power-transmission scheme without affecting the 
currents which already exist. ° 

• T j S ’ easy to see superposed alternating-currents— 

introduced at the neutral point-must cause a large inductive drop of 
pressure m the generator and transformer windings, and, for this reason, 
Bedell s arrangement for introducing and withdrawing the superposed 

current has not met with practical success. 11 
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to S e ^rwith Prof. E. Arnold, however, have overcome 
these disadvantages in Bedell’s arrangement and worked out a nolv 
cyclic system. This system is based on the application hifikr fc 

wound choking coils, and on the introduction and withdrawal of tlL 

one armature end t™ pole e, st en,s “.rn.njd Vte 
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positions shewn in Fig. 250 to one another — the three-phase current and 
the superposed single-phase current are simultaneously produced. The 
single-phase current, which is the third harmonic of the three-phase 
current, is superposed on the main current in such a way that the 
maximum momentary pressure between the return Ii and the remaining 
conductors of the transmission line is as small as possible. At the 
receiver station, the three-phase current is transformed into two-phase 
current by means of two single-phase transformers connected as m 
Scott’s arrangement, this being better for a polycyclic supply network 
than a three-phase current on account of symmetry. 



"T2 *3 


Pin. 250. 


The superposed alternating-current produces no flux in the two 
transformers, and can therefore be withdrawn at the point 0^ in the 
primary of the transformer T 1 . In the transformer 2 the superposed 
single-phase current is transformed, and since the secondary winding is 
connected between the two conductors cl and 1) of the two-phase system, 
incandescent lamps can lie connected directly between the two wires. 

Taking an uninterlinked two-phase system as the main system, the 
weight of copper is 66*7 % of that required by a single-phase system, 
when the same total power is transmitted over the same distance with 
the same effective pressure between the conductors and the same 
percentage loss, if we take the power of the single-phase current as 
50 % of that of the three-phase. 

The polycyclic system, therefore, may become important m cases 
where power and light have to be distributed by the same network and 
the lighting load is the less of the two. We then combine in the one 
network all the advantages of independent networks with different 
frequencies, without introducing any complications whatever into the 
scheme. 
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Gausl and&n^iB^f ^ andards ‘. 0n **»« of the work of 
muss ana // et>ei (1833-1852), the Committee of the British Association 

on Electrical Standards was able, in 1869, to draw up fSd 

system of electrical units which could be derived fronAhe Absolute 

in S ] 881 °^ maglletl ° umts - the International Congress held in Paris 

SSHHHSISiSz 

lh& International Ohm equal to the rpcn’qfonAA t 

mercury 106*3 cm lono- flT1# r i me r ^? lstance °* a column of 

14-4521 gm g d 1 Sq - mm secfclon at °° 0. and Weighing 

r 

The remaining units can be then found from these two. The 
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following two w/nVx nf riu'ii v> /urMuir (ho mailed standard <m;1Ks) are also 
lmwe\ er : 

7 Vo l*hh1; <**'!.!, The positive electrode is mercury and the negative 
amalgamated zinc, Tito electrolyte consists of a concentrated solution 
i »f /in*’ sulphate and mercurous sulphate. Tint pressure between the. 
terminals of this noil, on opart circuit, at f ' (A, is 

1*1202 0*001 IH) 0*000007 (/ - \ xf volts 

ln'tw»*i'n 0 ant | 30 (J, 

Th' I!'* >f*m *ft (’tfthithntt <.V7/, This <*<*11 differs from tint above 
i nily in hating cadmium and cadmium sulphate instead of zinc and 
/inr sulphate. With a sat n rat ad solution of ( -dSt ) p the pressure 
between HF and 30' (\ is, at /' (J M 

| •« * 1 >7 - <HHH)03o(/ IS) 0*00000(Wf>(/ IK)« volts. 

Tin* \\‘astoii To, make a rail in vvhiah tha (MSt ) 4 solution is saturated 
at F l \ iSnali a rail has a prassura of 1*0 1 00 volts, almost inde 
f Mii« lent ! v of t ha temperature. 

01, Measuring Instruments. Tim standards described in the last 
section do not, m a rule, admit of direct usa in practice, tlm mot-hods 
of measurement 'bring somewhat roundabout For practical purposes, 
t herefore, special in»f rumcuts ara usad, whiah permit of measurements 
bring made directly by noting tha p< mi t ion takan up by a. pohitor 
capable < »f moving over a scale, Such instruments must of course 1st 
first calibrated or standard ixed by aomparisou with t ha above sta.uda.rds. 

MomTrtlly speaking, these instruments havo u movable sy statu whiah 
carries t hr puintrr, and a fix ad system to whiah tha scale is fast a. nod. 
Tlia rlratria measurement, than, dapands on the mechanical force set up 
bat warn tha two systems, For tha measurement of continuous currants 
and pressures, tha fixed system may consist of a permanent magnet and 
Hie movable system of a anil through whiah the rurroiit flows; but for 
alternating currents and pressures both tin* fixed ami movable, system 
must consist, of coils. In the older tamwi uisfnimmis (e.g. Siemens and 
Iliilskfcs Torsion fkdvniiomcter ami Torsion I dynamometer) the act ion 
of this force Is always measured for one and the, same posit ion of t he 
movable system, the latter being brought inf ig its zero posifiou by 
means of a spiral spring, the force then varying directly as Use angle of 
torsion, In d!ie current balance also (Kelvin balance), the movable 
system in kept in its original position, the magnitude of tlm force, being 
determined by 'Weighing. 

In general, for one and tlm same relative position of the two systems, 
the force varies either directly (when the fixed system consists of a 
magnet) or m Ilia wjiutro of the electric magnitudes being measured. 
Lei a, therefore, denote the angle through which the spiral spring of 
the torsion instrument must be turned, or the static moment of tlm 
counter weight in the current, balance, the electric magnitude f to lx* 
measured is either given by 

* ■ k^t, or v* i* a <s/tt. 
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The advantage of these instruments lies in the fact that their reduction 
factor X'j Or k 2 can be determined once for all by a single measurement 
(calibration), and remains constant. A disadvantage of this arrange- 
ment is the necessary hand-adjustment of the torsion spring or webdit, 
which makes it impossible to take such measurements rapidly, whilst 
for the measurement of quickly varying currents such instruments are 
out of the question. For this reason, the instruments used in practice 
at the present day are so arranged that the movable system with the 
pointer moves away from the zero position, and takes up a position 
corresponding to the magnitude of the electric quantity being measured. 
In such instruments, even when the controlling force (which tends to 
ning the needle back into its zero position) is proportional to the 
deviation of the needle from the zero position (as can easily be 
obtained by using springs), the readings nevertheless no longer follow 
the simple or the quadratic law, because the force between the two 
systems changes with their relative position. Such instruments, tliere- 
rore, must be calibrated at as many points on the scale as possible 
whilst intermediate points can be obtained by interpolation (graduation) 
Tor measuring alternating-currents, only instruments can be used 

Hip h; .°7 th V aW 0f squar f * for ft is onl y in such instruments that 
° f . 1 , no y e “ ent d ° es not alter with the change in current 
- , j , 10V1 ded, then, that the mass of the moving parts is 

thf irnSmff al -n the fi : e< I ue ncy sufficiently great, the deflection of 

siondint tS^ 1 f remam Poetically steady in a position corre- 
sponding to the mean turning moment acting on the movable system. 

92. Electrostatic Instruments (The Electrometer). As first pointed 
out by Lord Kelvin, electrostatic instruments can be made for absolute 
measui ements, but in practice only those ora rlnn fori ^ 

pktes and carries a pointer. The fixed part of the instrument is mark 

neST 61 TU°wTeSej %£? £ ttP % ^ 

shape and frequency I? the nsLment b f r ’ the Wave ' 

one terminal Is connected to on ° f ^ 
the needle and the other set of plates so tbit Hip f terminal to 

“if “ *PP»™,,l y doulle 0,1 th ° 

pressures, because they only need an extSl/ “«wunng high 

s “ h » of the orier 0 00& “ “rSS 1 “ 

r® 251 .W » , or 60 to m 
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and Braun. In order to obtain sufficient force in the case of this low 
pressure, several needles and pairs of quadrants are used (multi -cellulai 
instrument). For the purpose of damping, the movable axis carries a 
metal disc at the bottom, which turns between the poles of a horse-shoe 

For pressures of more than about 10,000 volts, the plates with the 
opposite charge to the needle are completely embedded in rubber, to 
prevent sparking from one to the other. In instruments for pressures 
under 10,000 volts, a separate spark-gap is provided, of which the 



Fio. 251.— Multi-cellular Voltmeter (Hartmann and Braun). 


contacts are at a smaller distance from each other than the smallest 
space between needle and plate, so that all sparks are kept away from 
the needle In order that the quantity of electricity passing shall not 
be too great, double-pole high resistances are connected in series in the 

form of tubes filled with liquid. „ ^ , 

Static voltmeters can also be used for different ranges of measure- 
ment by connecting in series two or more condensers, and placing the 
voltmeter in parallel with one of these. If the condensers are similar, 
the reading on the scale must he multiplied by the number of con- 
densers The tuning of the condensers, however, is so elaborate, that 
the scales are usually calibrated separately. The dielectric of these 
condensers is mieanite. This arrangement can he used with good 
results up to 40,000 volts. Dividing resistances are also employed m 


a similar maimer. 


i 
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J? ^oratory purposes the instruments are provided with hori - 

rii" *- h “ d ' ■ ■ 

Recently electrostatic wattmeters have also been introduced v> 
as fo^lowsT 6 ^ 111 the IaI,0rat0ry - The ehief advantages of th,- -' 

« ^ 0urate readings can be obtained even with low power-fact < *» 

poiew ? S, " ted to . b S h pressures, because they .1 • * 
posse^ any high non-inductive resistances. 

•IT, lher ®. ls not so m uch danger of overloading the instrumc* J ' 

with an ordinary wattmeter. b ™‘ 

4- The construction is cheap and simple. 

vSZESESS of *• **""* “ «■* tte “ »■- 

Denoting the potential of the needle by P 0 , 

first quadrant by P J9 
second quadrant by P 2 , 


and 


,, , ” . secona q 

tne deflection a of the needle is given by 


where k is a constant. 


*“=(A-A)(r 0 -^, 


Putting 


A-iW, 


p^-P^p + ap, 


in _ accordance with Pig. 252, for an alternating-eurrent we must 
statute the momentary values Pj2 sin W and A/V2 sin (W 4- </,) 

P and A P, where is the pi 
displacement between current 

r\r'acfiii XT-. i . 


Load 

-0 ft— 


* f i 


aP=IR%R 






Generator 
Pig. 252. 


pressure. Hence we obtain for f i* *: 
mean of the deflection a, by j fit « 
grating over half a period, 

ka = (2PAP cos cj> + A?-’). 

Since AT 2 i s negligibly sm *il 
compared with the first term, m . • i 
AP is proportional to the cun-. 
flowing through the non-induct i - . 
resistance R, a is clearly proportii .1 

PI cos $ C0S ^’ tliat is ’ t0 tlle P‘ ,v ‘‘ ' 


93. Electromagnetic Instruments. These irifnm.nta , 
the action between a coil carrying an electric current and a nrimicf * ' 
In instruments for measuring pressure ( voltmeter +>,„ -i b - c '' 
nected i„ series with . " 

flows through the coil Since it is not good 
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(5) In some electromagnetic instruments (known as soft-iron instru- 
ments) a small moving soft-iron magnet is employed, magnetised by 
the current in a fixed coil. In such instruments the quadratic law 
only holds approximately, because the magnetism in the iron is not 
exactly proportional to the current in the coil, and also because of the 
screening effect of the eddy currents set up in the iron, which vary 
with the frequency. These instruments, therefore, read less with 
alternating-currents than with direct, and cannot be calibrated directly 
by means of continuous current. Such an instrument must be gradu- 
ated by comparing it with another alternating-current instrument, 
which can be calibrated or graduated with direct current, the com- 
parison being made when connected to the actual system. 

In spite of these inconveniences, such instruments are nevertheless 
often used in practice on account of their cheapness and simplicity. 
Moreover, they can he made very sensitive, that is, to consume very 
little power. • 

94. Electrodynamic Instruments. The principle on which these 
instruments are based is the action between two coils carrying electric 

currents. In electrodynamic in- 
struments for measuring pressure 

ahy connected in series.^ Fig. 254 

■Ml coil consists of a rectangular copper 

IMS suspended by means of a thread 

and a spiral spring from the torsion 
I BB WI head at the top of the instrument. 

One pointer is carried by the head 

Fig. 254.— Torsion Dynamometer (Siemens Section of the turns Oil each 

and Haiske). being different, thus increasing the 

• xi, n . range of the instrument. When 

m use, the movable coil is held in its zero position by rotating the 

HnbTbbif' SmCe f n A 1S constant position, the torque is propor- 
tional to the square of the current, the angle through which the head 
is rotated is a measure of the square of the current. Hence the 
instrument is suitable for both continuous and alternating-currents, 
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and in the latter case measures effective values independent^* 
shape or frequency. # , * . - 

For measuring pressures, the two coils are made of several ttirus^Ot f 
fine wire. A variable non-inductive resistance is placed in series with®, 
the instrument, which can therefore be used over a wide range. If 
the self-induction of such an instrument is negligible compared with the 
ohmic resistance, the current will equal the pressure divided by the 




Fio. 255. — Direct-reading 1 Electrodynamic Voltmeter (Weston). 

resistance. Hence the instrument can be used directly to measure 
pressures. If there is a self-induction L present, the resistances for 
alternating and continuous currents will have the ratio 

Jr 2 + o) 2 L 2 

— — ~ > 

r 

where r is the total ohmic resistance in the circuit (coils + resistances). 
Hence, if the instrument has been calibrated for direct current, the 
readings must be multiplied by the above correcting factor when alter- 
nating-current is measured. The readings in this case depend on the 
wave-shape and frequency, since w occurs in the correcting factor . 

(a) The newer electrodynamic instruments for measuring pressure 
and current are made direct reading by reading off the position of the 
pointer fixed to the moving coil. Since the action between the two 
coils under these conditions obeys no simple law, the scale must be 
graduated by comparison with a direct-current instrument, rig. 2bo 
depicts such a direct-reading instrument by Weston for measuring 
VT6SSUT6 

The rotation of the moving coil due to the action of the current is 
always such that the total self-induction L of the two coils (m series) 



I 
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is increased. Hence, in this case, the correcting factor j s 

& , r 

not quite constant. For practical measurements, however, this source 
of error in the pressure dynamometer is quite negligible. 



Fig. 250.— Electrodynamic Ammeter (Siemens and Halske). 


In Fig 2o6 an electrodynamic instrument by Siemens and Halske 
or measuring currents is shewn. The movable coil is mounted on 



spiral springs, which ala 
serve to convey the curren 
to and from the coil, as ii 
the pressure dynamomete; 
and the electromagnets 
Weston instrument. Since 
only a very small currenl 
can be conducted througli 
the springs, the fixed and 
movable coils in these in* 
struments are connected in 


Fig. 257. Connection s of nn Electro-dynamic Ammeter ^ 3 "&* S * ie ' 

(Siemens and Halske). the diagram of COnncCtioi 

S'S denotes the fixed and t the movable mu' P°u ,“1 in f ru ” le, > 
«rc„,ta g the i—™* The two plug, p/.id " 


257 shew 


the diagram of connection 
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the range of the instrument, thus with P 2 plugged, the range of the 
instrument may be double that when 1\ is plugged. The current must 
be distributed in constant ratio between the two parallel branches, 
independently of the heating. This is achieved by making the resis- 
tances B l9 li 2 and r of material whose temperature coefficient is very 
small. In order that the instrument can be graduated with direct 
current, the distribution of the current between the two coils must be 
the same with alternating-current as with continuous. Consequently 
the time constants, or the ratio 

ohmic resistance 
apparent self-induction 

in the two branches should be the same. The apparent self-induction 
of a coil equals the pure self-induction of the same plus its mutual 
induction relative to the second coil ; hence, for the fixed coil, 

l s =i+m, 

and for the movable coil 

1=1 + M. 

In order that the time constants may be equal, we must have therefore 

B__L S _L + M 

r~ l s "T+W 

where 11 and r are the ohmic resistances in the two branches. 

In this ease, however, M is variable, since the relative position of 
the coils varies. In the neighbourhood of the zero position on the 
scale, M is negative ; when the coils are perpendicular to one another, 
M equals zero ; and for larger deflections M is positive. Hence this 
condition can only be approximately fulfilled by making M small — 
this, however, cannot be carried too far for mechanical reasons, for the 
change of M corresponds to the energy expended in the movement of 
the pointer. Another means is to make L s and l t small in comparison 
with 11 and r, in which case these magnitudes, and consequently any 
change in the same, have hut little influence on the current distribution. 

Ji* + <o 2 £ — “ r ' 

This is the means usually employed, and although such ammeters 
have comparatively large losses, they are, nevertheless, very valuable 
for accurate laboratory work owing to their exact and convenient 
readings. 

(b) A special class of eleetrodynamic instruments is known by 
the name of Induction instruments. Currents are produced in the 
movable system by the electromagnetic induction of the fixed system. 
Tig. 258 shews the arrangement of a Siemens and Halske induction 
instrument. It is based on the principle, due to Ferraris, of producing 
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a rotary field by splitting up a single-phase current into two perpen- 
dicular components. The laminated iron ring a carries the poles ec 

and ff. Between the latter, there is 
the laminated iron cylinder r. In the 
gap there is a movable aluminium 
drum b, to which the pointer of the 
instalment is connected, and this 
drum tries to follow the rotary field. 
If the instrument is to be used for 
measuring pressures, sufficient non- 
inductive resistance is connected in 
series with the winding on the pole 
ee, to bring the current approximately 
into phase with the pressure being 
measured. The winding of the pole 
ff forms the branch SS of the bridge 
fig. 25s. -induction instrument. arrangement shewn in Fig. 259. The 

pressure to be measured acts between 
A and C, whilst between C and B a choking coil of impedance Z tl 
is connected. By suitably adjusting the two equal resistances rr 
and the resistance r b of the bridge, it can be arranged that the 
two equal currents in the paths SS are displaced 90° in phase from 




Fig. 259.— Connections of Induction Instrument. 


the pressure acting across AC. In Pig. 260 the vector diagran 
ol thejeheme is shewn. The total current / produces the pressur. 
drop BC m the choking coil, pressure _AB is made up of AD am 
is on the one side and of AE and EE on the other. Since tin 

d f g °? 1 Paths ° f the brid S e are <*l«al and similar lj 
directed, their vectors form a parallelogram. This is also the case wit! 
the currents in the four paths. Purther, we have /. perpendicular tc 
0. Since branches rr and r„ are non-inductive, we have also /, || Ah 
Soilf +A ■ <k 1S i the ^^-displacement of the current in the 

and mdv tnf f Ument ' Th -n 01ll F holds for frequency, 

lV d “3 for thls frequency will the instrument read correctly. Fo 
the same reason, the readings also depend on the wave-shape, and 
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the instrument must be calibrated with an alternating-current having 


the same wave-shape as 
that which has to be 
measured. 

Induction instru- 
ments made by several 
firms are based on the 
production of a rotary 
field having a very local 
an d v ery unsy mmetrical 
distribution. Fig. 261 
shews the arrangement 
of such an instrument. 
An aluminium disc S , 
carrying the pointer 
of the instrument, is 
capable of moving be- 
tween the poles of the 
horse-shoe magnet M. 
The current to be mea- 
sured is sent through 
the winding W. The 
pole surfaces of the 
magnet are slotted, to 
take the coils w. In 
the latter, currents are ' 



Fig. 260. — Vector Diagram. 


induced which react on the resultant field between the pole surfaces, 



Fig. 261.— Arrangement of Induction Instrument. 
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so that at the right pole tip (hence inside the coils w) the field is 
lagging with respect to the field in the left pole tip. We th us get a 
local rotary field moving over from left to right, so that the disc 8 
tends to turn in the same sense. 

To the category of electrodynamic instruments also belong the 
wattmeters in general use for measuring power. These, however, will 
be dealt with in a separate section. 


95. Hot-wire Instruments. The heating of a wire by a current is 
proportional to the square of the effective value of the latter, and is 
independent of the frequency or wave shape. Hot-wire instruments — 
in which the heating of a wire is measured by its extension — were 
first introduced by Cardew. 

Eig. 262 represents such an instrument, as made by Hartmann and 
Braun. The extension of the comparatively short wire h causes the 

pointer to move over the scale, 
as the figure shews. The axis 
of the pointer is provided with 
an aluminium disc, which moves 
between the poles of a strong per- 
manent magnet, thus preventing 
the instrument from oscillat- 
ing. The system is mounted 
on a plate, made up of brass and 
iron in such a way that it has 
the same coefficient of expansion 
as the wire. In this way it 
becomes entirely independent of 
the temperature variations of 

Fig. 262.— Hot-wire Instrument (Hartmann and the Surroundings. All adjusting 

Braun )- screw is connected to one end 

i . . ,, . , of the wire, for the purpose of 

brmgmg the pointer to zero when no current is passing. 

hese instruments are made both as volt- and ammeters. As volt- 
meter, a current of about 0*22 amp. flows through the hot-wire to give 
the maximum deflection, which corresponds to a pressure drop of 



For higher pressures a resistance made of Constantin wire is con- 
nected m series, which up to a range of 400 volts, is made part of the 
l istiument, and for still higher voltages is contained in a separate box. 

3 . volts is much to ° hi gh for ammeters, and con- 
sequently thicker hot-wires are used and several connected in parallel 
m such instruments so that the drop is reduced to about 0*26 volt 

7 h * ZZT b6C ^ e t0 ° thick > however > for currents above 

r7_L 1 ’ so that m this case a shunt of Constantin strip is placed 

made 8 Z™'' I° T curre f s U P to 100 amps. these shunts are 

Sparate * ^ Ument ’ bllt above this mn $ e the 7 are kept 
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In spite of the disadvantage of a high current; consumption, the 
hot-wire instrument possesses many advantages. Firstly, the heat 
produced is independent of the wave shape or frequency, and secondly, 
external magnetic variations have no effect, because there is no magnetic 
field or solenoid present. They can therefore be used for either 
continuous or alternating-currents, and can lie calibrated by means ox 
continuous current. , 

Voltmeters for over 10 volts can be protected by fuses renewable 
from the outside, but for lower pressures such protection is impracticable 
on account of the high resistance. Ammeters can be protected from 
injury in a simple way by an automatic short-circuiting switch. b 

The hot-wire wattmeter has not yet been made practicable. It is 
based on the formula ^ + ^ _ yyi _ 4^ 

where i is proportional to the current to be measured and % ho the 
pressure. By arranging two hot wires in such a way that the added 
current ( i + i ') flows through one and the subtracted current (i-i ) 
through the other, with the pointer to indicate the difference of the 
heating of the two wires, an instrument for measuring the power* of a 
circuit is obtained. 


96. Wattmeters. All wattmeters— ie, instruments for measuring 
power — used in practice are based 011 the electrodynamic principle. 



Of the two coils of the wattmeter, the fixed one is connected in series 
with the circuit, and is thus traversed by the main current; whilst the 
movable coil is connected in parallel with the circuit whose power has 
to be measured. The connections are shewn in Fig. 263. 

Suppose, for the time being, that the terminal pressure jt follows a 
sine wave, thus i ti ^ max 


= P mttx Sill 0)t 


and the main current 


. sin (o)t - c/i), 
P 


4 ' a+ {° 


A.C. 


U 
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Similarly, the current in the shunt coil is 
i> = l sin (<o/ -<£'), 

where /' 

,nax 

an( i = 

r 

The torque acting on the movable coil is proportional to the hr' 1 

ot % and *, assuming that the coil is always held in the same p,, ' 

by a torsion springy The reading a, which is proportional p * 1 1 

oision of the spring, is therefore proportional to the mean torque, 
then, ii is a constant, 


1 C r 

= ii'dt 


-II' cos (<f> - <£') 

=I 7^rm^ 0S 


Jr 

= lyp cos (<fc - eft) cos c/>. 

The power to be measured is, however, 

1 C T 

pi dt = PI COS cf>. 

Substituting PI from the first equation, we get 


•FWqar' 


COS (</> - <£') cos (/>' 


7 , 1 + tan 2 <F 

1 + tan c/> tan </>' 

By suitably choosing and arranging r' we can make tan </>' = — % * • « i 
small, so that r' 

JV= hy a = constant x reading. 

When we hare a terminal pressure whose wave is not sinusoidal, I * * j 
P = P\ lJlax sin (<t>t + V'l) + -Pa max Sill ( 3 a)t + ^ 3 ) + ... , 

Frankfort Exhibition, ML* * ^ ^ ^ 


JF= har’ /V, cos * ' i>y cos </>, r - 

1 + tan <£ tan <£' j + P cos <fc, co s a <& 1 + tan tan ^ 

cos </j, cosy, I 4- tan ft, tan <^>j 

The phase displacements p and <j>’ apply to the current circuit 
pressure circuit respectively. 1 


1 -f_ -F3F3 COS cj>. t P g/ fi COS <5^ 

lycostft, jycosA, + • ■ • 
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The first correcting factor is 

1 ~f~ ta,n 2 <f> 1 i 

I 4- tan <j> tan <p' 1 - tan <p tan <p' * 


rfor tan cp > 0, 
: l \ „ tan cp = 0, 


X nr KJCvLL vy KjcAjiL mv ± uc<jix uuua 'f' a , t ^ r\ 

^ „ tan<jf><0. 

The second correcting factor is always greater than unity, but even 
for very distorted wave shapes is only about T o-<joo greater, and can 
therefore be always put equal to 1. Hence, for any wave, 

rr= v' 1 — — I -. — T , (i 5 4) 

1 1 - tan <p tan </> 

The measured power IF is not exactly equal to the power gi ven to 

P‘2 

the circuit, but somewhat greater, since the heating loss ~ in the 


pressure coil of the wattmeter is measured with it. Hence the true 

F 2 

power is IF — :r , where r' is the resistance of the pressure coil. 

At any stated voltage, it is a very simple matter to determine the 

p 2 

error ~ experimentally, by noting the wattmeter reading when the 
load circuit is opened so that the true power is zero. 


I 


I 

r LC 


Fig. 264 . — Wattmeter Connections for High Pressures and Small Currents. 

The wattmeter can also be connected as shewn in Fig. 264. Here 
likewise the power measured is too great by the amount /V', lost in 
the current coil of resistance r". 

If in the above circuits we have power produced and not power 

pi 

consumed, the above losses I 2 r" and , must be added to the measured 
5 r 

power W in order to find the power produced in the circuit. 

To obtain minimum error, the former scheme of connections should 
be used for small currents and large pressures, and the latter for low 
pressures and large currents. When powers at high pressures are 
measured, a resistance must be placed in series with the shunt circuit, 
to keep the potential difference between the two coils of the wattmeter 
as small as possible, as in Figs. 263 and 264. 

In addition to the earlier wattmeters with torsion springs, several 
firms, e.g. Weston and Siemens & Ilolske , make more convenient instru- 
ments in which the movable coil (together with the pointer) changes 
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its position relative to the fixed coil. From this it follows that these 
direct-reading instruments have not a uniform scale, and must con- 
sequently be calibrated by experiment. 

The Weston instruments for smaller powers have a compensating 
cod wound over the current coil and carrying the current flowing 
through the pressure coil, so that the currents oppose one another in 
the two fixed coils. The number of turns of the compensating coil is 
cnosen so that the power is measured directly. 

For direct connection in high pressure circuits, wattmeters of the 
type due to Lord Kelvin are specially suitable. 


97. Direct Measurement of the Effective Values of the Several 
Harmonics. The wattmeter, however, can also be used for other 
purposes than the measurement of power. For example, with two 



wattmeters the^ effective values of the pressures and currents of the 
several harmonics in any wave can be measured directly. For this 
purpose we must have auxiliary sinusoidal pressures at our disposal 
at frequencies of the first, third, fifth and seventh harmonics. 

lhe current under investigation is sent through the current coil of 

lwV°l tte ’T a 1 ttmete f> 7 hllst the current coil of the other wattmeter 
(which must be made for small currents and high pressures) is con- 
nected m shunt. The pressure coils of both wattmeters are connected 
to the circuit in which the sine-wave pressure is produced. 

In big. 265 F/, and represent the current coils and K N the 
pressure coils. The voltmeter V measures the sinusoidal pressure A 

+W? flf+n ClrCmt W i°i e fre< l u eney can be adjusted to that of the 
nrst, third, xifth or seventh harmonic. 

From Section 64 we know that only currents of the same frequency 
can act on one another electrodynamically, and that this action is a 
maximum when the two currents are in phase. If we then wish to 
measure the magnitude of the fundamental, we induce the auxiliary 
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current at this frequency and vary its phase until it is in phase with 
the main current ; the reading on the wattmeter is then a maximum. 
Let Jf\ watts denote this maximum reading ami /*, the value of 
tlic auxiliary pressure read on voltmeter / ; the e fleet! \e value oi the 
f undamental of the current is then 


To determine the effective pressure of the fundamental current* 
the phase of the auxiliary current is varied until the pointer of the. 
second wattmeter shews a maximum. Denoting this maximum reading 
in watts by f \ and the pressure of the auxiliary circuit again by P hl , 
the effective value l\ of the fundamental of pressure will he 


where /; is a constant depending on the resistance //. 

We can also measure the phase displacement </q between the hmda 
mental pressure I\ and the fundamental current /,. This is best 
done by adjusting the phase of the auxiliary current until the needle 
of the first wattmeter shews no deflection. Starting from this position, 
the angle through which the phase of the auxiliary current must be 
altered to bring the deflection of the pointer of the second instrument 
to zero then gives directly the phase angle </>, between 1\ and I v 

If wo arrange the auxiliary pressure to have the, frequency of the 
third harmonic, we get in a similar manner the effective pressure and 
current of the third harmonic, viz. 

* , v, . , m 

r :i k and I n , 

' h:i J 

where IV ^ is the maximum power on the first wattmeter and V* A on t he 
second, whilst J\ 9 is the effective pressures of the auxiliary current at 
this periodicity. </> 3 is found in the same way as </q. 

By this means, the effective values of tin; currents and pressures, and 
also their phase displacements, for the several harmonies can be found 
directly, and an insight is obtained into the action of tins same. 

In most machines, the magnitude of the several harmonics is of 
more interest than their phase displacement, and in Hindi cases 
the above method Is sufficient for their investigation. In other eases, 
njf. arc lamps, insulation testing, transformers on no load, where the 
shape of the pressure curve and not the magnitude of the several 
harmonics, is the important part, the above determination of the 
harmonics one by one is not sufficient. For this purpose, the oscillo- 
graph can be resorted to— for this instrument shews the complete 
curve at a glance. 

98. Measurement of Power by Means of Three Voltmeters or Three 
Ammeters. In addition to the measurement of power by wattmeters, 
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frv\ o other methods may be mentioned, viz. the three-voltmeter method 
Fleming hmnhmi6 and Sum P ier and the three-ammeter method of 

The former can be carried out as follows / 

(see Fig. 266). r is a non-inductive 

lesistance in series with the circuit whose 

power IF is to .be measured. Since the 

pressure F 1 is in phase with the current *~^ c Pa p 

f Pi and P n can be geometrically / 



Fig. 260.— Connections for tlie Three- Voltmeter 
Method. 


267.— Pressure OingTiim of 
Three-Voltmeter Method. 


added, independently of their wave shape. Fig. 267 is the vector 
lagram of this arrangement, where P 0 is the resultant of and P n 
The power due to P n is : 

PF= P U I cos c/) IX 

P 

~ P u ~~ COS <f>n 

= 2r Pit) 


This method is of no practical use because, unless the no wo r c 

sets 

b«i,,g placed in paraiM with the £ "m TlJ 

is the.™ F,g 269, end the proof it as ° 

From the diagram (Fig. 269) we have firstly 

IP— Pin cos 4>u = I’l \I n COS <f> n 


consumed 
mccu rate. 

of little 
3 the full 
resistance 
diagram 


=i oi-n -i* u ). 
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Secondly, denoting the momentary values of the pressure and 
currents by p, i 0 , h and %, we get, independently of the wave shape, 

• P 

h — H + % •> h ~~ r * 



Fig 2(58 —Connections for the Three-Ammeter Fig. 209. —Current Diagram of Throe- 

Method. Ammeter Method. 


hence the mean power is 

IV = J |* w clt = g (/o - 1 * 1 - 

This is the same as the previous result, from which we see that the 
diagram in Fig. 269 is correct. 

From this it follows in general that the graphical addition of the 
current vectors of parallel circuits is allowable if all these circuits 
except one have zero reactance. 

A method for experimentally examining the admissibility of 
geometrically adding effective E.M.F.’s of any wave shape has been 
given by Bedell in the Elec. World , Vol. 28, No. 3. 

Let jPj and P n be two pressures of any wave shape, and let 1\ ho 
their measured sum, whilst P d is their measured difference (see Fig. 270)- 

Then we must have 
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whence, by addition, 

P] + Pl = 2PI + 2PI 

° r = i (P's + 7* - 2-Pi),. 

sideTare the °“ ltreof of the triangle whose 

1 * _ J Pallid ^P u or, m other words, A CD must he a straight 
line if it is allowable to add P t and P u geometrically. & 



By means of this proof, we can shew it is allowable to add P and 
Pu geometrically, if we measure P I; P Uj P d and P 1 * 

Instead of the three-voltmeter method for 
measuring power, the following method can 
also he used. To measure, for example, the 
power rrr ^ . 

W=P n I cos <f> n . 

Since the pressure P^Ir (Fig. 271) is in 
phase with the current I, we have 

By subtracting the above expressions for P“ 
and P 2 d , we have 5 

j° •» 1 f 7 ’ 

p: - p: = j J o { (pj + Pu) 2 - (ih - pu)*} dt 

n f Plpii dt, 

J 0 



thus IF: 


“ r I\ 
P 2 -P 2 

_ x s ii 


4 r (157) 

This method has recently been recommended 
large; tat even in anch ii“itT vS^^“T or " *“P 

" Cim ‘ itS *» >”*« *m displacements, it is SXfe to 
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have special wattmeters with scales only -A to A of those for the 
ordinary wattmeter For example, if a wattmeter is made for 60 
amperes and 100 volts, the torsion spring governing the movable coil 
can be set {i.e. weakened) so that the instrument has its maximum 
deflection at 2000 watts instead of at 6000. One may also use the 
ordinary wattmeter and overload the pressure coil, but this must 
naturally only be done for short periods. 

99. Measurement of the Power in a Polyphase Circuit. In a 

symmetrical n-phase system which is symmetrically loaded, we found 

in Chap. XIII. that the power in each phase is bh of the total power. 

From this it is obvious that the power in such a system can be 
measured by a wattmeter inserted in any one of the' phases. The 
same also holds for a balanced two- phase three-wire system, since in this 




Fig. 272. —Measurement of Power in a Balanced Three- Fig 073 
phase System by means of a Wattmeter. 

case also the two phases produce equal power. This measurement can, 
however, only he made directly when the system is independent, or in 
the case of a star system, when the neutral point is available, so that the 
pressure coil of the wattmeter can be connected up. To carry out the 
measurement for a ring system, the latter must be opened at some 
111 one phase and the current coil of the wattmeter inserted 
whilst the pressure coil is connected across this phase. ' ’ 

In eases where only the n terminals of the w-phase system are 
available, we must proceed otherwise. A method suitable for this case 
was given by Behn-Esehenburg in the E.T.Z., 1896, p. 182. The 
current coil is connected in series with one of the mains, and the 
pressure coil between this main and an artificial neutral point 0 
made by means of resistances, as shewn in Fig. 272 for a three-phase 
system. ^ 

If the resistances r' between the two points A and B and the point 
°\ are chosen ec l ual > the neutral point 0 1 in the equilateral pressure 
triangle (Fig. 273) will fall on the normal from C on AB; consequently 
the pressure Ofi is displaced by the phase angle </. from the current 
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in the current coil of the wattmeter. If the pressure between two 
wires is interlinked, the power in the system is 

7F= 3/Tcos d>. 

In the pressure coil, however, we have not the pressure 3/^hut £ ; 

consequently the reading must be multiplied by the ratio k r = j . In 

the pressure triangle (Fig. 273), the point 0 1 is determined by the 
method for finding the pressure of a load star point, p. 254, and, hence, 

r r' r' r' 

2 ,+ 2 

Now £ + •>/ = d P, since a side of the triangle equals P*J 3. 

■ w " i S{J 

Heuce r = W+r' 

’ 3 P 2r + r' . , r' 7 , 
or y =— = 2 + 

and the power in the system equals 

W =h r x measured power. 

If we make r = r\ we get 

3 p 

h = 2 £ = 3 


- = 2 + ~ 


and W= 3 x the measured watts. 

If a polyphase system is not quite symmetrical, or is unsyrametrically 
loaded, the power in the several phases may differ considerably. For 

this reason, such a system 
t cannot be regarded as bal- 

/ -VfV anced, and the total power 

^ can only be ascertained in 

the same way as for any 

/ 1 v$V other unbalanced system, as 

& i the two following methods 

shew. 

m X- (a) For the ordinary 

„ , , n . method of measuring the 

I* Ki. 2 1 4. — Measurement of rower m a Three-wire Three- . 1 ° 

phase System by means of Two Wattmeters. power many M-phaSO system 

with n wires we need only 
n - 1 wattmeters ; for any one of the n conductors can be regarded as 
the return for the «-l currents, since the sum of all the currents in 
the system equals 0. The current coils of the n- 1 wattmeters are 
all connected in the same way in the n - 1 lines, and the pressure coils 
between their respective lines and the line where there is no wattmeter. 
Fig. 274 depicts the connections for a three-phase system. 

h rom the several wattmeters, different powers will bo obtained ; 
should any of these he negative, the wattmeter must he reversed and 


f 


r 
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Its power prefixed by the negative sign; the algebraic sum 
powers thus measured gives the total power in the system. 

if the power of a symmetrical three-phase system is measure 
two wattmeters, the phase displacement of the currents in the 
can be found from the wattmeter readings. 

Let the three phase-pressures be : 

_Pi = Pn/ 2 sin tot, 

Pit = /V 2 sin (mt - 120°), 

Pm = /V2sin (wt - 240°), 
and the currents, » r = A/2 sin (wt - <£), 

% =/V 2 sin (<at - cj> - 120°). 

Therl w i = (Pi~Pm)h 

alld w n = (Pn-Pm)in, 

whence IV, = J:) PI 00 s (</> - 30°), 

a == \/ 3 Pi cos (</> + 30°). 

For <£=60°, r n |0, 

jv _ // r 

+ 

ti,r,n*pSiL“ sr;s3. ,or boa 

(?) Tlle s ? c ; ond method for measuring the power in any w- 
system consists m using n wattmeters, each line containing one 


of the 

d with 
system 


1 

, v.v.y-- w 

^ V 

^ A/WWWV ^H. (S/ 
n \ 

IK, 1 

”2 % 

¥ v i 




M “ mont ot Power ln ,i, v«ssr- phaHe Systom »* — * 

neutral hne lls Tf" be “ nn “* ed ! ,cUveel1 their respective lines and the 
neutral hue. If no neutral line is present, all the ends may be ioined 

° ? neu ^' al point. In the former case, when a neutral wire is present 
each wattmeter measures the power in its respective phase, ^n the 
Litter case, the sum of the readings equals the total power but the 
several readings do not, m general, represent the power in the several 

wireTFia C 2 °75) d 2d t te E * ha8e s ^ ste . m without a neutral 

^ b ' and let JhC ’ ( Fl g- 2/6 )> represent its pressure triangle, 
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with 0 X as the middle point of pressure in the load. The pressures of 
the three loads are P u P n and P in ; further, if 0 2 is the middle point 
of pressure for the pressure coils and their resistances and 0 X 0 2 is equal 
to P x , then the momentary values of the three measured powers are : 

u>i = (Pi-P*)ii> 

u tii = (Fin — Px) hn j 

hence u\ + w n 4- w m +p n %i +Pm hu» 

which proves the correctness of the measurement. 

100. Measurement of the Wattless Component of an Alternating 
Current. When we wish to determine the wattless component in any 

IV 

circuit, the pressure, current and power factor, cos c/> — will serve for 

finding sin <£, from which the wattless current can he calculated. At 
low power-factors, however, the results thus obtained are not accurate. 



Fig. 277. Fia 278. 

As seen from Fig. 277, in which sin </> and cos </> are plotted as functions 
of l-cos<£, a small error in the reading of the instrument, that is, 
in cos cj . >, causes a large error in sin </>. If, for instance, the power 
factor cos </> = 0*99, and unity was read off the instruments (which only 
amounts to an error of 1 %), the wattless current of 14% would have 
escaped notice. Especially in cases where condensers and synchronous 
motors are used to raise the power factor to unity, it is advisable to have 
instruments which enable the wattless current to be accurately measured. 

m var * ous me thods -which have been published, only a few 
which have found their way into practice will be described here. 

. W principle of an instrument by Hartmann and Braun is given 
m big. _w8. The coil AB is traversed by the current i — 1 sin (<d - <1>) 

a ^ = - <£)• A current i' = I' sin <ot in phase 

with the pressure is sent through the coil I ) , whilst a current 
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at right angles to the pressure, is sent through the coil G, which stands 
at 90° to 1). 

When J) is displaced through the angle a from the field, the torques 
exerted on the coils are : 

tp j' 

sin a cos </>, 

cp j f 

S 2 — -A — sin </> cos a. 


The movable system will come to rest at such an angle that ^ = S Q , 
i.6. tan a = tan </>. We measure therefore tan </.>, which function, in the 
neighbourhood of unity, is as sensitive to changes of </> as sin (p itself. 

This instrument is of great use as syncJiTOMser, for it serves to denote 
phase equality and synchronism when paralleling. When a currentis 
sent through AJB, proportional to and in phase with the pressure of a 
generator (or bus bars), and a current in phase with the pressure of the 
other generator to be paralleled through 7J, and a current at 90° to this 
pressure through £7, then the position of the movable coils will give the 
phase difference between the pressures of the two generators. 

In large generators, in paralleling which it is highly important to know 
the exact instant of phase^ equality, this instrument is of great service, 
.e methods of synchronising by means of lamps or phase voltmeters, 
since they are not very sensitive, may give rise to heavy rushes of 
current on switching on. This instrument was first largely used in the 
power station at Niagara Falls. ‘ ' 

It may be further mentioned that neither the angle between G and 
D noi the phase displacement between the currents in these coils needs 
to be exactly 90°. So long as there is a space and tinle angle, the 
instrument will respond to phase displacement. 

(b) The principle of displacing the current in the pressure coil 90° 
fiom the pxessure in an ordinary wattmeter can also be used to measure 
the so-called imaginary power, or with, a constant pressure, the wattless 
current. Then the instrument will give the value PI sin <■/> instead of 
Ri cos cj). By connecting a large capacity in series with the pressure 
coil, a phase displacement of about 90° can easily be obtained. 

. (?) "Wo have still to deal with the application of wattmeters as phase 
indicators in polyphase systems. 

If all the phases of a three-phase system are balanced and the 
pressure is a sine wave, we can obtain the phase displacement by two 
readings on one wattmeter from Formula 158, p. 315, 


tan <]> = \/3 


W x -W n 


Provided we do not alter the sensitiveness of the instrument we 
need not know the constants but merely note the readings. 

The G.E.C. of America have made instruments with* two pressure 
coils (I ig. 279) ; the pointer then takes up a position corresponding to 
the phase displacement. The scale is calibrated on test and reads cos </>. 
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Such instruments should only be installed, however, where 
knowledge of the wattless current is essential. 


fremtre Coil 1 


/f/w/' Coil 


Current I Coil 


Fig. 279. — Connections of Power-factor Meter (G.E.O.). 

The phase meter of the A.E.G. (due to Dolivo von Dobrowolsky) 
is based on the principle of the induction instrument (sec Fig. 258). 
Here, however, the one-coil system must be traversed by a current in 
phase with the pressure. The displacement of 90° mentioned on p. 317 
is not necessary. The instrument reads PI sin </>, or at constant 
pressure, the wattless current I sin <fi. 

All instruments, however; which are based on induction effects have 
the disadvantage that they are largely influenced by frequency and 
wave shape. 

101. Determination of Wave Shape of a Pressure or Current by 
means of Contact Apparatus and Galvanometer. To determine the 

instantaneous values of a rapidly 
B varying pressure or current, care 

l|l[l[l[ , |l|l|l| must be taken that only one and 

the same momentary value acts on 

fVv\ the instrument— this is attainable 

S' VJ "N with Joubert’s disc and contact 

/ c d \ apparatus. For every revolution of 

3 1 ° the rotating contact apparatus, the 

© C same momentary current is tapped 

off once. The arrangement of the 
contact apparatus and th e measure - 
I ment of the current thus tapped off 

f= may be accomplished in various 

p/vy ill ways, only two of which, however, 

Tt—J will be given here. The one is a 

zero method, and is specially suitable 

L j ^WWVVVWVVVWV^^ for accurate work, whilst the other, 

r i k 2 r 2 due to Blondel , is more convenient 
_ _J and needs less time. 

Fio. 280. — Determination of Pressure and . The .®^ Or Compensation W.litJwd IS 
Current Curves by the Zero Method. 


given in Fig. 280. 


& is the generator from which a 
current is sent through the resistances ?\ and r 2 . Parallel to the rests- 
tance q, the contact apparatus K-A and a galvanometer are connected, 
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together with the part c-cl of the wire a-b which is connected to a 
battery B. If the contacts c-cl are shifted along the wire until the 
galvanometer shews no deflection, the pressure over the part c-cl equals 
the required momentary value. That is, the momentary value being 

measured = ^ x p, where p is the pressure across the wdiole wire a-b. 

The galvanometer must be a rather heavily damped Deprcz-cjahmiomdcr 
a Period of oscillation and high sensitiveness. 

Blondel s method as used by Siemens and Halske in conjunction 
with a synchronous motor is very convenient for practical work, since 
the apparatus can be used anywhere. Fig. 281 shews the scheme. 

The pressure, whose curve is to be found, is applied to the terminals 
yu an d -^ 2 * % means of the contact apparatus K-A, which is dri ven 

by a synchronous motor running from the mains being tested, the 
condenser 0 is charged each time contact is made and discharged in 
the next instant through the galvanometer G, whose throw is thus 



Fio. 281. — Determination of Pressure and 
Current Curves by Blondel’s Method. 


Fro. 2S2. — Determination of Pressure 
and Current Curves by means of a 
Milli-voltmetor. 


proportional to the respective momentary pressure. A well-damped 
milli-voltmeter can also be used -to measure this momentary pressure, 
but it is found that the deflection is not proportional to the momentary 
value, so that the scale of the milli-voltmeter must be calibrated by 
means of a direct pressure applied at the terminals K, and K.-,. 

This brings us to the third method, shewn in Fig. 282, in which the 
capacity is omitted and a sufficiently large deflection of the milli- 
voltmeter is obtained by introducing a small resistance. Of course in 
this case, the instrument will be largely overloaded during the period 
oi contact, which, however, is too short to cause damage. 

Care must be taken that the instrument is disconnected before the 
synchronous motor is switched oft* because otherwise the motor might 
come to rest in such a position that contact was made continuously 
which would result in burning out the instrument. To obtain steady 
deflections, a range of about one- third the scale should not be exceeded. 
Greater deflections are unsafe owing to the large currents broken at 
the contact-maker. The good adjustment of the contact spring is of 
especial value, since the presence of small sparks makes accurate results 
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impossible. For this reason, only a part of the pressure should be 
used in taking the pressure curve. 

The method of obtaining the current curve is similar to the above, 
the current being passed through a suitable non-inductive resistance 
and the pressure curve taken at its terminals. It is desirable to 
calibrate this also with direct current. Deviations from the propor- 
tionality up to 20 °/ Q may occur through variations in the contact 
resistance at the contacts, and it is therefore advisable to clean the 
contact disc with switch oil. 

In the above methods it is chiefly the sparking at the contacts which 
vitiates the accuracy of the curves. This difficulty is completely 
overcome by Owens' differential galvanometer* (Fig. 283). 




Fig. 2S3. — Differential Galvanometer for Determination of Alternating-current 
Curves (It. B. Owenx). 

The alternating current to be measured is sent through the two outer 
fixed coils and a direct current through the two inner ones or vice 
versA A synchronous motor, driven by the current under considera- 
tion, carries a contact-maker, which periodically closes a direct-current 
circuit containing the movable coils. The four fixed coils act on the 
movable turns only when the circuit is closed. Hence, if the direct- 
current flowing in the inner fixed coils is varied, the momentary value 
of the alternating current, which only flows in the moving coils at the 
moment the circuit is closed, can he compensated, so that the coils do 
not deflect. A calibration is here necessary, in order to know what 
relation the direct- current bears to the momentary values of the 
alternating current. 

For exact measurements the arrangement of the contact apparatus 
shewn in Figs. 284ft and b and devised by G. Schade is very useful. 
In this arrangement, there are no rubbing surfaces, hut contact is made 
by pressure. The time of contact is very small, so that rapid changes 
In the curve can be accurately measured. 

The instrument consists of the contact-disc S coupled to the shaft of 

* Amer. Inst, of Elect, Eng. 1902, p. 753. 
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the machine, a segment T and the sliding piece of ebonite G which can 



cam M 1 , The wires a and b are 
connected once in every revolu- 
tion, when comes underneath 
fi- is thus lifted until /q 
makes contact with / 3 . In the 
next instant the circuit between 
a and b is broken, due to f x and 
t / 3 being raised together, thereby 
shifting h 2 from its position. To 
prevent n ± from making further 
contact, a second cam n 2 behind 
is provided. This keeps / 3 
raised until f L returns to its 
original position. 

102. The Oscillograph. The 
point-by-point methods just de- 
scribed for delineating alternating- 
current curves have many great 
disadvantages. In the first place 
they require much time, and 
secondly they are often inexact. 
Point-by-point methods are, of 
course, out of the question alto- 
gether when the successive waves 
are not identical. In this case, 
instruments known as oscillographs 

A.C. 
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can be used for taking such curves, especially as they have been much 
improved of late years. In Yol. XXVIII. (1899) of the Journal of the 
Inst, of Elec. Engineers , Duddell and Marchant described an oscillograph 
constructed according to a suggestion by Blondel. The following is a 
summary of this description. 

In Fig. 285 the instrument is shewn diagrammatically. In the 
narrow gap between the poles NS of a powerful electromagnet are 

A 



stretched the two parallel sides ll of a metal strip which passes over a 
small disc S. *At the bottom the strip is fixed at bb, and above it 
presses against the bridge C . The current flows up one side of the 
strip and down the other. Owing to the electromagnetic action 
brought into play, the one conductor will be displaced forwards and 
the other backwards, whereby the small mirror d , fixed to the two 
conductors, will be deflected through an angle, which, for small 
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deflections, will be proportional to the current flowing through the 
strip. An oscillograph should fulfil the following conditions : 

1. The time of natural oscillation of the conductors ll must be very 
small compared with the period of the alternating-current being 
measured. 

2. The instrument must be damped so as just to prevent the 
movement becoming oscillatory. 

3. The apparatus must have a negligible self-induction. 

4. The sensitiveness must be sufficiently large. 

The requisite clamping is obtained by surrounding the conductors 
and mirror with oil, the case for the oil being formed by the pole-faces 
for the sides, a brass plate for the back and a lens for the front. 

In order to observe the movements of the mirror, a ray of light is 
reflected from it by means of another rotating mirror ; or by suitable 
arrangements, the moving ray of light can be photographed. * 

Actually the instrument is provided with two strips, each strip 
occupying a separate space in the magnetic circuit, so that the 
pressure and current curves can be taken simultaneously. In addition 
to this, between the two movable mirrors there is a small fixed mirror. 
The ray of light reflected from this fixed mirror then gives the zero line. 



Fig. 286a shows a front view of the instrument. The front part, 
together with the lens, is removed and placed on the left , at a] 
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The glass tube b fixed to this part is for inserting the damping oil. 
The optical system of the apparatus is shewn in Fig. 286/;. 0 is the 
oscillograph with the two vibratory mirrors s 1 and s 2 , whilst s n is the 
fixed mirror and l is the lens. The beam of light is supplied by 
the direct-current arc lamp lantern L. 

The light passes through a system of lenses and a vertical slit d 
(about 1*5 mm wide). The slit d is about 270 cm away from the 
lens l. 

The photographic plate is dropped through an arrangement at S. 
During its motion (vertical) the plate passes a horizontal slit some 
6 mm wide, through which the light from the mirrors falls on to the 
plate.. The vertical distance of the case, which holds the plate, above 
the slit must be chosen so that the mean velocity of the plate in moving 
over the slit is 640 cm per sec. For bringing the plate to rest after 



Fro. 2S6&.— Arrangement of Oscillograph 0. 


passing the slit there is a braking arrangement which acts by pressing 
a spring against the back of the plate. The plates are brought to 
and taken from the apparatus by means of light-tight bags and 

In front of the slit there is a cylindrical lens C whose axis is hori- 
zontal. This serves to concentrate the light coming from the vertical 
slit d and to produce a sharp point of light at 8. 11 is the rotating 

mirror driven by the small direct-current motor M. A strip of film 
can be used instead of the plate to obtain a continuous photograph of 
the curve. x ° 1 


In order to observe the curve continuously, a white plate is fixed at 
S exactly behind the falling plate. The rays reflected from the small 
mirrors s v s 2 and s 3 then fall on the white screen, and the wave-shape 
can be observed m the rotating mirror at the same time as the 
exposure is taken. 


The Cambridge Scientific Instrument Co. constructs such an osc 
graph m which the time of natural vibration of the strip is less 
Tuiui) second. 1 
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The maximum permissible current for these oscillographs is OT amp. 
Usually, however, the desired amplitude of the wave can he obtained 
with a considerably smaller current. 



Fia. 2S7. 


A further great advantage of the oscillogiaph is that the shape of 
the curve can be inspected before it is photographed. 

Eig. 287 shews an oscillograph on the same principle, made by 
Siemens & Halske. 

103. Braun's Tube. The cathode rays, emitted in an exhausted 
tube from the surface of the cathode where the current lines from the 
anode strike, are diverted by a magnetic field into a plane perpendicular 
to the direction of the lines of force. In a rotary field of constant 
strength, therefore, the cathode rays will describe a conical surface. 
Since a cathode ray causes chalk, Balmain’s luminous paint and 
many other bodies which it meets to glow brilliantly, the magnetic 
field can be represented by means of a luminous curve, which can be 
photographed. If the vector representing the rotary field fluctuates 
periodically, the luminous curve will be the polar diagram of this 
vector. This method is very sensitive, and can be so arranged that 
even fields of ^ C.G.S. unit can be detected. 

If the field is merely alternating, the ray will only be diverted in 
one ^ plane, and will swing with the frequency of the current. The 
luminous line thus formed will represent a curve on a uniformly 
revolving mirror. The curve can, however, be also seen directly on 
the screen, when the cathode ray is given a uniform velocity perpen- 
dicular to the plane in which it swings, by means of a variable auxiliary 
current. This auxiliary current can be obtained, for example, by 
means of a contact C (Fig. 288) moved uniformly along the wire AB. 
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The current traversing the coil S will then be nearly proportional to 
the time. This is most easily obtained by placing the wire AB on the 
p periphery of a disc revolving synchro n- 

1 1 j | ously with the alternating-current, whilst 

0 remains stationary. In this way 

^ C n corresponding points of the current 

~U curve always fall on the same part of 

, 1 the luminous screen, so that the curve 

on ^tter appears stationary and 
fig. 2 ss. can be photographed. 

104. Measurement of the Frequency of an Alternating Current. 

(a) To measure the frequency of an alternating-current the effects of 
resonance may be used, because these phenomena always depend on the 
frequency, no matter whether we are dealing with the resonance 
between a current and a 
tuning-fork or with electric 

resonance. ||| 

Fig. 289 shews a steel A 

fork vibrating under the in- ^ 

fluence of an alternating- \V\ [ j h A 

current magnet. In such an \\\ \ i | j j J 

apparatus resonance occurs 0 \\\ \ j ! I j 

between the alternating mag- ^ j \\ M T // / 

netic field and the fork, when ~~~ \\ j' ■i/f 

the natural time of vibra- " ^ ^ v i ! h// 

tion of the latter is an exact 

multiple of the frequency of v \ 

the current. If either is '/ 

altered, the vibrations dis- ^ ^ 7 

appear, together with the 0 — — " M 

note given out by the fork. ^ Sr 

In the E.T.Z. , 1899, p. 873, p ) 

an instrument of this nature - 

for finding the freauenev is Fia - SSO.-piagraiximatic Representation of Flat Spring 
described” by E M, lKn et 1 

The chief part of the instrument consists of a soft-iron tuning-fork 
carrying weights which can be moved along its limbs to vary the time 
of vibration. Between the ends of the fork there is a soft-iron core 
wound with a coil through which the alternating-current is sent. Each 
n ^°v a, hle weights carries a pointer which moves along a fixed 
Se’ tl? 111 WhlCh the f^eney of the current is read off directly. To 

«V bSLlToode™ s “ diSpl “‘ ,d “ ntil the ™*» f>™ 

me I f-bnd 1 fn' £ ‘r ir '’ + i 1 ^ 01, P ' - 9 ’ Kem Pf- H ^ann described a different 
method for directly measuring the frequency. The instrument has 

steel tongues (similar to that in Fig. 289) having different natural 
penods of vibration, all of them beingWin a rf.g X mS 


Fio. 289.— Diagranimatic Representation of Flat Spriiur 
vibrated by an Alternating-current Magnet. 
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ends pointing upwards. By turning a screw the tongues can be passed 
across the poles of an electromagnet. As soon as the tongue corre- 
sponding to the frequency of the current enters the held, it commences 
to give out its note. The frequency is then read off directly on the 
scale. The loudness is immaterial ; the vibrations of the tongue can 
even be observed through a glass plate — and the adjustment is made so 
as to obtain the maximum amplitude of vibration. 

With these acoustic instruments it is possible to determine the 
frequency to within about one-fifth of a whole period. 

Figs. 290 a and b shew Frahm’s frequency measurer.* A series of 
springs /, made from spring steel as used for clocks, are adjusted for 
different periods of vibration and fastened to a common bar s. This 
bar is connected to the plate p by means of two steel springs bb (called 
bridges), so that it can move somewhat about its longitudinal axis. 



Fia. 290a. Fia. 290?>. 


Fmhm's Frequency Measurer. 

On this bar also a flat piece of iron a is fixed, which forms the 
armature for the magnet m. The magnetism of this latter is alternately 
strengthened and weakened by the current whose frequency is being 
measured — the current being sent through the coils cc. The bar, 
together with the springs attached to it, are thus set vibrating synchron- 
ously with the alternating-current, and the particular spring whose 
natural period of vibration harmonises with this motion is set swinging 
to a sufficient extent to enable the motion at the head k to be distinctly 
observed. 

(b) A black disc, having a white line drawn on it radially, is used 
for the stroboscopic method of measuring the frequency. The disc is 
mounted on the shaft of a motor and is lit up by an arc lamp working 
on the alternating-current being investigated. 

The light of the arc lamp varies periodically with the frequency of 
the current, and when the speed of the stroboscopic disc is equal to this 
frequency, the white line will always be illuminated in the same place 
and appear to be at rest. If the speed of the disc is less than the 

* See E.T.Z., 1905, p. 264. 
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frequency , the line will appear to rotate in the opposite direction to 
the disc, and if greater, in the same direction. 

This method of measuring the frequency is similar to that for 
e ermimng the shp of an induction motor, which is treated fully in 
li echselstromtechnik , Bd. V., Part L, Sect. 74. 

105. Instrument Transformers. In the measurement of very heavy 
cuiren s or high pressures, it is often not possible to connect the 
instruments directly m the respective circuits, for instruments suitable 
tor these extreme values of current and pressure would become both 
expensive and impracticable, whilst such instruments in connection 
with high pressures could not be used without danger. In such cases, 
therefore, instrument transformers are used. 

s ^ ews the connections of a pressure transformer for 
r . e pressure across the bars S. T A is a current transformer 

foi measuring the current flowing in the line A. 


i 


Ad 


Fig. 291.— -Connections of Pressure and 
Current Transformers. 



Fig. 292.-— Connections of Wattmeter with 
I nstrument Transform ors. 


mSS~3*3S®'-«== 

PlZ%Pi-U.Pi; 1^/' = 1/.; 

W 2 W l u. 2 

S; 4 *" 1 “ f"™" »** to read tho primary 

s* ««-«». »■ 

to the line L will be ° ^ ° ^ ' osses > t ^ e power supplied 

W^W', 

Ui 9 

where JT is the reading of the wattmeter. 

voltmeter current* be^ve^sm^Jl ^The as on no-load, for the 

the other hand, is practically on^short circuit- f fcra nsformcr, on 

of the ammeter is very small. ^ S1 ° r Clrcuit5 for the terminal pressure 

Wh,„ the raog. „( a voltmeter is merged by plaoing remote,™ i„ 
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series, that of an ammeter Tby placing resistance in parallel, the losses 
increase as the range is enlarged. On the other hand, instrument 
transformers allow of extreme values of current and pressure being 
measured without causing larger losses than exist in the instruments 
on their normal range, when the losses in the transformers themselves 
are neglected. 

(a) Pressure Transformer. To investigate instrument transformers, 
we start from the secondary values of current, pressure and impedance, 
reduced to the primary, and write 


. % 7 . P r — P • 



From eq. 88, p. 157, we have for the pressure transformer, 


P T 

• i — r p • 2 -v — o _i_ h ~ u 
J> “ Vi + Y2 jT rii a — Vi -r Y2?n i?/«j 

where y v is the admittance of the voltmeter reduced to primary. 
Further, as shewn before, 

(?i= 1 


C\= 1 -\rz 2 y a , 



z K1 in the equivalent circuit (Fig. 293) is the short-circuit impedance 
measured between the terminals 1-1 when the terminals 2—2 are short- 
circuited. Let z K2 denote the short-circuit impe- 
dance 1 
short-ci: 


1 


1 

Fig. 293. — Equivalent Circuit of Pressure Transformer. Fkj. 204. — Pressure 

Diagram. 

Then Cf l;l = C',% 2 , 

P 

TT = ft(l +«JC«?/.) = (1 +^¥a)(l t -S* 2 y„) 

• 2 * ’ * 

= 1 (159) 

where c is the percentage pressure rise in phase with P„, and e t the 
percentage pressure rise leading P 2 hy 90° (Fig. 294). 
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Since y v must be kept very small, it is sufficiently accurate to put 
P l . 

p- i+^y«+w. 

* 2 

= 1 + Zi y a + (?i + % )y„, 

and £ -n(5'a+y«,)+a:i(^ + ^) + r 2 ^ + * 2 &„),| /1RQM 

- ti {K + b,) -r. 2 b, + *i {g a + g v ) + x 2 g„. J d 

Since the imaginary part of this expression is very small compared 
with the real, the ratio between the effective values of the pressures 
can be written 

jp 

1 +r 1 (g a + ff„)+x 1 (b a + b v ) + r. i g v + xA, ( 160 ) 

or, if the current taken by the voltmeter is very small, i.e. y v is very 
small, then p * J 

yr~l +r l g a + x 1 b a (16Qcs) 

The pressure transformer should be constructed, therefore, so that 
1 is as near unity as possible, that is, z^y a is as small as possible, 
for in this case the pressures are as nearly as possible in proportion to 
the numbers of turns. Further, this is also advantageous when the 
transformer is graduated, for then the changes of g a and x,b a are least 
affected by variations in the saturation and frequency. On the 
contrary, the secondary resistance r 2 and reactance have no effect 
when the voltmeter current is small. 

. d '^ ie conductance g a is due to the hysteresis and eddy losses in the 
iron. Whilst the latter part is independent of the pressure, the part 
due to hysteresis varies inversely as the 0‘4th power of the pressure. 
Owing to this decrease in the hysteresis conductance with increasing 
pressure, the deviation in the secondary pressure is greater at low 
pressures than at high. To make this error as small as possible the 
primary resistance must be as small as possible. 

The suseeptance b a varies inversely as the permeability with var vino- 
pressure. It is therefore large at low pressures, attains a minimum 
at an induction £=7000 to 9000 , and then rises again. With low 
pressures when the induction is below 7000 to 9000,1 changes in the 
same way as g a , and with increasing pressure causes an increase in the 
secondary pressure compared with the primary. At higher pressures 
the increase of acts against the decrease of g a , and the ratio of the 
pressures will be more constant. 

With changing frequency e, the hysteresis conductance varies in- 
ersely as c . Hence, qualitatively, the same changes occur as with 
varying pressures. 

transformer^ From 89 > ™ have for the current 


J 2 ^ 2 + ft/Toi-ft + Cu^oi?^- 
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Here z A denotes the impedance of the ammeter, reduced to the 
primary. Also 

%i — yr ^iid y 0 o ~ ~j, 

where y QQ is the no-load admittance between the secondary terminals ; 


hence j 

j = ft(i + Vo a) = Q* + y a » A = l + (& + ?,«)?/« 

— 1 + t 4-J . ^ (161) 

H er e t = (r 2 + ^ + (oi 2 + x A ) b a ( 1 6 2 ) 

is the percentage increase of current' m phase with J 2 , and 

k = (r* + r A )h-(x* + * A )ff a (162/;) 

is the percentage current increase lagging 90° behind / 2 (see Fig. 295). 

Since the imaginary part is here very small compared with the real, 
we can write j 

y-l + (r 2 4- r A )g a + (x 2 + x A ) h a (163) 

1 2 

From this it is at once seen that the primary \ 
impedance of the current transformer has no effect on /* 

the measurements. On the other hand, care must be \ +} Lt 
taken to keep the secondary resistance and reactance » i 


as small as possible — just the reverse of a pressure \ r 

transformer. It is therefore immaterial where the \ 

primary coil is arranged; often the bus bar is merely \ 

led through an iron ring, thus making one turn in \ 

the primary winding. To make the effect of changes \ 

in g a and b a as small as possible, the impedance of the y I 

ammeter % A , reduced to primary, must be kept as low 0\ 

as possible. Thus the apparent volt-ampere con- fiu. 205 . 
sumption of the ammeter should be kept very small, 
so that the current transformer is practically on short-circuit. 

To make g a and b a as small as possible, the induction must not be 
made too low. Since the induced e.m.f. is very small, only a small 
iron section is required. 

Since the e.m.f. increases as the current rises in the same way as 
when the pressure increases in a pressure transformer, the secondary 
current increases in proportion to the primary current, owing to the 
decrease of g a and b a . Fig. 296& shews the increase of this ratio very 
clearly for a current transformer made by Siemens & Halske. The 
abscissa axis represents the current in per cent, of the range of the 
instrument, whilst the ordinates shew the percentage deviations of 
the current ratio from its mean value. The curves A, B and G are for 
different impedances z A . As eq. 161 shews, the secondary current 
decreases for larger z A . At the same time the effect of changes in g a 
and b a is increased, so that the lower curves B and 0 rise more rapid iy 
than the upper curve A. % 
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• lV S ™ ell ^ one ^ 111 connection with pressure transformers, a decrease 
m e frequency c must act in the same direction as an increase in z A . 

+ 1 \ T 1 T 1 — 


A 



_ , 







I A 

\B 

B 

C 


— 


□ 



b 



\c 


ffl so, ioo% 

— ran/je ofmeajsrjrpm/tn f. 


Fig. 206a and b. 

This is clearly seen in the curves D and E (Fig. 2964), which are taken 
for frequencies of 50 and 25. 

(c) Wattmeter Transformers. For the measurement of power, current 
and pressure transformers are used. As before, let y. denote the 
S ® C ° n f ary admittance of the pressure transformer and z A 'the secondary 

V denotfrbf he ? rt T r tr r Sf0rmer - Furthe L we will let the suffix 
tW nf constants of the pressure transformer, and the suffix A 

Se Thi he CUrr ! n ^ £ ran ? former - Th e primary and secondary powers 
are then represented by the vectors, ^ * 

¥i=PJ'i-, ¥ = PJh, 

where I[ and denote the conjugate vectors of / and We have 
unen W P T 

W3 ~ fl = + + Qiynzf)^ 

= QiQLO- +^ ? yr)r(i +?/o2^X,- 

™ u ' a - inirodud ^ 
W -N 

a «> 

i?r?n“eii?5r tt f‘ h ““ “il »"<1 a volt, 

we can J the same time meLro the SlW“ ? j a' 
power and also the aecond.r, current and th.Tlf^ peanuTr” 7 
We then get JV 2 = J-F 2 +jjr. 2i , 

where . 

Similarly, if we write W j = +jW, 

we have ¥=([+<+ C)W 2 + + t4 )/r 2j , j 

¥<=(l + *+L)¥i-(t i + L i )¥. / as. 


(165) 
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If the secondary phase displacement is small ( i.e . W 2i small), the 
primary power W l to be measured is found by increasing the reading 
W 2 by the percentage pressure drop and percentage decrease in current. 
The measurement of the primary imaginary power W Xi or primary 
phase displacement is then inaccurate, because the term - (e L + W 2 
may be large. 

With, very large phase displacements, the imaginary primary power 
W u is obtained by increasing the imaginary power W Qi , measured in 
the secondary, by the percentage pressure drop and current decrease. 
The measurement of the real primary power W 1 is then inaccurate, 
since the term (e* h- JV 2i can be comparatively large. 


106. Electricity Meters. The energy consumed in a circuit is 
A = Jpi dt = J PI cos dt. 

If the pressure remains constant, 

A = jP J I cos (f> dt. 

If I and cf> are constant, 

A =/cos c p jpdt. 


Finally, if the momentary power is constant, then 
A =PI cos <j>jdt. 

Corresponding to the above equations we can distinguish between 
watt-hour meters, ampere-hour meters, volt-hour meters and electricity 
meters. Since it is difficult to construct instruments to respond only 
to the watt component of the current, ampere-hour meters are not 
largely used with alternating-currents. We shall therefore deal 
chiefly with watt-hour maters. These work partly on the dynamometer 
principle and partly on the laws of induction. We can distinguish 
between motor meters where the current to be measured itself causes a 
movement, the speed of which is directly proportional to the current, 
and pendulum meters where the alternating action of two coils carrying 
current is made to influence an already existing motion. The latter 
possess the disadvantages of being complicated, on account of the many 
axes and moving parts, and that of being continually in motion and 
therefore always subjected to wear. Moreover, the permanent control 
possible with the motor meter is an advantage which must not be 
under-estimated. Thus, whilst the motor meter is more reliable 
in working than the pendulum meter, yet the induction meter, in 
which there are no current leads and rubbing contacts, has a still 
more certain action. As an example of the pendulum meter we shall 
consider the Aron watt-hour meter . 

This instrument is provided with two pendulums, each possessing a 
pressure coil. Under each pendulum a coil carrying the line current 
is placed, and connections are made so that the one pendulum is 
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accelerated, the other retarded. If the pendulums swing synchron- 
ous v w en no cm rent is flowing, and operate a counting device which 
only records the difference of their swings, then the readings will lie 
approximately proportional to the current flowing 
The time of oscillation t of a pendulum of length l is 




thrmfc/tf the i aCCeleration . due t0 cavity. When current flows 
tn rough the coils, we can write 

ti=7r 'j^hr and 

If the pointer on the indicator moves one division when one 
pendulum has completed N swings more than the other, then one 

division will correspond to seconds, and the consumption per 

division, or the so-called constant of the instrument, is 

F- Ma at PI 

h ~ K V 3M0Vl000 kilowatt -hours 

or _ NPIt 

1000 x 3600 g ^ 

where the higher powers of h are neglected. 

r t e S f r aIte ™^-currents is seen 

oTtVeVetlft^ 

the = = 

whose magnetism can vary with a°-e P n ° P ermanent magnets 

JSl f °~ d P la “ d on the 

an armature to which a current pronortiomHoTw 6 fiXed Cl ”' rent coiIs > 
and a damping device, usually 1 

copper which revolves hetwppn * a dlsc °* a luminmm or 

thfinstanneat is to 1 * **?“““* ma g net « 

must be present. Since a lZl!l alternating-currents, no iron 
armature, the induced fit ^ 1S P laeed ln series with the 

pressure, and the eurrent in Vl! COm P ared the network 
to the pressure. The torque will thwef P ractlcall 7 proportional 
the p.fer.0 w‘hS“ "L “l “ d 

the speh, proportional to 

to the square of the speed.- m the dlso ls proportional 
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Since now — neglecting losses — tlae power taken must equal that 
supplied, then PI w n = On 2 or the power taken from the line is pro- 
portional to the speed of the motor. Hence a counting device coupled 
to the axis of the motor can be made to read the power directly. 

The principle of the motor meter is only free from objection when 
the pressure coil is entirely non-inductive. A phase displacement \p 
between pressure and current in the pressure coil changes the formula 
W = PI cos into 

W = PI cos <t> cos cos ^ - ~ 
cos </> 


\p = tan 


_i u>L 


L = coefficient of self-induction I . -i 

. V of the pressure coil, 

r = resistance J 

Since, however, the arrangements necessary to eliminate this error 
make the instrument too costly, they are only provided in standard 
meters. In general, when the phase angle is not too large and the 
resistance in series with the pressure coil is sufficiently high, the 
accuracy is not materially affected, and a correction becomes unnecessary 
for practical purposes. 

The error due to friction loss can be eliminated by placing sufficient 
turns on the current coil and sending through them the current in the 
pressure coil until their mutual action can just compensate for this loss. 
The friction losses, however, do not remain constant — after a time they 
may decrease with wear, and then the meter may come to possess the 
worst possible fault in the eyes of the consumer, viz. the instrument 
rotates when no current is being supplied. 

Consequently, artificial friction resistance is often added, the magni- 
tude of which is large compared with the original, and remains constant. 
Moreover, these artificial resistances have the advantage of being 
adjustable. They can be provided in 
various ways, but a complete descrip- r \ 

tion would take us too far here. One ram Premire Coil 

practical device consists in allowing a vJ n 

pin on the revolving axis to strike ^^11111111 
against one or more springs at every S 

revolution. f \ C N 

Induction meters , from their principle, / 
are only applicable for alternating- 1 Bj PpM 

currents. Like the induction instru- V J k J 

ments for measuring current and \, / CurrenlCoil 

pressure described above, these also 

depend on the alternating action of fig. 207 . 

two magnetic fields — displaced from 

one another in phase — on a closed revolving conductor (Fig. 297). If 
the line current I flows through one coil and a current i proportional 
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to the pressure through the other, then the torque exerted on the 
revolving conductor will be proportional to Ii sin cf>, where d> is the 
pnase displacement between the two currents. 

Since now the power of an alternating-current is proportional to the 
cosine ot the angle of phase displacement between the pressure and 

current, it follows that we must displace 
the current in the pressure coil by 90° in 
order to use this instrument directly for 
measuring energy. There are several 
methods whereby an instrument capable 
of reading sine functions can be trans- 
formed into one for reading cosine 
functions. . The simplest arrangement 
_• .. . , , . would consist in making the pressure 

nJXo^-w 8 ™ ductlve as possible, so that the ohmic resistance becomes 

not « ffio 1 -An+f 0mpanS0 I 1 Wlth the reactance (Fig- 298). Since this is 
whin! y ^curate m practice, other arrangements are used, 

which, however, we cannot enter into here. 

107. Calibration of Alternating-Current Instruments. In the de- 

ETlTb^ted bv nStrUment / h + aS b6en P ° inted ° Ut whieil of them can 

be calibrated by means of continuous current. With these, either a 
methods° ma< ? 6 f ith standard instruments, or potentiometer 
tbfnrft. if w USe ! f ° r dete nnining pressures, currents being 

Sstrumentf ed V he be ™ inal , W<*sme and standard resistances 

instruments which cannot be calibrated with continuous currents 

“” 5 " ed that can b. Z? o n 

eithei alternating or continuous-current circuits. In calibrating 

“ary o 6 £ZT TT Uy transformed do ™, 80 ^at it is not 
TMs nrh,eS P f S fi ^ ge ,“ of P ower in resistances. 

meters To fbfab US f M - caPbrat “g <*e current coils of watt- 
met e rs. To obtain any desired phase displacement between current 
and pressure phase changers are used. 

For these, a three-phase induction motor, whose rotor can be fixed in 
any position, can be used. By means of this arrangement we can test 
if a wattmeter reads correctly on all power factors. 

. F° r calibrating electricity meters, a comparison with calibrated 

pressure may be passed through the instrument for a definite time 
d the reading compared with the calculated amount of energy 
Since, however, the wheels in the instrument always have some nlav 
the accuracy of the measurement may be largely affected ft To 
preferable to observe only the movement of a part of the meter which 
is directly actuated by the current (period of oscillation of pendulum 

m0t ?T eter ’ 0tC ->’ and from teis determine 
, . oobstants of the instrument by means of the ratio of conversion * 
which is either known or can be easily found, 5 
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MAGNETIC PROPERTIES OF IRON. 

108. Magnetisation by Continuous Current. 109. Magnetisation by Alternating 
Current. 110. Magnetising Current with Sinusoidal Pressure. 111 . Eddv- 
Current Losses m Iron. 112. Effect of Eddy-Currents on the Flux Density 
and Distribution m Iron 113. Effect of Frequency and other Influences 
on the Iron Losses. 114. Flux Distribution in Armature Cores. 115. 
iron Losses due to Rotary Magnetisation. 116. Testing and Pre- 
determination of Losses in Iron Stampings. 117. Calculation of the 
Magnetising Ampere-turns with Continuous and Alternating Current. 
118. The Magnetic Field m a Polyphase Motor. 

108. Magnetisation by Continuous Current. If an iron ring made 
of laminations or wire (Fig. 299), which has been completely de- 
magnetised, is magnetised quite gradu- 
ally by a continuous current by 

uniformly increasing the magnetising j ; 

ampere-turns from zero, the magnetic |y|| N- u 

induction in the ring will increase 

with the magnetising force. Ewing 1 1 

and Lwd Rayleigh found that with a 

very feeble magnetising force E the rCS<\ V •" 

induction continues to rise for some 

time —even for some minutes — after ■' 

H has reached its maximum value. ~ \ 

A large number of experiments has T — 

demonstrated that this so-called “ mag VvA ! 

netic creeping 55 is smaller, the thinner 

the laminations or wire, the harder the 

iron or the greater E is. Recently 

Klemencic has proved that this pheno- 

menon, which he calls “ magnetic fig, 299 .— Toroid, 

after-effect,” is also present with very 

fine wire (0‘3 mm). It appears, however, that this magnetic after- 
effect only commences after a certain time (some hundredths of a 
second), so that with rapid changes of E it has not to be con- 
sidered. 
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Ewing explains this phenomenon as being due to the retentive 
powers of the magnetic molecules, when they are arranged so as to 
form groups. The splitting up of these groups takes time; it begins 
with the molecules on the surface of the wire, which are less closely 
held together and therefore more movable, and moves gradually 
inwards. With fine wires there are relatively more movable surface 
molecules ; consequently, in this case the combinations of molecules are 
disturbed much more quickly. 

By plotting the magnetic induction B as a function of the magnetic 
force H , we get the static magnetisation curve of the material — which is 
found most accurately by means of a ballistic galvanometer. 

Since ^Hdl = 0-4iriw, 

the ampere-turns per cm-length will be 

aw = ™ = 0SII. 



Fig. 300. Magnetisation Curve for Iron Stampings. 


of aStead /f rP °Rn iS . more convenient to jilot B as a functio) 
Shew. 1 

=- = 

. . ^ H 1-25 aw 

as a function of B . 

rj* the magnetisation of the iron is taken through a cvcle hv imi 
andYH'^' 711 /?^ 116 ma ? netisi ^ for *ce between the two values -// 
functiof'Sr/ori. agalQ determined ballisticallyand plotted asc 
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Instead of an iron ring (or toroid), the Hopkinson’s yoke (Fig. 301) 
can be used. The test-bar S is here clamped at both ends to a soft 
iron yoke J having low mag- 
netic reluctance, thus forming a 
closed magnetic circuit. 

Since the induction does not ' 
depend alone on the effective 
magnetising force H at the 
moment considered, but is also 
dependent on the magnetic in- 
duction at the previous moment 
— the latter property being due 
to the retentivitv of the iron — 
the cyclic magnetisation curve for iron is a closed curve, the so-called 
hysteresis loop H v (Fig. 302). The curve in this case is obtained by 
static magnetisation. 

Since the induction in iron is — as shewn — a many-valued function 
of the magnetising force, a magnetisation curve — such as is represented 



Fig. 301. — Hopkinson’s Yoke. 
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Fig. 302. — Hysteresis Loop. 


in Fig. 300 — can only give one value of induction for one magnetising 
force, which depends on the means by which it is measured. 

Usually such curves are taken on the ballistic galvanometer by 
measuring the throw on the galvanometer when th$ current is reversed. 
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After a few reversals, this throw remains constant whilst the induction 
changes from a positive value to the same negative value. The 
measurements are taken for various field strengths by starting with the 
lowest magnetising current and increasing the latter step by step, and 
determining the throw on the galvanometer for each step after a certain 
number of reversals. Previous to taking the measurements, the iron 
should be demagnetised as completely as possible. It is important to 
start with the small inductions and gradually increase to the higher, 
for a higher magnetisation wipes out the after-effect of a smaller 
magnetisation more easily than vice versa. 

The magnetisation curve taken in this way (the so-called rising 
magnetisation curve) represents— as is seen —the locus for the peaks of 
the static hysteresis loops of the iron. 

The area of the hysteresis loop represents a loss of energy, for, 
according to the definition of the potential energy for electric current 
(see p. 15),- the work done in a unit of time is 

iw 

Xo fM> er S s > 


where iw denotes the ampere-turns interlinked with the flux <l>. If the 
rmg (Fig. 299) has a constant section Q and a mean length Z, then 

iw , aw in aw 7 y> T _ 

10 d& -.jo IQ dB - — dh . V , 

where V= Q.l = volume of the iron ring in cm 3 . 

The work done during one period is accordingly 

and the hysteresis loss iw ergs 'per second for one cm? 




and is thus proportional to the area of the hysteresis loop 11 . 

of the m ,Von 166 ls , de . duce d on the assumption that the magnetisation 
of the mon sample is uniform, and that the magnetic foroe is due 
solely to the electric current. It is easy to shew that this for,, a 
holds quite generally, -for instance, in the me when “s 
inductions aie present in the several parts of the iron and magnetising 
this™ ° th fc er than due t0 eleetric currents act on the iron ' In 

bv itself th °, l0SS “ e . aeh part of the iron b e determined 

by itself. Further, it must be noted that the energy loss due m 

hysteresis may not only be supplied by electric currents but also bv 
external mechanical forces, as in generators. ’ ‘ T 

It a test piece is magnetised cyclically between eoual nositive -,,,,1 
negative values of the maximum fndueJn, it 
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and area of the hysteresis loop varies with the maximum induction. 
The nature of this change is shewn in Fig. 303, which represents a 
hysteresis curve (due to Ewing) for annealed piano wire. Here the 
induction is always varied from one value to a somewhat greater value 
of the opposite sign. 



If we plot the areas of the hysteresis loops divided by 4x, taken at 
different maximum inductions, as a function of these latter, we get a 
curve which represents the work in ergs per cycle and per cm 8 due 
to the hysteresis of the iron in terms of the maximum induction. 
Fig. 304 shews such a curve as given by Ewing for soft iron plates. 
It is seen that the loss increases more rapidly than the induction. 
Steinmetz has given the following empirical equation for the curve : 

A h = ~qB i e ergs C 16 ' 7 ) 

r) is called the hysteresis constant. For soft, annealed dynamo 
plates i r i varies from Q'001 to 0'003. 
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When we multiply and divide by lOOO 1 '^ 63100 in formula (167a), 
we get the following expression for the hysteresis loss per dm 8 , which 
is more convenient for calculation ; 

-'‘(imXto)"™* 18 - <168> 

where <x 7t = 63 L 7 . 

The above expression has been developed on the assumption that 
the hysteresis loss per cycle is independent of the rate at which the 
latter is completed. More recent experiments, however, shew that 
this is not quite true. 

In comparing the magnetic conditions accompanying static magnetisa- 
tion with that due to alternating-current, the first difference we may 
mention is the eddy currents set up in the iron in the latter case. 
When the magnitude of the induction is rapidly varied, E.M.F.’s are 
induced in the iron which give rise to currents whose directions are 
such as to tend to hinder the pulsations of the^ flux. This has the 
effect of reducing the flux for a given magnetising current, or for a 
given flux a larger alternating-current is required than when the same 
flux is produced by continuous current. In addition to this, the eddy 
currents produce a loss in the iron which is proportional to the square 
of these currents. 

109 . Magnetisation by Alternating Current. Let the pressure 
p = J%P sin (ot 

be applied at the terminals of the winding on the iron ring shewn m 
Fig. 299,— then a current will flow, through the winding. This current 
is called’ the magnetising current, and excites a magnetic flux d> in the 
iron which induces an E.M.F. e in the winding, 

d(w&) 

where 6== " dt 

If r denotes the ohmic resistance of the winding, then we have 

p H- e = ir. 

If we choose the relations so that i and r are both small, we can 
write with close approximation, 

p = - e = = \/2 P sin t ot, 

whence = — s/2 — cos coif = \/2 — sin ^c ot — 

— sin 

c ow \ 2 J 
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wavrThffluxllko^f when . the /PPlied l pressure* varies in a sine 
w l V 1 ®? ^ b 7 s a Slne ^w. The flux, moreover, is seen to 

the flux is PhaSe b6hlnd the apP i6d Pf 38 ^ 6 - The maximum value of 
$ _ n> P n/2 P P 

w 2w cw 4*44 cw 

Ite th , e P , : es8Ure P is measured in absolute units When the 
effective terminal pressure P is measured in volts, 

& -P- 10 8 

max ~ maxwells, (169) 

P= 4'44cu> 4> 10“ 8 volts n 7 n\ 


^ and chrectlv omws'wf t* 1 ?, ul ? ler ?? a % e< imd to the terminal pressure 
flux J. 7 PP d ° 11 m dlrecfcl °n ; thus E lags 90“ behind the 

sinwoiS^butTs me S1 f er the CaS ® T ben the a PP lied pressure is not 

i: « r ™:°z ;is 

* period apart are lifeAe e* q i half 


pdt=:WCl$, 


or, again, 




of thT^rfo™ wit h i i;““ n .il th n™ "“S? 1 

ssssr isiAs.** “ JSsrcSs' : 

2 f‘ + f 

Pdt^= P me an 

as the « «fee of the periodic pressure-and this passes through 
a in the time from < to f + f, where T denotes the 

time of a complete period. Denoting the magnitude of the flux at 
time t by 4> miil and at time t + ± by 4> max , then 

4> - $ _ T 1 p 

is the largest increase the flux can pass through in a semi-period. 
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Further, since from the above 

cb _<j> 

* min ^iriaxy 

then <h lnin is an absolute minimum and <3> max an absolute maximum 
the flux. Then, we get T 

cb __d P 

4 w meaii > 


where the pressure is measured in absolute units. Since T — - we get 

-F > mean=4fiW^m.xlO~ 8 VOltS, ( l7 l) 

which is quite independent of the wave-shape. On page 217 the form 
factor of an alternating-current curve was defined as the ratio 
, _ effective value _ P 
mean value P mea n 

For any wave-shape, therefore, we have the following expression : 

P = if e cw 3> max 1 0 “ 8 volts 0 72 ) 

For a sine-wave / € = 1T1, and by substituting this we get 
formula (170). 

110. Magnetising Current with Sinusoidal E.M.F. We again con- 
sider the magnetisation of the iron ring shewn in Fig. 299, and assume 
a sinusoidal pressure is applied at the terminals of its winding. We 
shall take the pressure drop in the winding to be so small that it is 
allowable to assume the induced E.M.F. at any 
instant is equal and opposite to the impressed B=+i20 0 0 

voltage. Then, as already shewn, the flux 

must also follow a sine law. Now, to produce — : 

this flux we need a magnetising current tSQdc / 

which alternates periodically with the indue- /booo / 

tion in the core. * * . j 

At any point of the sinusoidal flux curve A- 1 — -j 

or induction curve we can find the respective j -2QQQ I 

momentary value of the magnetising current -VI- 2 o +2 TV -e L 
from the hysteresis loop. We have shewn above f j ’ a 

that the area of this loop gives a measure for j — 

the energy which is necessary to magnetise the / -^ooo 

iron through one cycle. This energy, which j 

has to he supplied from outside by the primary j jp--—— 

no-load current, is converted into heat. 1 —zlQQQ — 

The curve of magnetising current, which we ^L^_ziOOOQ * 

get from the hysteresis loop by calculating for " -12000 ' 

a sinusoidal flux, is not sinusoidal and is y 1—J 

unsymmetrical with respect to its maximum Fig. soo. 

ordinate. In Fig. 306 a hysteresis loop is 

represented, whilst Fig. 307 shews e the curve of induced E.M.F., <I> the 
corresponding flux curve and i 0 the curve of the magnetising current, 
which latter is obtained from Fig. 306. 


si , 

1 

rll 




MA(»N KTIS!N(i (TCHKN'T WITH SINOSOI l>AL K.M.K. 


'I’hc wattlrsH I'onijMini'iil uf Hu- m.igmitisiiij; cuircnt is rnridc up of 
the wattless I'uiiipimi’ui uf ihc first. arid uf (hi* i'11'uniivi* 

value of tin- iiiiiliiT lianuuiiii'H /,,, These components can therefore In- 
substituted by an c.j ni valent sinusoidal current whose oilee.tive value is 


Iwi + 


. 'I’Ih* total imif'iict isirig current, can rtmv he replaced by an equivalent 
sinusoidal current whose. dleetive value is 1. Written symbolically, 

/ Aif 7/117,) 

"'here /„ /, „. 

T1,,,k ; s7 » 1 r «< ■/,“»* + /.?. (1711) 

the magnetising ewTeut mu lx* repreHented an shewn in 
ri^. Here /' the applied jirenniire in net off alone; the ordinate 

nxtH, while the flux *l» in net off to the left 

along the alwei^Hu axm The eoni|*onenfc \p 

H// - / „ / 1 11- / 7 ^.. - j 

in get, off In the direetiou of the preHMure j \ 

and the wntt.Ie.HH eoniponent j \ 

0/! !»> | \ . 4 
in the dim-don of the ffux. The J * 

HinitHnidnl eiirreut /, whirli in equiva f* ™ — .-i J A« 

hmt to the magnetising mirrent* in \i; 

given in magnitude ami direetion by \y 

the vee.tior W' * ^ 

If we meiwiire the mummied (lower ^ Mmm tMm 

U\ the effeetive premure V ami the 

effort! v« magnet Hi fig eiirreut /, the veefor of the equivalent eurreut 
ean la* at mum determined, for 

//' l*'I u) VI nin « /7 Ht 

/r 

*»»«■ /,/* 


The angle hy whieh the equivalent nimtHoidal eurreut of the 
magnetising eurreut leadn the flux, m railed the InfMnHir tmtjh „/ 
udmiim. 

The ratio { y 
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is the admittance of the magnetising winding. Similarly, the wattless 
component of the magnetising current is 

I wl — I cos a = bPj 

and the watt component of the same 

I w = Isin a = 

where b denotes the effective susceptance and g the effective conductance 
1 ne hysteresis loss is then 

W=gP 2 . 

tn !f h 6 e f lcu / ate F ie e ®’ ecfcive resistance and reactance correspondin'- 
tog,b and y from formulae 37 and 38, p. 55, 1 

r= l = l 

y* y2 + j2> 

x= l = l . 

yl f + p* 

oPmP? re P resents an effective resistance which is independent of the 
ohmic resistance of the winding This p-PPani-Ura. • 4 * y ' 

netising current I, m Wlu dmg hy the mag- 

U W = lb 


or 




and the effective reactance 


W 

1 * 


is 


If we assume — as above thaf * • , 

is negligible, then P, / and W ren resent^ 10 reslstan ? e of the winding 
In the above we have \ZhS £ th ® raea sured values. b 

These can easily be taken iifto account -° f the „ eddy currents, 
sine-wave pressure the flux and along with ' | ly ; for with a 
after a sme-wave. The eddv onrr«n£ • ° t i ie edd T currents vary 
currents and the losses? and canse an w"""® ^ the 
component and in the watt component Z tT ° th wattless 

magnetising current. ConsequStiv If- the . sma soidal part of the 
lations and considerations as given abovf wfc g ls + , altered ,n the calcu- 

mase **** tm ™ » f «■* 
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turns per cm length, of the magnetic path. Carve AT gives the 
maximum induction in terms of the effective value of the ampere -turns 
per cm for sinusoidal magnetisation, curve AT \ shews the effective 
value of the first harmonics,' AT d the effective value of all the higher 
harmonics. 



111. The Eddy-Current Losses in Iron. When iron is magnetised 
by means of alternating currents, eddy currents are always set up in 
the iron. Suppose a surface to be taken through the iron perpendicular 
to the direction of the induction, and let a closed curve be drawn in 
this surface, then along this curve an E.M.F. is induced equal to the 
rate of change of the enclosed flux. The currents thereby set up flow 
in a direction such that they oppose any change in the main flux, and 
dissipate themselves in heat corresponding to the energy they take 
from the magnetising current. If the reversals in the magnetisation 
m the iron are caused by the movement of the latter in the field, the 
loss will he supplied by the mechanical force causing the movement. 
In some cases, the losses are partly supplied from electrical and partly 
from mechanical sources of power. 

The most effective means of reducing eddy currents consists in 
laminating the iron. The laminations must run parallel to the lines of 
induction. 

In what follows, the eddy-current losses will be calculated in each 
case, on the assumption that the induction is uniformly distributed 
over the whole seetion. 
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Let the iron be made up of wires, and the induction, whose maximum 
value is B, be uniformly distributed over the section of the wire. In 
a ring of radius x, the induced e.m.f. will be then (see Fig. 310): 

E x — 4f e cB-rrx 2 10 _s volts, 

where f e denotes the form factor of the e.m.F. wave. 

For a length of wire 1 cm, the resistance of the ring of thickness 
ax is 

2ttx 

p r> TE 

where p denotes the resistance per cm 3 of the iron expressed in ohms. 







pp 


Fzo. 310-Path of Eddy Currents in F,o. 311._Path of Eddy Currents 

in Iron Stamping 1 , 


The heating loss in the ring is then 


PS dx 1 : „„ 1 

p = BWdx 10-“ watts. 


From this we get the heating loss per cm length, 
g p 10-“ watts ; 

thus per cm-, i 0 -» w.tta. 

For the volume F. measured in dm- „,d d in mm. we have 
W 10~ 5 / c f B \ 2 
• ” 2 P V 100 loos) F « Watts 
= (a c /J? \ 2 

y ioo looo J F ° watfcs (i 7-i) 

i*"' f-S.lOj- to 10- ohms, . 

0 1 to 0*5, 
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Next, let* us assume the iron to be made up of thin plates. Fig. 311 
shews a section through a plate perpendicular to the lines of induction. 

In a sheet of current 1 cm long, at distance x from the centre line 
of the plate, an E.M.F. is induced : 

E x — i/ e .c. B ,x. 1 0~ 8 volts. 

The resistance for 1 cm depth of plates (measured perpendicularly 
to the plane of the paper) is £ ohms. The loss in a sheet of current 
1 cm long, 1 cm deep and of thickness dx cm is 

El — — ~- J c 2 f 2 jB 2 x 2 dx 1 0 “* 16 watts. 

For the whole thickness of the plate the loss is 

10- watte. 

Jo P '*P 

The loss per cm 3 is therefore, when A is measured in cm, 

f 10-“ watts (170) 

fJ 

Por a volume V„ in dm 8 and for A in mm, we have 


e ffi 
100 ' 1000 


V n watts 


K A 100-4d)^ wafcts > (U6) 

, 4 10~ 5 . 

where <r w =* — — — is the eddy-current coefficient of the plate. 

If we substitute p = 5 . 10^ to 10" 5 ohms in the above, we get 
v w — 0*267 to 1-33. 

112. Effect of Eddy Currents on the Flux Density and Distribution 
m Iron. In a piece of iron 
of circular or rectangular 
section (Figs. 310 and 311) 
let denote the pulsating 
flux which the magnetising \ 
current i m would produce 
alone when no eddy cur- \ e w 

rents were present. This \ 

induces an e.m.f. e w in the \ 

shaded circuit, which — for V — \Gl 

a sinusoidal flux variation — A \ 

can be represented by a vec- \ \ 

tor lagging 90° behind the ^—1 k_ A 

flux vector, as in Pig-. 312 n t 

® ' Fig * 312.— Beaction of Eddy Currents. 


352 


THBOEY OF ALTERNATING-CURRENTS 


t y P Ta“" ^ ch **■ •» p-— 

s&rr- 2? srs f s 

Tlie resultant flux of $ anrl a ^ ^ a 
all the eddy currents is first to +h 9 anc ^ we s ® e ^at the effect of 
the magnetising current ? ? t the , resuItant Aux <E> to lag behind 
from < tol g 6nt 4 ” ln phase ’ and secon( % the flux ^reduced 

Jdt onh«T»:ti is “ •>» 

Oberbeck and J. J. Thomson h-ive ma j rds * he sarfaee > where it is zero, 
weakening of the induction in irn^ ade caleidatlons fc o determine the 
above, due to a single eddvl The° reS d , ue 1 to . edd 7 currents (not as 
weakening in very thbi S' and X' she ^d that the 
whilst with thicker plates the win P Can . ¥ ? ntirel 7 neglected, 
thickness. This is best seen fm ea ^ e ” ln S rapidly increases with the 
radius * (Fig. 310) a maximum i,‘ J? * “ r “ it °f 

.» a crams of radius «+* the maximum E.M., imhjrf" ffl £ ' “ 

2«($, + 2irxB z dx) 10-s volts. 

amount 111 ^ ° Ut6r Clr ° uit the E - M ' F - P er cm length is larger by the 
clE x = 2ttcB x dx 10~8 volts. 

relation hetwefn^Ld^^^Tlds is^t^ 18 ’ W mUS l find a furt her 
principle of electromagnetism which I th ® fl,ndam ental 

increases from the radius a: to’ the r^K states that the induction B x 

spending to the M.M.F. of th^currenT in + the ^ ^ amount corr e- 
maximum value of this current is * * clrcuIar mi g- The 

I z =^dx, 

corresponding tothi^i currentTs 6 ° f ^ ir ° n ' The increase in induction 
dB x = 0 *4 = 0 *47t ^ E x dx, 

values and ^kflig *the ^hases^of^th^di^m- T*' to symbolic 

we get the two equations dlfferent <l uan ^i6s into account, 

dE x == j2ttcB x dx 1 0~ 8 

and 


dB x = - 0-4 v^B'das. 
P 


Substituting E x from the second equation into the first, we get 
d?B. .. ® 


d*B x vs M 

r -jo-Mpo-*#'. 
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This is a homogeneous linear differential equation of the second 
degree, whose solution is 


B^Ae 


s/ -jO*S7r 2 c £ 10-8, c p -V-iO-Sir 2 ^ 10- 8a; 


4 and 77 are two constants which have the same value in this case, 
since has the same value, hut of opposite sign, at diametrically 
opposite points at the same distance as. Putting further B x = B max for 
i.e. cat the surface of the cylinder, we get 


Ao^io-s x + £ 


B m nx 4 
whence by division 


—jO 'Sir 2 c — 10 -8 }• 


I'Stt-c ' 10 “ fi r 
P ; 


Br, -B 


\J —jO'S7T“C~ 10-8 # , -v/-iO‘87r2e^lO-'8 A . 

€ p -j- € Pi 1 

\/-iO-8«ac&10-8r , - \/ - jO *8nr 2 (? ~ 1 0 — 8 r 

€ p -r € p 




(cos a; ~~j sin rr) 


and we write for brevity a tw- = 

10 4 Y 10/> 

the induction ZL can he written 




t e (i. -f €“(W)^ 
llla3C e& -;')A.r 4. c -(i-j)x?> 


or B =jB -- Aa? ) o os Aas — / e " Aar ) sin Ajk 

9 max (e Xr -+ e- Ar ) cos Ar-/(€^-€“^ ; ) sin Ar ’ 

By comparing this expression with the formula on p. 133 for the 
distribution of the pressure along a long line, we see at once that the 
induction from the surface to the interior of the cylinder follows a 
sine law. 

The length of a complete wave is found from 


Xx — 2 t 


2tt 10 4 


\ C J± 

V10/J 


o»?J er sucl1 a wa ^ e " len S t ' 1 the phase of the induction passes through 

360 . ■ t-, ■ 

Since J — — Q? ( ]~ 

* 0-4^7 p ax ’ 

the eddy currents are propagated in the iron according to the: satin* 
exponential law as the induction. 
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For an iron plate (Fig. 311) the same differential equation for //, is 
obtained, and consequently the same flux distribution over the section 

as in a cylinder. In this case x and r=~ do not represent radii, but 

the distances of the respective points or surface from the centre of the 
plate. 

■^>•313 shews the magnitudes of the flux distribution over a plate 
for different thicknesses of plates at e = 100. An idea of the alteration 



1 0,8 0,6 0.4 Q2 0 0.2 0.4 0.6 0,8 j 
Ratio x to -f- 

Fm. 313. Distribution of Induction across a Stamping- for 100 Cycles per see. 

in the phase of the induction throughout the nhtn i« ,,i. j 1 
remembering that the wave-length for c=100, /t = 2000 and pL k)~» ;jf 
10 * 10 4 

. /Y Vo 7 ! x 100 * 2000V10S = °’ 224 cm = 2-24 mm - 

V 10/3 

S6?“ “ ‘ le C " tr * 01 a 2 »“ P'“« induction in ,li.p,.o c ,l 
' ° pt “ e from that *c surface. The induction 11 at 

tacT-fcsS »“>K»tM„ K 

length of the cyl infer or tvidth ‘of the“p]Me T we°T,'' ‘'r - 
greatest mean value B, of the fl„ Y , LF-f , e asc(i, 'tain the 
instant, this must be lesiTthan the mean vs/ ^ Carl CX1 * 8 ^ im Y 

induction at the different section « n fl Ue of T V he amplitudes of the 
the ratio of Ore SS’XT toTh?*' 31 -«- I" 3U, 

: B plotted as function of the nkteThlv h "? axnnum induction 
the figure it is clearly seen that li?h * T?™ 088 for 10 »- From 
55 % is utilised, and with £ mm plate about 95 y™ thf/mm ^late 
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therefore would only increase the flux in the ratio of 55 to 47*5 with 
the same maximum induction. This agrees with J. J. Thomson's 
statement that a thick plate does not conduct an alternating flux of 
100 cycles any better than two thin plates each of \ mm thickness, 



jj °- 5 


0 0,2 0,4 0,6 08 1 1.2 1,4 1.6 1,8 2 

Thickness of Plate in n j m 

Pig. 314.— Ratio of Maximum to Mean Induction for Different Thicknesses of 
Stampings at 100 Cycles per sec. 

i.e. the total permeance of a thick plate at this frequency only equals 
that of the two outside layers of | mm each. For this layer a simple 
tormula can be obtained, which gives fairly accurate results for plates 
ox high permeability. When A is very large, e~** can he neglected 
compared with Then we get 


=if x-2 

Aj;c=0 


2 B 

.max A wJj 

•*=° a-M~ 


'(l-j)AA 




Coming back to the absolute values : 


a -DK 


— B — 

2 me “ _ V2 
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whence it follows that thickness of the equivalent plate, instead of 

with Thomson’s investio-ationl 10 1> W - & S= j 0 ' 253 mm, which agrees 

rapidly decreases toward" the interior e S*_ o-JoiS^f “ 

the interiS the iron 6Vei7 Wave - Ien g^ completed towards 

For the eddy-current loss it follows that at a given mean value 
nea„, the induction is increased on * va . ? 


JB 


— » the induction is increased on Leon n t g™ mean value 
distribution of the flux In eWh acc °. unfc of , the unsymmetrical 
thin plates are used that the fS machines, however, such 

over the whole core Si ;??" ^ almost uniformly distributed 
by means of formulae 174 and* 176. miSSlWe to caleulate the eddy losses 

Losses E Tf Ct tl 1 ° f , th f Fr 1 e<iaeilcy and ot ber Influences on the Iron 

apparatus is constant^he/ eCfclVe E ' M ‘ F ' E 111 an eIe ctromagnetic 

„ P -FlO 8 . 

WMr constmt 

Now, from equation (179), the eddy-current loss is proportional to 

(C/ ^ )2= (£|) (178) 

? ZtB 

s^^ 

The hysteresis loss is, from equation (167), proportional to 

c m-6 _(cBy e /l OS ye fii* 

-- .(179) 


4 wQJ / ( >V 


^teresis l ° SS k ™>*sek( propvrtimd to the 

** the 

losses. As the frequency increlst a rS- 1°* the total iron 

account of the unsymmetrical district? \ eaclled , be F ond which, on 
faster than the loss due to hysteresis decreased f* ^ 108868 i,1Crease 

i&r? — ■ «. 

has attempted to shew experimtualfv ^ » etisation - Max 
Ed. 66, to the tolled ^ toft, 
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causes a decrease in the permeability and an increase in the hysteresis 
loss per cycle at a constant maximum induction. Thus, a similar effect 
is ascribed to magnetic inertia as to eddy currents. To prove this, 
Max Wien took care to make the eddy losses quite negligible in every 
respect, whilst the experiments were undertaken throughout with 
sinusoidal e.m.f.’s and very different frequencies. From Figs. 315 and 
316, based on Max Wien's experiments, it is easily seen that the flux 



Fig. 315.— Shortening of the Hysteresis Loop due to Increasing Frequency. 

at rapid reversals cannot quite follow the magnetising force, conse- 
quently the hysteresis loops under these conditions appear different 
from those taken with slow changes. 

At the close of his paper, Max Wien writes as follows on the 
relation between magnetic after-effect and inertia: “Whilst inertia 
becomes noticeable with flux variations completed within -j^th of a 
second, the magnetic after-effect does not begin before a lapse of 
several tenths of a second (Klemencic-Martens). This after-effect is 
greatest for weak fields, where the differences of the permeability and 
hysteresis loss at the various frequencies are scarcely noticeable. 
These differences attain their greatest value at maximum permeability j 
at which point the magnetic after-effect vanishes. On. the other hand,’ 
there are several analogies between the two phenomena— chiefly the 
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dependence on the diameter of the wire magnetised and the decrease 
with the hardness of the iron.” 

Like magnetic inertia, other magnetic phenomena can also be ex- 
plained by Ewing's molecular theory. 


-| - 130 DO.. 

J 12000.. 

. HOOD 

I ioo nn 


jVfiT-jio -ja -p- 


Wmm 

-Lull 2 ’' 1 2T F/7ffi 6 T-g-gu-in?; 

TM^~-ZZWjr — — ; ~r 1 

37/21 _ 20 00 - 

,Tft 30 WhTj\ 
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Fio. 316. Widening- of the Hysteresis Loop due to Increasing Frequency. 

jsstssr ■**"* •» This <• «. with „f t 

JE e sr„*n h : zsstsrs sr& trr t 

to its original value. t ie P ressure J the loss sank 

point, and a tL th vlrktion P may imouifto* *8 *“ n™* ^ 0ni P oint to 
perpendicular to the direction in which thtTnlL. the C<lg<1 iltHl 
oss is greatest, and in the inside o L n ?n ^ hem rolled, the 
loss is least. portlon Parallel to this direction the 

Layers of oxidation on the plate, which h-i™ i 
to an increase in the hysteresis t J ° w permeability, lead 

reduce hysteresis loss. 7 The latter nlotf^l' 1 plates , are annealed to 
annealing temperature, gives a curveLh^U aS .? fu nction «f the 
occurs at 950 ° C. Whence comelbove thTs” g tha * m ™nnun p >s.s 
the loss curve rises rapidly. At higher <u , lneahll g temperature 

stick together aud be destroyed. ^ temperatures the plates may 
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Up to about 200° C., the hysteresis loss' is almost independent of 
the temperature, whilst between 200° and 700° 0. the loss decreases 
from 10 to 20 %. 

With continuous heating, however, the hysteresis loss increases —this 
process is known as ageing. The higher the annealing temperature, 
the more pronounced does this property shew itself. 

The curves in Fig. 317 were taken by A. II. Ford on four different 
transformers of 1 to 2 K.w. The transformers were fully loaded during 
the whole of the experiments. Ford maintains that ageing can be 
reduced by rapidly cooling the red-hot plates. 



. Fin. 317.— -Ag-cing- of Iron. 


Mauermann * investigated a number of plates with respect to ageing, 
some of which were annealed at 700-750° C. and the remainder at 
950-1000° C. Those plates which were annealed at 950-1000° ( l 
shewed a noticeable increase in hysteresis loss after one week’s healing 
at 56° C., whilst the plates annealed at the lower temperature shewed 
little change. After being heated at 77° C. for a fortnight, the latter 
plates still shewed little change, whilst the increase for the plates 
annealed at the higher temperature remained about the same. 

Consequently, on account of ageing, it would seem that the annealing 
temperature should not he too high. 

The investigations of a committee on Hysteresis appointed by the 
Verlmul dentscher EleJdrotechniker gave the following results (FT A 
1904, p. 501): 6 * ' 

1. After lying in the temperature of the laboratory for some mouths, 
some transformers shewed a higher loss coefficient + than on entering ; 

* E.T.Z. 1901, p. 861. f Total iron loss in 1 kg at c=50 and /$ 10000. 
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continuous experiments so dunn g the 2 £ months’ 

f «“ beginning itSiS iTbStt flStT T* 
temperature and then remained constant ^ the laborat ory 

than with the 0*5 mm • in wnp™! . Wlttl the 0 35 mm plates 

With the exception of one plate which “ (3 t0 8 %) ’ 

°“ d t7- , ^ this case the loss incmsed 25 V Mn *°“°geneous 

fn^F b e l°arger in^wRh ‘ 

oSSrsif ifsissr ‘‘“S 60 ™ 1 * * * * * * 8 * * * * * * 

alloyed plates father deereas d fll to l^T^ThTfi^* “1 “-4 

sat; the — « ksss 

;£l7h?iS e S^ t lp*AtiS^ fc influence of 
disappears rapidly as the amonnt^nf *r ^ 1S Phenomenon of ageing 
conJning 

rfdy« S t W^ZSi“^”Sf • lf h !“ f »■> 

1 “*“ * h " ^ f nnflnmental. Pto* taXS Sit 

f b 7 sfc , er ®® ls Ioss varies inversely as 

* the l'6 th power of the form factor 

omee peaked pressure curves have 
the largest form factors, the 
hysteresis loss is smaller for such 
than for flat-shaped carves. This 
follows also from the fact that the 

maximum induction B is propor- 

tional to the area of the pressure 

eurve, whilst this area is inversely 

proportional to the form factor for 

the same effective value. Conse- 

quently, the maximum induction is 

inversely proportional to the form 

Se T««. nd the b y s f er esis loss to 

, , th ® 1 6 . Power of the form factor. 

of the wave-shape" on the hysteresis loss^Y TVY® 3 , of the influence 

1,w for f »» «-*■ -Tis^r at sss s: 
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£ 

or a sinusoidal pressure, assuming the applied e.m.f. constant in 
fJ cas ^. The results are plotted as a curve in Fig. 318. 

■f-T-j ^ seldom occurs that a pressure curve has a form factor greater 
t0 1 ‘ 3 ^l With such a wave-shape the hysteresis loss will be 
l iced some ^5 %. Such highly peaked curves, however, are a 
m other ways — especially on account of the heavy strain 
i Ti aceC °, n insulation. In addition to this the eddy losses are 
^creased with peaked curves, so that they are not so efficient with 
^^arcl to the iron losses as indicated by Fig. 318. 

•rv~» ^ u , :x Distribution in Armature Cores. In most electrical 

chines the iron is not continually magnetised and demagnetised 
. 1 diametrically opposite directions, 

> tit the induction often remains more , 

c>r% i ess constant, whilst- its direction 
rotates. Such a magnetisation occurs 
Ui the armature of the four-pole 
in Fig. 319. A rotating 
iiicluction of this kind can always 
>0 up into two components 

perpendicular to one another. 

To determine these components, we 
Bteirt with the assumption that the 
i induction at the surface of the arma- 
ture is sinusoidally distributed, — a 
field thus distributed is called a sine- 
wy ve field. To calculate the flux 
< distribution inside the armature, we 
Can suppose that magnetic charges 

exrist on the surface of the armature, the density of which / ~ — 

. . 4:77 

varies after a sine wave. These magnetic masses exert magnetising 
forces II in the interior of the core, in accordance with the law of 
magnetic potential — these forces cause the magnetic induction B . 

. -jK'* Eiiclenberg* has calculated the components of this induction from 
c i3 fxei ential equations of the magnetic potential, on the assumptions 
boat the permeability / 1 of the plate is constant at all points and 
in all directions, and that the distribution of induction is not affected 
} >y eddy currents. 

Xn polar co-ordinates, the radial component is 
K = ~ (-dr p - Br~ p ) eospcj), 
an cl the tangential component 

= -I ( Ar v + Br~ p ) sin 

Jl. 1 .A. 1905 and R. Rudenberg, Ehierqie clev Wivhelstronie,. 

\ r <jT'lriujt (Stuttgart), 1906. 



Fig. 319.-— Flux Distribution in Four-pole 
Armature. 


Sammlung eleclr. 
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where p is the number of pole-pairs in the machine and A and B two 
constants. These are obtained from the limiting conditions for the 
inside and outside radius 



If we change r t and r a these formulae hold for machines with rotating 
poles. In Fig. 320 the flux distribution in the machine in Fig. 319 is 
shewn, as calculated by Riidenberg from the above formulae. 



. Fr ; om the Alulae it is seen that the induction at every noin I, of 
levo vmg armature is made up of two components, one of which viri< 
with cosp<£ and the other with sin p<j>. If the 2w-nolar ■inn-iVm 
revolves at n revolutions per minute, e.m.F.’s will be Induced in th 




FLUX IMKTIII BUTK >N IN AItMATU.UK FORKS 


armature conductors at a frequency up par minute or <' J cycles per 
second. Further 1,0 


where./ is the time in seconds taken by the, armature to rotate through 
the angle </> ; hence 

,4 •%*/., «** w. 

ou 

The, two components can therefore be, expressed thus: 

h r ll,. cos <i)t, 

!><(, Htf, sin <»f y 

and the resultant induction can be represented by a vector OH revolving 
about O, ns in Fig. ,‘I2L 

Thti angular velocity of this rota- 
lion is variable, and its average is w. 

The extremity II of the rotating / H r / \ 

vector moves over an ellipse (elliptic, f ^ y’pjkvN 

induction, elliptic rotary field). Near If [ '"*/)[' J X '\\ 

the external surface of the armature, \[ ( y\ \i 1 n 

//,- II t and r \ ~1 ~lr* 

ik % * z k ; Ka 


hence, for r t 0, or when p is very 
large, at the surface where r r n1 
we have 

Ilf Hd, Hi * 


K(i of HniUitl iittU 
TaiiKUttUal OinnjiomuitH ttf lu'iuriion. 


At the internal surface of the armature, where r r if then //,. 0 

an< ^ *> ..i i /ye i 

n t> -Li u 
h * l, t & M * 


Whilst the radial component always decreases from the outside to 
the inside surface of the eon 1 , this is only the case for the tangential 
component when the number of poles is greater than two. The 
ellipses, after which the induction varies, become flatter the deeper we 
go into the core. At the interior surface it becomes a line, because 
the induction here varies in diametrically opposite, directions, as in a 
transformer core. The ellipse only becomes a circle in tin*, theoretical 
(cise when the*- inside diameter is zero, and only the induction at the 
outside layer of such an armature follows a uniform rotation like a 
circular vector (perfect rotary field). Assuming that the molecular 
theory of magnetism corresponds to tin* physical phenomena in iron, 
wo see that the molecules have the tendency to rotate when the 
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armature rotates, the mean velocity corresponding to the frequency of 
the E.m.f.’s induced in the armature winding. 

If the field in the gap is not a sine wave, the flux curve can be 
analysed by Fourier’s Series into its fundamental and higher harmonics, 
and the calculations repeated for each held. By superposing the 
inductions due to the several fields, we get the resultant flux distribu- 
tion in the armature. Naturally, the fields with the largest numbers 
of poles penetrate the least distance into the core. 

If p is very large or equal to go , the equations assume the following 
forms when rectangular co-ordinates are introduced. The tangential 
component becomes 

b x =i,Ae T +Be T ) sin - x, 

T 

and the radial b„= ~^Ae rJ - Be T '') cos - x, 

T 

when r is the pole-pitch and A and B two constants which are found 
from the two limiting conditions 

(!) ‘!/ = h by ~ 0 ; 

( 2 ) y = b = JB t oos-x. 

T 

We then get A — 


h is the core-depth. Thus, in the first formulae, A = = and r»— 

The last formulae give an insight into the flux distribution in the 
animated pole-shoes of a continuous or alternating-current machine 
with open or semi-enclosed slots in the armature. On the mean 
induction a magnetic wave, with its maximum value JL opposite 

(Fig 3Sr d ltS Value ~ Bn °PP° site the slots, * superposed 

At a depth y = A = T , the magnetic waves have practically vanished, 
since they are here reduced to 


e~* V = s -,r = 0 - 0435, 
i- e ’ H % °f their original value. 

The two assumptions °n which we have based all our calculations, 
viz. that the permeability is constant throughout, and that the eddy 
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currents do not affect the flux distribution, are not always quite true. 
Since, however, the permeability increases towards the interior, the 




Fig. 322.— Flux Pulsations in the Gap, due to Slot-openings. 


induction inside will be somewhat larger than that given by the 
formulae. The eddy currents have just the opposite tendency, and 


strive to keep the flux to- 
wards the exterior. Figs. 
323 and 324 shew the dis- 
tribution of the flux in 
a smooth-cored and in a 
toothed armature. These 
pictures of the lines of force 
are reproduced from photo- 
graphs taken by TV M. 
Thornton * carried out by 
the method due to Ilele- 
Shaw, Hay and Powell. The 
method is based on the fact 



that the fundamental equa- 
tions for the magnetic lines 
of force agree with the 
fundamental equations for 
the flow in two dimensions 
of an ideal — i.e. frictionless 
and incompressible — fluid. 
A perfectly frictionless 
fluid does not exist, but 
it is sufficient to take an 

* Electrician 1905/06, p. 959. 



Fig. 324.— Flux Distribution in a Toothed Armature. 




1 



366 


THEORY OF ALTERNATING-CURRENTS 


ordinary liquid flowing in a very thin layer between two parallel 
surfaces. By forcing a coloured liquid in streaks between two parallel 
glass plates, Hele-Skaw and others succeeded in producing stream lines 
which agreed with the lines of force in a magnetic field. The coloration 
of the liquid was obtained by forcing an aniline dye into the liquid 
from a tube containing a large number of fine holes at small equal 
distances from one another — thus forming sharply-defined stream lines 
of extraordinary regularity. 

Further, it can be proved that the velocity of the fluid under like 
conditions varies with the cube of the thickness of the layer. This 
fact gives a suitable means for producing a mechanical analogy for the 
various permeances of the several parts of the current path. The parts 
oi the one plate which is to represent the air-gap are covered with a 
layer of wax, and the other plate is brought so near to this that only 



a minimum gap is left between them ; if, for instance, this gap was a 
tenth of that at the part not covered with wax, the “ permeability ” 
would be reduced to a thousandth. The liquid used was glycerine 
which was led m at one pole and out at the other. As shewn by the 
photographs, the paths of the “lines of force 7 ’ correspond exactly with 
those obtained from complicated calculations. 

In the calculation and construction of diagrams of the lines of force 
it is best to make several pictures of the lines of force by estimation, 

up i nt0 bube ? ° f f 1 orce and calculate the permeance of the 
bes. Since the path of the lines of force is always such that the total 

takerastW X w m ’T? e ft™*/ 16 Permeance can bo 

of the An? t 1 often 1 to draw in the equi-potential lines 
of the flux, and from these obtain the position of the lines of force 
his is only advisable, however, m eases where the equi-potential lines 
Tf w!\°“ Ce be more ® asil 7 ‘ and accurately than the lines of force. 

the nole' snrfi'ce 6 ^ Ure t ^ le ^ nes of f° rce — as , for instance, between 

P?- surface and armature surface in Fig. 325— -and have found 
that this possesses the largest permeance, welhen pass on t calcSc 
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* 1 *3^ between the pole and armature surface. The permeance 

,(: <>t: f oree is ,, 

A 1 x 

"“ 0-8 5 ; 

r | rciean width and S x the mean length of the tube of force. 

I of the tube perpendicular to the plane of the paper is 
y H3 I. cm. If the magnetic potential difference between the 
armature surface is APF§, the flux in the tube in question 

= A W 

x 0*8 B x 99 

ix density at the armature surface 


B v 


® X J X AW S 
a x 0*8 aX 


(180) 


tubes always enter the iron at right angles. If the flux 
us to ho found at a point in the gap, then & x must be divided 
*t of* Lhe equi-potential surface at the place in question, which 
lie tml >e of force. In this way, the flux in all the tubes and 
Luisity at any point can be found with fair accuracy. 


on Losses due to Kotary Magnetisation. (a) The edcly 

• s7f f in the iron with rotary magnetisation are obtained by 
ding the losses produced by the two components of the 

*’<m is magnetised by a pure rotary field, then B r — B^ — B, 
£<*fc j ust double the eddy losses obtained with a linear 
< magnetisation to the same value B. 



it Distribution of Eddy-currents due to Rotating 1 Magnetisation. 

r from the formula in Section 114 for the flux distribution, 
fmrif has analytically investigated the eddy currents in 
armatures and obtained the interesting result that the stream 
io eddy currents are identical with the lines of force of the 
field except 'at the boundary surfaces where the currents 
jocL The current distribution is illustrated by Fig. 326. 
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For the eddy-current losses, Riidenberg obtained the same formula 
as above : 


Here JL 


;B l is the mean tangential induction in the neutral 


zone where b r — 0. Only the eddy-current coefficient for rotary 
magnetisation is larger than for linear magnetisation, and, as seen from 
the following formulae, depends largely on the armature dimensions. 


Tor a rotating armature, we have 


i-:*V 


Forjp= co, i.e. for a flat armature surface, 


7 T 

°‘ W , ,7 rh’ 

tanh — 


and for hollow armature cores such as stators, 

/, 7T h\» , 

q ,( 1-1 ) +1 

7T 2 II \ p T / 

V9 ~ T *Ui + ^) u .{ 


In Fig. 327 the values of <r w for different numbers of poles are 

7l 2 7 

plotted as functions of -• All these curves start from — for - = 0 

T 6 T ’ 

corresponding to alternating-current magnetisation. Bi-polar rotating 
armatures have the lowest eddy-current coefficient and bi-polar stator 
cores the largest. These formulae are deduced under the assumption 
of uniformly distributed induction over the width of each plate and for 
constant permeability /z. These assumptions are only partly correct, 
so that the eddy losses are always somewhat larger than those given 
by the formulae. These losses are further increased by the filing, etc., 
done in building the core, so that the experimental values of the eddy- 
current coefficient usually lie between 5 and 10, and in continuous 
current machines may be still higher. This is largely due to the fact, 
that in addition to the eddy losses in the armature plates there are 
also^ the further losses in the pole shoes, due to the teeth passing over. 
A similar effect is produced in an induction motor. These losses must 
of course be separated, as will be shewn in the latter part of this 
section. 
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(b) With respect to the hysteresis loss due to rotary magnetisation 
(so-called rotary hysteresis), not many investigations have been made. 
As shewn, the iron molecules in a revolving armature strive to rotate 
at a frequency c corresponding to the mean angular velocity w, but are 
prevented from following the magnetising force by the friction between 
them and the neighbouring molecules rotating in the opposite direction. 



Fig. 327. — Relation of Eddy-current Coefficient a- to Core Depth with 'Different 
Numbers of Poles. 

Consequently, losses occur here which a priori are not necessarily equal 
to the hysteresis loss due to alternating magnetisation, for in this case 
the magnetising force does not alter in direction but only in strength. 
The most recent researches, however, shew that the hysteresis loss 
with rotary magnetisation has about the same value as alternating 
magnetisation for low induction up to about 10,000. At higher in- 
ductions, on the other hand, the hysteresis loss is somewhat smaller than 
with alternating magnetisation. Various writers have even asserted 
that the rotary hysteresis loss reaches a maximum at flux densities of 
16,000 to 20,000, and then at higher values falls off very rapidly to a 
very low value. It has been attempted to explain this phenomenon by 
means of Ewing’s molecular theory, but neither the explanation nor 
the experiments seem to be free from objection. The hysteresis 
losses obtained with alternating magnetisation in formula (168) are 
therefore generally used directly for rotary magnetisation also, and 

calculated for the mean tangential induction A> mean — -b- B t . 

7T/1 

A. C. 2 A 
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(c) Losses m Pole Shoes. With a slotted armature the induction over 
the surface of the pole shoe is not constant, but varies along a wave 
corresponding to the teeth and slots. When the armature revolves, 
the maxima and minima of this wave move over the pole shoe, so that 
at any point in the latter the induction pulsates at a frequency corre- 
sponding to the number of teeth Z moving across the pole per second. 
As a consequence of this, eddy currents are induced in the shoes having 

the frequency c n - ^ and penetrate to a depth h , where the induction 

is constant. The direction of these currents is such as to damp the 
oscillations of the flux, that is, they exert a screening effect and are 
therefore chiefly confined to the surface of the shoe ; below the surface, 
they are rapidly damped out. 

If the pole shoes are laminated, the eddy-current loss due to the 
teeth can be calculated from formula (176) for jp = co. It must be 
remembered, however, that the gap density B l must be replaced by the 
amplitude B n of the flux pulsations at the surface of the shoe and the 
pole pitch t by the half slot-pitch. The depth of the laminations is 

taken as for if they were deeper, this would have but little effect 

on the calculation, since the magnetic waves — as shewn — are practically 
damped out at this depth. Thus, in a pole shoe of length l cm, width 

b cm and depth ~ cm, the eddy-current loss will be 

rFn=CTw ( A W^im) mo watts ’ 

T) 

since B — — 2 . 

-‘-'mean 

7 r 

Till 

Here - I— ^ 

6 tanh ^ 6 tanh7r 6 


and the frequency 


where y is the peripheral speed of the armature in metres per second. 
Inserting these values : 


w _7r 3 /A B n V 

” ■ " ■ ¥ \ Av 1000 ) 2000^ vatts 


~ ds*; ( A to mo ) 2 lh watts > ( 184 > 

where l y b and tj are in cm and A in mm. 
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The hysteresis losses are approximately 
iir _ „ e„ ( B n \ 1S lb 


ly _ nr- n ( U 

h ~~ h l00 WlOOO. 


400tt lOVlOOO 


lb watts. 


In this formula, as in the earlier, the flux distribution is taken as 
constant over the whole plate. For most pole shoes, however, this 
does not hold, partly because the plates are often 1 mm or more thick 
and partly because the frequency c n lies between 500 and 1 500. The 
thickness 8 of the equivalent layer of a plate in a pole shoe, where 
e=1000, p= 10 -5 and /x = 2000, is 

*“irVa ^=i em=0 ' 08mm ’ 

thus being much less than half the thickness of the plate. In such 
cases the values obtained from the formulae are too low. It is seen, 
however, that it is extremely important not to use too thick plates for 
pole shoes. It is therefore of interest to calculate the eddy losses in a 
solid pole shoe and compare these with the losses in laminated shoes. 
For this calculation we shall use the method given by Rudenberg in 
the E.T.Z. 1905, p. 182. 

The magnetic wave entering the shoe will again be represented by 

2tt 

K - B n cos -T- x. 
h 

In each element at the surface of the pole shoe and parallel to the 
axis, the E.M.F. induced per cm length is 

e w =vb n 10" 8 volts, 

where v is the peripheral speed of the armature in m/sec. This E.M.F. 
produces an eddy current near the surface 

i w = — =*v — 10 -6 amp. 

P P 

In section 112 it was shewn that the eddy currents are propagated 
in solid iron in accordance with the exponential function e-^/, where 


27 r jc 

L== ToWl 


a constant depending on the iron, and y the distance of the point in 
question from the surface. 

Hence the general expression for the eddy currents can be written 


s-l^-^cos^-aslO 6 . 
P h 


We take now the expression i 2 w pdv , which represents the loss due to 
eddy currents in the element of volume d% and integrate over the 
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surface of the pole shoe t x l. It is convenient to extend the integration 
with respect to y to go, but the magnetic waves do not extend even 
a wave length into the iron ; we then get the total eddy-current loss in 
a slot pitch : 


Ch- r 30 ri ^ 

dx I dy\ dzilp 

Jo Jo Jo 


p i r r z & b 2 4 v 

hence w ~ ^ - 

nence Ww ~ P IQ™ 2 2\.' 

Integrating over the whole polar are b, instead of over a slot pitch f lt 
we get the total eddy-current loss 

w v*Bi ll ■ 

4X wafcts 


10 8 8 t rp 


-bl watts. 


and with c = : 


(w) watts > < 185 > 

where b, l and t 1 are in cm and v in m/sec. 

As seen, this expression differs considerably from that for laminated 
shoes. They are in the ratio 

5* /,y« 6'6A 2 fa 

i-«Kw AVw= ^rVio^ 

to one another. 

For A = 0-5 mm, t, = 2 cm, a = 20 m/sec., ^ = 2000 and »= 10~« this 
ratio becomes 

6-6 x 0-5 2 / 20 x 2000 
~ 2 V 2 x 1 0 5 x 10 = °‘ 3 1 6 * 

In this case, therefore, the losses in the laminated pole shoes are little 
more than one tenth of those in the solid pole shoes. To obtain this 
result, however, the plates of the laminated shoes must not be more than 

28 = 0 16 mm, for c n — — — = 1000 cycles per second. 

Since these thin plates are not practicable, the eddy losses in the 
actual laminations will have a value between the above. * 
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116. Testing and Pre-determination of Losses in Iron Stampings. 

For investigating iron, the apparatus should be arranged so that the 
magnetic circuit is entirely composed of the sample to be tested. 

In the standards of the Verbcmcl Deutsche r Elektroteclmiker the arrange- 
ment shewn in Fig. 328 is proposed for the testing of iron plates. 


i 
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Fio. 328.— Apparatus for Testing Iron Stampings. 


The magnetic circuit is made up of four cores each 500 mm long, 
30 mm wide and at least 2J kg in weight. The several plates are 
insulated from one another by tissue paper. The cores are held in 
position by wooden clamps and at the junctions separated by a 0T5 mm 
strip of presspahn. Special care is to be taken that the cores are strictly 
in line, correct position being detected by minimum noise and minimum 
magnetising current. The exciting coils are wound on presspahn spools, 
on each of which there are 150 turns of wire of 14 mm 2 section. 

The stampings — according to these instructions — shall be taken from 
a sample of four lots weighing at least 10 kg. From the total losses 
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measured by the wattmeter, the loss in the winding is to be deducted 
in order to obtain the iron loss W,. From formulae (168) and (176), 
the total iron losses are : 

The coefficients <r h and a w can be found by experiment, by testing 
the^ sample at a constant induction B with alternating-currents and 
variable frequency c. For this purpose we have only to maintain the 
excitation of the generator constant and vary its speed ; for then the 
E.M.F. varies in proportion to the frequency and the flux remains constant. 
The losses measured by the wattmeter are then divided by the volume 
of iron to obtain the loss per dm 3 . These values divided by their 
respective frequencies c are plotted as functions of the induction B, 
and must — according to the above equation — give a straight line. 

The intercept of this straight line on the ordinate axis equals 

iTTb ( i Ann ) 5 the : height of a point on the straight line above 


2QQ \q000/ 5 tv JJV.HJ.XU VJ 1 X UXJt> QUXOjXgX.lU xxxxo auuvo 

this point of intersection with the ordinate axis is 

, 0 - (A 

w Vioo looo; * 

In Fig. 329 the above-mentioned lines have been determined for 
0*5 mm dynamo plates at the inductions i> = 6000, 10,000 and 15,000, 
Watts * — — — — — 1 — — — — — and the values of (r h and or w cal- 

. ^ culated from the same are given. 

1f2 This method of separating the 

,A\ hysteresis and eddy losses is 

1Q S 3= woo based on the assumption that 

6}r °’ m the hysteresis loss per cycle is 

/ fcftM ~~ independent of the frequency. 

0,s “T 7 This is not, as we have seen, 

^ ~ strictly correct, for the same 

o f 6 increases somewhat as the 

— — frequency increases. Conse- 

0,11 - J quently, by this method of 

f | separation the eddy-current 

% o,i — —==- — =-==^7^11 loss will appear somewhat 

c ■_ greater, and the hysteresis loss 

1111 111 fang somewhat smaller than is actu- 

0 10 20 30 k0 so Cycles ally the case. But in any ease 

Fin. 329.— Separation oMjron Losses by Frequency the method enables US to See 

, . , « ° * what part of the losses is 

proportional to the frequency and what part to the square, which 
of importance for pre-determining the losses and obtaining 
the coefficients cr 7t and <r„ experimentally. Further, we have seen 
that the eddy currents especially at high frequencies — cause a non- 
unifoim distribution of the induction over the section of the plates. 
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In consequence of this, the hysteresis loss will be further increased 
with increasing frequency, which appears as an increase of the eddy- 
current coefficient <r„ in the above separation. This coefficient, therefore, 
will generally be found considerably greater when determined by this 
means, than when it is deduced from the thickness and permeance of 
the plates. If the paper between the plates does not insulate properly, 
or if a direct path for currents from plate to plate is made during 
erection or construction, as is often unavoidable in practice, the eddy- 
current coefficient may be still further considerably increased. 

The total loss in watts in a kilogram of iron at an induction ot 
10,000 and frequency of 50 is called the specific loss * of the iron. 
Assuming a specific gravity of 7*77, the iron tested m Fig. 329 has a 

specific loss of 4*1. . , . . c 

According to Ewing, the best result obtained by him was from lion 

having the following composition : 

Carbon 0'02 %. Phosphorus 0-02 %. 

Silicon 0-032 %. bulphur 0-003 %. 

Traces of manganese. iron 99 y-,0 /<,. 

This iron ages considerably, however. By adding 3 % of silicon or 
aluminium it has recently be found possible to produce an iron, m 
which the hysteresis loss is less than that of the best Swedish iron. 
This iron is also considerably less affected by ageing. The permeability 
of such an alloyed iron is, however, lower than that of ordinary iron, 

and likewise its mechanical strength. . . , t 

Since such alloy plates have 4 to 5 times the electrical resistance Of 
ordinary plates and therefore smaller eddy losses, they are particularly 
suitable for transformers and other electromagnetic apparatus with large 

iron losses and poor cooling. lo „„ o1 _ 

For the specific loss the Bismarck hutte — whose plates are largely 

used in Germany at the present day — guarantees : 

Ordinary plates - 3'6 watts per kg. 

0-6 to 0-7 % Silicon Alloy - 3-2 „ 

3-0 to 3-5 % „ - l' 8 

The composition of alloy plates is usually as follows . 

Carbon 0-03 %, Phosphorus 0-01 %, 

Silicon 3-4%, Sulphur 0-04%, 

Manganese 0-3 %, Iron 96 ^ %, 

and they have a specific resistance of 0-5 ohm. 

117. Calculation of the Magnetising Ampere-turns with Continuous, 
and Alternating-Current. To calculate the ampere-turns m a magnetic 
circuit excited by direct current, we divide the magnetic circuit mto 
parts made of the same material and having approximately a constant 
induction. Starting, for example, with the value dq of the flux in the 

first part, we find the induction JBj = where Q 1 is the mean section 
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of this part. Similarly, the induction at another part B x = 5? » cr x 5- 1 , 

where o- denotes the leakage coefficient of the part x with respect to 
part 1. We now need the magnetisation curves of the respective materials. 
V+v 3 6 curves £ lve Eductions B for the different materials as. functions 
ot the ampere-turns aw per cm length of the magnetic path. Such curves 
are etermmed by the above-mentioned ballistic measurements, or 
by means of some form of permeameter, and take no account, 
therefore, of the effect of hysteresis. The error hereby introduced is 
usually not considerable. In Fig. 330 the magnetisation curves for the 
commonly-used magnetic materials of average quality are given. 

I he permeability of good cast steel is independent of the amount of 
carbon present up to 0*25 % of the latter. Above this value the steel 

rapidly S decre ^ mec ^ an ^ ca % an d magnetically and its permeability 

Let at 19 at 2 , etc., denote the values of the ampere-turns per cm 
length, as given by these curves, for the inductions B 1 , etc., in the 
several parts ; then for the whole magnetic circuit we have the total 
ampere-turns /frp . r 

7* — atiB } + at%L% -j- . . . , 

where L } , L 2 , etc., denote the lengths of the several parts. 

If we carry out this process for a number of values of the flux 
we get a curve shewing ^ as a function of AT k (cp. magnetisation 
curve or no-load characteristic of machines). 

. .'JJe emulation of the magnetic circuit with an alternating flux, as 
m the case of transformers or induction motors, is quite similar. 

Here we have usually the maximum value of the sinusoidal alternating 
flux either given or assumed, whilst the effective value of the magnetising 
ampere-turns or current is to be calculated. Further, this effective 
value has to be split up into an energy or watt component and a wattless 
component. If the magnetic circuit is made up of several parts, the 
problem cannot be solved accurately, unless we have the hysteresis 
loops for the several inductions in the various parts. From these the 
hysteresis loop for the whole magnetic path could be calculated point 

shewn^n F^aSOT 3111 * 76 ° * ma & lietisin & current found, similarly to that 

* wf 3 ^ me ^° d r If m . uch to ° ro ™dabout for practical purposes, it 
is better to use the following approximate method. 

On a test-ring of the particular material, as shewn in Fig 299 with 
various applied pressures P, the effective current I and consumed 
watts w are measured. If the pressure is sinusoidal, 


<£ = 


- P : 1Q8 
4*4:4 cm} 


and the maximum induction 


P. 10 8 
4*44 cw$ 




378 


THEORY OF ALTERNATING-CURRENTS 


where Q equals the section of the material. The effective value of the 
magnetising ampere-turns per cm length of the ring is 


where L m is the mean length of the ring. 

Further, the watt component of the magnetising current is 


Iw = 


W 

P' 


and the watt-component of the corresponding ampere-turns per 
length is 


cm 


at w — 


= PL„ 


The wattless component of the magnetising current and of the 
corresponding ampere-turns per cm length of the magnetic path are 


I WL ~ ~ 1% 


ai WL =^ = ^Ljp1lf t 


W> 

sjap-att. 


In Fig. 331 the values of at w and at WL are plotted for different values 
of b at 50 cycles per sec. The curves are taken for iron plates of 
various qualities and thicknesses, curves I and II being for dynamo 
plates 0-5 mm and 0*35 mm thick, and curve III for alloy plates 
0*33 mm thick. J l 

. To ? alculate a magnetic circuit for alternating-current, the procedure 
is similar to that for a circuit excited by continuous current. After 
the circuit has been divided into parts of the same material and with 
approximately constant inductions B 1 , R 2 , etc., then, by means of the 
curves, we can get the watt ampere-turns AT kw for the whole circuit 


A T k w —at wl L l + at W2 L 2 + . . . , ( 187 ) 

and likewise the wattless ampere-turns 

Pt £ \ WL — tt'f'WL 1-^1 tit WL 2 A 2 (188) 

The resultant ampere-turns are then 


A2 k -J(AI kw y + ( AT kWL ) 2 (189) 

By this method, we not only take into account the effect of magnetic 
hysteresis, but also the influence of the eddy-current losses on the 
magnetising current. 

The calculation of the watt ampere-turns is quite accurate, since 
these are sinusoidal and give the total watts lost in the circuit 

W= I W P = I w 4-44 cw 4> max 10“ 8 
— A T k jy 4 *44 c 4> max 1 0 -s watts. 
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The calculation of the wattless ampere-turns in the whole circuit by 
summing up the wattless ampere-turns in the* several parts is not quite 
exact, since these components contain higher harmonics which have 
different relations to the fundamental in the several parts. This 
method, therefore, gives a somewhat too high value for the wattless 
ampere-turns, especially when strongly saturated iron is in series with 
feebly saturated or with air. 



The error can be reduced somewhat by splitting up the ampere-turns 
at WL into a fundamental at x WL and a component at d ~ comprising the 
higher harmonics. The latter is found from the equation 

at d = V (utwi) 2 ” ( a h wi)"- 

In Fig. 332 the curves for ah WL and at d are calculated for laminations 
of the material used for curve I, Fig. 331. - 

Similarly, as in the above, we can now calculate from the curves tor 

the whole magnetic circuit 

A T k I V = 0jt w Jb 2 4* • • • j 

■ATne WL ~ 1 P WlJL'2. + • * • j 

A T dk — dt dl L x + at d2 L» + . . . , 
whence A T k WL — Ja^i k WL + a hk 

and AT^U (190) 

At the present time, plates with low losses are usually used for 
static transformers, which make it possible to work at high densities. 
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In these special plates, however, saturation is usually reached com- 
paratively early, so that the magnetising current quickly becomes 
distorted. On this account, in the diagram of such transformers, the 
magnetising current cannot he considered sinusoidal, and therefore 
cannot be added geometrically to the sinusoidal load current in the 
ordinary way ; but, as shewn above, the sinusoidal part of the wattless 


£*4000 



component of the magnetising current must first be added directly to 
the wattless component of the load current and then the components 
of the higher harmonics at 90° to these geometrically added, in order 
to obtain the total wattless component of the primary current supplied 
to the transformer. By means of this accurate procedure the wattless 
component of the primary current will appear smaller than the sum of 
the wattless components of the magnetising current and the secondary 
load current, which is usually the one calculated. The error introduced, 
however, by the latter simple method is generally negligible. 

118. The Magnetic Field in a Polyphase Motor. For the sake of 
simplicity we will consider the actual case of a symmetrical two-pole 
three-phase induction motor. The stator coils of the three phases are 
displaced from one another by 120° in space. To the three phases the 
following symmetrical pressures are applied : 

Pi = P m «sin(©f + ^), 

Pu = Pm*x sin (o)t + ^ - 1 20°), 

Pm ~ P mux sin (<ot + \j/ - 240°). 
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These pressures produce the following fluxes, which are interlinked 
with the windings of the three phases : 

#1 = -^maxCOS (tot + Ip), 

#H = - #maxCOS (tot + Ip- 120°), 

and # m = - # raax cos (o>2 + \p~ 240°). 

These fluxes are displaced by 120 in space, whilst in time they 
succeed one another after one-third of a complete period. 

The resultant flux in a direction x, which encloses the angle x with the 
perpendicular to the coils of the first phase, can therefore be written : 

#*= -- #max COS (tot + p-x). 

Suppose the direction x rotates with the angular velocity o>, then we 
can write x = x Q + od, 

and we get #*= -#xnaxCOS (p-X Q ), * ( 191 ) 

i.e. the flux along an axis revoking with the angular velocity of the current is 
constant. Such a field is called a rotary field. 

If we take the initial position z 0 = ip, i.e. so that the flux at the 
instant t = 0 is a maximum in the direction ^ 0 , then this direction x 
corresponds with the maximum flux at every instant. 

Hence , in a polyphase motor we have a constant flux rotating with a 
constant angular velocity to, the direction of flux coinciding with the 
perpendicular to the coils of each phase at the instant when the 
pressure of the respective phase is zero. The flux distributes itself in 
the gap in practically a sine wave over the armature periphery. 

To calculate the magnetising current in each phase, the effect of all 
three phases in producing the common rotary held must now be taken 
into account. Consider, for example, the instant when the flux is a 
maximum in the first phase, then the resultant magnetising ampere- 
turns along the perpendicular to the coils in this phase are also a 
maximum and equal 

A T inax = ijW cos 0° + i n w cos 120° + i m w cos 240°, 

and this AT m&x has to produce the maximum flux density B t in the 
crap along the perpendicular to the first phase, w equals the number of 
turns per pole and phase. Since the magnetising currents are practi- 
cally wattless, i T is a maximum, since the phase pressure is zero at this 
moment. Hence, we have 

A 2' max = w [/« cos 0° sin \ + / mlx cos 1 20° sin (J + g *■) 

+ 2 ma . x cos 240° sin f ~ ■rr'j 
= IniaxW (cos 2 0° + eos-120° + eos 2 240°) 

= f2 nwx w, 
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that is to say, the magnetising current per phase required to produce 
the rotary field in a three-phase motor is only f of the current required 
to produce an equal alternating field by means of a single phase. 

For an w-phase motor we should have 

4 ^nmx = 4nax ^ f COS 2 0° + COS 2 — + COS 2 —+...+ COS 2 — — ) 

\ n n n J 


= (192) 

Hence in an n-phase motor , the magnetising current in each phase required/ 

o 

to produce the rotary field is only ~ of the magnetising current required to 

produce a corresponding alternating field. 

In a two-phase motor, where n = 2, 


AT m 




In this motor the total flux is produced by one phase when the flux 
is a maximum along the perpendicular to this phase. Suppose the two 

phases of the two-phase motor produce 
alternating fields b T and b n of the same 
maximum density _Z? 7 , which are dis- 
placed by 90° both in space and time, 
then, as shewn in Fig. 333, these combine 
to produce a rotary field of constant 
intensity B z . From the above it is clear 
that to produce a rotary field, twice as 
many ampere-turns are needed as to 
produce an alternating flux. Whence it 
follows further, that a single-phase 
induction motor at no-load (i.e. running 
light) takes twice the magnetising 
current that it takes at rest, since at 
rest an alternating field is produced, and when running a rotary 
field. 

If the three-phase motor is wound for 2p poles, the rotary field will 

again move over a double pole-pitch in a period, — thus through ~th of 

a revolution. Hence the rotary field in a 2y?-pole motor moves p times 

more slowly than in a bi-polar, i.e. at the speed With the same 

magnetic reluctance per unit-tube of flux, the 2y-pole motor requires 
p times the magnetising current that the bi-polar takes, since there 
are p times as many fields to produce. 
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THE FUNDAMENTAL PRINCIPLES OF ELECTROSTATICS. 

119. The Electric Field. 120. Capacity. 121. Specific Inductive Capacity. 
122. The Energy in the Electric Field. 123. Electric Displacement. 

119. The Electric Field, (a) By the term “ electric field 55 is under- 
stood a space where electric forces can be observed. The electric field 
has several properties in common with the magnetic field, though in 
several points, on the other hand, there is a marked difference. For 
example, the total quantity of magnetism in a magnet is always zero. 
With bodies in electric fields this is not always so ; a body, for example, 
may contain only positive electricity, in which case it is said to be 
positively electrified or charged. Electrically-charged bodies produce 
in their neighbourhood an electric field, which becomes weaker the 
further we go from the charged body. The repelling force exerted on 
one another by two small bodies carrying the charges q 1 and q 2 in air 
or in vacuo can be calculated from Coulomb’s Law : 

(193) 

where r is the distance in cm between the bodies. If the charges are 
expressed in electrostatic units, the force K will be given in dynes. 
In the electrostatic system of units, therefore, the electric quantity or 

charge has the same dimensions (I/M^T' 1 ) as the magnetic quantity 
in the electromagnetic system of units. If we have an electric charge 
+ 1 in an electric field, it will be acted on by the mechanical force f. 
This force / is termed the electric field-strength, and has the same 

dimension ( L~^M^T -1 ) as the magnetic field-strength in the electro- 
magnetic system of units. 

As in a magnetic field there are magnetic lines and tubes of force, 
similarly in an electric field there are electric lines and tubes of force. 
An electric line of force is defined as a line such that its tangent 
at any point coincides in direction with the field-strength. ihe 
number of unit tubes of force passing through a surface of 1 cm 2 
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perpendicular to the direction of the force is taken as numerically equal 
to the field-strength at the respective point. 

(b) Every point in a constant electric field possesses a potential. At 
any point in the field the potential is 

* = 4 ( 194 ) 


where q denotes the electric charge of a point at the distance r from 
the point considered. The summation has to be extended over all the 
electric charges in the field. 

If we calculate the work A done when the electric charge + 1 at 
distance from the charge q l is removed to infinity, we have 



. The work A is thus equal to the potential of the charge gi at a 
distance r l . Since this work is independent of the path s over which 
the unit charge is conveyed, the potential will be 


P = J7.<fc = f -f.ds. 

By differentiating, we get the field-strength in the direction . 


_dP 

Js ~ ds 


.( 195 ) 


equal to the fall of potential in this direction. From this, the potential 
difference between two points A and B is 

P A -P R = ^ f 8 ds. 

A surface perpendicular at all points to the direction of the field- 
strength, and hence the locus of all points having the same potential, 
is called an equi-potential surface. The earth’s potential is usually 
taken as zero, and in this case the potential of a point can be calculated 
as the work done in moving positive unit charge from earth to the 
point considered. 

(c) Gauss and Green's Theorem. The total flux <j> leaving a closed 
surface I is equal to 47 r times the sum of the electric charges q inside 
the sphere. This theorem can be directly deduced from Coulomb’s 
Law. Symbolically P 

<#>= fn^F— 47r2^, (196) 

J p 

where f n is the normal component of the electric field-strength, directed 
outwards, on the elemental surface dF, and the integral is taken over 
the whole closed surface F. 

Inside a solid conductor *, maintaining equilibrium , , the electric field-strength 
f is everywhere zero. Thus if the closed surface is placed inside a con- 
ductor where /=* 0 everywhere, then 2^ = 0; i.e. no electricity can exist 
inside a charged conductor. The electricity inside the conductor mutually 
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repels itself to the surface, where the total electrical charge of the 
conductor is therefore located. The quantity of electricity per unit of 
surface is called the surface density <x of the electric charge. 

On the element of surface dF the charge is 

dq — crdF. 

If a closed surface— as shewn in Fig. 334 — is placed very near to 
the elemental surface dF, then as the electric field-strength inside the 
conductor is zero, and from Gbvuss’s Theorem we have 


j ' f n dF=f (IF = 47r2(2 = 4srr<r dF 

f= 4:7T(J 


Hence the electric field -strength at a point near the surface of a 
charged conductor is 47r times the surface density. From this it follows 
that the surface of a conductor forms an equi-potential 
surface, and that the electric lines of force leave the 
surface perpendicularly when it is positively charged, 
and enter perpendicularly when it is negatively charged. / * 

The positive and negative charges form the termini of 
the tubes of electric force. 

(d) The electric field-strength at a point in the 
surface of a conductor is not equal to the field-strength p ^ 
at a point just outside. p 

Just outside the surface, both the electric charge Fla 334> 
cr dd and all the other electric charges on the conductor 
exert their effect ; hence we can put f a = / x where the field-strength 
A is due to the charge cr (IF. At a point on the surface, the charge 
<rilF ' exerts no force f 2 , so that the resultant field-strength here is 
Jo —Jr A.t a point just inside the conductor the charge crclF exerts 
the force -/ 2 , directed inwards, since the point is on the opposite side 
of the surface element. Since the electric field-strength inside a con- 
ductor is zero, then f =f 1 -/ 2 = 0, i.e. = Consequently, the 
electric field-strength at a point on the surface is 

Jo~ ==1 27TCT. 

Ill a field of this intensity there acts on every unit of surface having 
the surface density cr, the mechanical force 


iT=/ 0 o- = 




which is always directed outwards, and is 'known as the electrostatic 
tension . Its presence can he observed by electrifying a soap bubble 
which grows larger and finally bursts. 

If the conduopr is a solid body and the electrostatic tension becomes 
too high, the cofUuetor will discharge Itself into the air. At ordinary 
atmospheric pressure and temperature, such a discharge occurs when 
X=400 to 500 dynes. This tension corresponds to a mercury column 
of 0*3 mm.. 
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The distribution of the surface density or over the surface is usually 
non-uniform. On a conductor removed from all other conductors, it 
only depends on the shape of the surface ; the density at any point is 
inversely proportional to the radius of curvature at this point. The 
greatest density, therefore, is at points and edges of the conductor, so 
that the discharge occurs first in these places. 

(e) Electric conductors are not only charged with electricity by 
direct contact, but also by electrostatic induction. If a conductor is 
brought into an electric field, then negative charges will collect on the 
part of its surface where the lines of force enter the conductor and 
positive charges where the lines of force leave. The algebraic sum of the 
charges of electricity thus produced is always zero. 

To protect a body against static induction it can be enclosed in a 
conducting cover. No lines of force enter the hollow space, thus the 
conducting cover acts as an electric screen against all external electric 
forces. This property is employed in electrostatic measuring instru- 
ments. In the interior of a hollow conductor, no electricity can exist. 


120. Capacity. By the capacity C of a conductor is understood 
the ratio of its charge Q to its potential P ; hence 

Q = CP (199) 

Since the potential P = 22 ? capacity has the dimension of a length 

in the electrostatic system of units. 

(a) If the elective charge Q is concentrated at a point, then the 
electric field-strength at a distance p is 

f _Q 

f ~ P * 

and the potential P at the point in question is found from 

clP__ , 

dp" /’ 


P = - f fdp= - 1 ~ dp = ^ *f const. 


Since P = 0 when p= go , the constant disappears, and the potential is 



Since P = constant for surfaces at the same potential, p is constant 
for such surfaces. Hence the equi-potential surfaces are spheres about 
the charged point as centre. Considering the space enclosed by one of 
these spheres when the enclosing cover is metal, then the whole charge 
Q passes to the surface without the electric field being affected in any 
way. For, from Gauss’s Theorem, the total flux through the several 
equi-potential surfaces is not altered ; this is 


<£ = 4:7tQ = 




CAPACITY- 


387 


and the surface density on a spherical surface is therefore 


4tT 4tT/) 2 1 67T 2 p 2 


The potential at the surface of a 
sphere of radius r and charge Q is 
thus 

P =~ (200) 

Hence, it follows that in air the 
capacity of a sphere equals its radius . 
Inside the sphere the potential is every- 
where ze To,, irrespective of whether 
the sphere is hollow or solid. 

Consider a straight line of infinite 
length (Fig. 335) with the charge Q 
per unit length. The field-strength 
due to it at a point distant p from 
the straight line is 



h~f * J..-| * J..-| 

The potential at this point is 


2 Q cos a _ 2 Q 


( 201 ) 


P - "" J f dp = - J ~ dp = const. - 2 Q log e p. 

The equi-potential surfaces also satisfy the equation p = const, here, 
i.e. they are cylinders about the straight line as axis. Suppose again 
an equi-potential surface to be metallic, then the charge Q will pass to 
this metal cylinder, without affecting the electric field. The electric 
flux for the length l of the cylinder is in this case 


</■> = 47 rQl = 4tt/> ~ l — 2i rplf, 
and the surface density is 

„<L. 

4tT 4:77 P 2tT p &7T 2 pl 

The potential and capacity of an infinitely long cylinder cannot be 
expressed in finite terms, since there are no limiting conditions for the 
constants. Later, however, we shall return to special cases. 

Lastly, we can consider an infinitely large plane with the surface 
density o- ; the field-strength at a point near the plane is /= Sttct, 
since half of the 4? rcr lines per unit surface go out perpendicularly 
on the one side, and the other half on the other side. On the surface 
itself f 0 = 0. 
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(b) To calculate the capacity of a line, it is best to proceed as 
follows. We start from the assumption that the conductor has a 
certain charge Q , and calculate its potential by finding the work 
necessary to bring + 1 charge from infinity or earth to the conductor. 
The path along which this is done is, as mentioned, immaterial. 

; As an example, we shall calculate in this way 

r 2 R the capacity C of a cylinder of diameter 2 r 

I (Fig. 336) and length l surrounded by a co-axial 

© earthed hollow cylinder of inside diameter 2 Ii. 

The hollow cylinder has zero potential, and the 
potential of the internal cylinder is the work 

J P -/<£/>, which is required to convey unit charge 

from the outside cylinder to the inside. For a 
very long cylinder we had 

9 0 

Fig. 336 . f =— , 

P 

where Q = charge per unit length ; hence 

P=n ~-d P = -2Q(log e r-log e i2)=2<2IogA 
= P 1 

and the capacity C of the two cylinders is 


p _ IQ __ J 

~ R' 

2l0g e y 


...( 202 ) 


In a similar manner we find the capacity of a sphere of radius r 
concentrically surrounded by a hollow sphere of inside radius R. Here 


p-n*. 


Hence the capacity = This may be very different \ 

from the capacity of a sphere removed far away from other J 
bodies. The charge on the inner surface of the hollow ; 
sphere equals the charge Q on the surface of the inner 
sphere. 

If a surface F having the charge Q placed opposite to an 
earthed surface at a distance r, the field-strength between 
the two plates is everywhere constant (Fig. 337), when the F 
surfaces are large compared with the distance r. The 
direction of the field is normal to the plates, and its strength 



f— 4r7TCT = 
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At the surface of the charged plate the field-strength / 0 is only one 

half, since here only the charge of the earthed plate can produce a 

component of force : thus 0 n 

f = q ?nr!S £s t 

k J o—- j7r(r — jft 

The potential of the charged plate is 

F.-r'/Jf.ipr.Jr, ' 

J p = r 1 

and the capacity of the pair of plates 

0 F 

°-T-& < 204 > 


Such systems of two conductors having large surfaces a small distance 
apart are called condensers , the two conductors being termed the plates 
of the condenser. Condensers are used for collecting large electric 
charges by means of moderate potential differences. 

In all practical condensers, the plates are so near together, that they 
always receive the same charge, which depends only on the potential 
difference applied to the plates, and is wholly independent of external 
influences such as the presence of strong electric fields or other 
condensers. Usually the plates are made of tin-foil, whilst the dielectric 
consists of paraffin-wax paper or thin mica sheets. Recently, high- 
pressure condensers with glass tubes and metal plates— similar to 
Leyden jars — have been placed on the market. 

The capacity C of a condenser is numerically equal to the charge Q which 
collects on one plate' when it is raised to unit potential , the other plate being 
earthed , or in other words, when the potential difference between the 
plates is unity. If several condensers are placed in parallel, each 
assumes a charge proportional to its capacity and to the common 
potential difference, and the total charge of all the condensers equals 
the sum of the charges of the several condensers. Thus the capacity of 
condensers in parallel equals the sum of the capacities of the several condensers , * 
when these are independent of one another. If several condensers are 
placed in series, they will all assume the same charge Q, and the 
potential difference P between the first and last will be divided 


between the several condensers in inverse proportion to their capacity. 

Thus ’ 0 0 0 0 
P~P jlP jl p 4 . - JL+PLa. jLjl -A' 

1 — j- x T J- 2 -t- J- 3 -r . • - — Q T* Q -r — Q 


whence it follows that the reciprocal value of the capacity of several 
condensers in series equals the sum of the reciprocal values of the 
capacities of the several condensers. 

(c) We have seen that when other bodies, e.g. the earth, are in the 
neighbourhood of a conductor, the capacity of the latter alters. Every 
body at zero potential which is brought into the electric field of the 
conductor in question raises the charge of the latter, and thereby 
increases its capacity. 
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Maxwell defined the capacity of a conductor as the ratio of its charge 3 
to its potential, the potential of all neighbouring bodies being zero, 
when they are earthed. If there are several conductors K ly A 2 , eto- 9 
with charges Q lt 0 2 , etc., in the electric field, the potential at arvy 
point equals the sum of the potentials assumed by the same point when 
each conductor receives its charge separately whilst the others reman 
uncharged. We have thus a superposition of the electric effects. 

If the first conductor K x has the charge Q l , whilst the others reman ri 
uncharged and insulated, the potentials of the conductors K lt IC 2 , - - * 
will be respectively 

IhiQn P 12 Q 1 } PisQh etc., 

where p lu p 12 , etc., are constant magnitudes depending only on tlno 
position and dimensions of the conductors. These constants are known 
as potential coefficients . If conductor K 2 is charged with the quantity Q ^ 9 
whilst the others remain insulated and uncharged, the conductors will 
have the potentials 

P21Q2, P22Q2, P23Q2, etc. 

Hence when the conductors have simultaneously the charges Q v , 
etc. their potentials will be 


Pi ~lh 1 Ql “h j?2 1 02 1 03 + • • • 

P‘2 ~Pl 2 01 + p22 02 +1 ? 32 03 + • - - 
From these equations, we get 


(205 > 


0i ~ c i\Pi + C 2 iP 2 + Ci nP‘i + • ••! 

Q^ — c^P 1 + c 22 I ) 2 J r c^oP^ 4 - ... j (206 y 

The magnitudes c are functions of the magnitudes p, and like th.es 
latter are determined by the position and dimensions of the conductors . 
The magnitudes c are called captacity coefficients, , when the two suffixes 
are the same, or simply, the respective capacities. Thus c u is the 
capacity coefficient or the capacity of the conductor K } , c 22 the similar- 
coefficient for conductor K 2 , and so on. The magnitudes^ 1 , where tho 
two suffixes are different, are called the mutual capacity coefficients of th o 
respective conductors. In this case c mn = c nm . Thus c 13 is the mutual 
capacity coefficient of conductor relatively to conductor if 2 , and 
so on. 

. From the last series of equations, it follows : The capacity or t/i& 
capacity coefficient of a conductor is equal to the quantity of electricity possessed 
by the conductor' when its potential equals unity , the potential of all other 
conductor's being zero. 

The mutual capacity coefficient of a conductor' K x relatively to a conductor AY> 
equals the -quantity of electricity which collects on K 2 when all other conductors* 
except K y have zero potential whilst the conductor K x is brought to unit 
potential. 
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If the conductor K x is charged positively whilst the reixri ‘ a 
conductors in the field are earthed, the lines of force from eondueto^/^ 
pass into these conductors and away to earth. Obviously, lin es of fo 
cannot come from the other conductors, since no point at a lox^ 
potential exists in the field. Consequently, there can be no positive 
charge on any of the other conductors. The sum of the negative 
charges on the earthed conductors, therefore, can never become numeri- 
cally greater than the positive charge on the conductor K x . From this 
it is seen that the mutual capacity coefficients must always be negative (or ~ero) 
and that the sum of the mutual capacity coefficients is numerically smaller 
than (or at the most equal to) the capacity coefficient. 

m (d) To determine the capacity coefficients experimentally, the method 
given by Professor Schleiermaeher* can be used with advantage 
All conductors except the x th are earthed, and the capacity & of 
the aF is then measured • from the above definition this equals the 
coefficient c xx . Similarly, we proceed with all other conductors 
whereby c yy) equal to the capacity of the ;?/ th conductor, is obtained! 
If now all the conductors with the exception of the x th and y th are 
earthed, whilst these two are joined in parallel, we shall not <4t the 
capacity c xx + c yy , as would be the case with parallel-connected inde- 
pendent condensers, but a capacity c (x+y) since both conductors mutually 
affect one another. If we form the system of equations (1S5) for the 
two conductors x and y under the assumption that all the remaining 
conductors are earthed whilst they have the same potential F y then & 

Qx~ c xx^ + c, JX P j 

Qy C'yyP C xy F , 
and G.+ Gf-Pw 

By eliminating Q x and Q v from these three equations, we get 


If c (x+J/) = c xx + c yy , as in independent condensers, then c xv = 0, which 
indicates that the two conductors x and y induce no charge on each 
other. 

It follows further that the three capacity coefficients of two con- 
ductors can be determined experimentally by three capacity measure- 
ments. For three conductors six capacity measurements are necessary 
and for n conductors (1+2 + 3 + .. . -Mi) measurements in order to find 
all the coefficients. 

If one of two conductors acts as a screen to the other, as in two 
concentric spherical shells, then the lines of force go partly between 
the two opposing spherical surfaces and partly between the external 
spherical surface and the outside space. The latter lines are only 
present, however, when the outer conductor is charged. Hence the 
outer conductor possesses a capacity equal to the capacity of the 

* E. T.Z. 1905, p. 1043. 


392 


THEORY OF ALTERNATING- CURRENTS 


inner sphere increased by the capacity it would have if the internal 
conductor were not present. With two spherical shells with radii r x 
^*77777^ and r 2 and It 1 and It 2 respectively (Fig. 338 ), the 
capacity of the inner shell is 


"%-rf 


and of the outer shell. 


"22 = c n + B 2 — J} " 1 — f 1L . 

hj - r 2 


From this the mutual capacity coefficient is 


c 12 - - Cii- — , 

-^ l “ '2 

% +2) = %C 12 + C lx -j- Co 2 “ C 2 o “ C 11 ~ B'2 . 

If the outer shell is charged, a charge will collect both on its inner 
and on its outer surfaces, when the inner shell is earthed. On the 
surface of the inner sphere there will then exist the same charge as on 
the inner surface of the larger shell. 

(e) The formulae ( 206 ) for calculating the capacity are inconvenient 
in many practical cases. Thus in transmission lines, for example, in 
which there may be several conductors supported by the same poles, 
each conductor can possess a different potential. In this case it is 
complicated to calculate the charge on a conductor from formulae ( 206 ). 

Hence we define in general the effective capacity of a conductor as the 
ratio between its charge and its potential . 

Since the effective potential of a conductor depends on the potentials 
of the other conductors, both the capacities and potentials of the other 
conductors must always be given. The capacity of a conductor can 
then in general be found in the same way as above, by calculating the 
work done in moving unit positive charge from earth to the surface of 
the conductor. 

In calculating this work, not only the charges on the conductor, but 
also all electric charges in the field must be taken into account. 

By way of example, the relation existing between the effective 
capacity and the capacity coefficients will now be shown in the calcu- 
lation of the charging current of a double-line of a single-phase 
alternating-current system with earthed neutral. The potentials of 
the two lines with respect to earth are p l and p 2 , where 


-P2 S = 9 AmxSinc^. 


The charges are 


<h - c i iPi + hi 1>2 = ( c i i - c 2i) 9 A..ax sin cot, 


C 22lh + C 12lh z 


^12) 2 ^ 





and the charging currents 


dq, / . oj , a) 

h = =\ C ll~ C 2 1 ) 9 COS iot = - C\ P max COS a)/, 


h = -flf = - (o 22 - h 2) 2 ^ cos 0>t= -~C 2 P max cos to/, 

where ^i = c n -c ]2 and C 2 = c 22 - c 12 , the effective capacities of each of 
the two conductors. 

If the neutral point of the system is not earthed, the same current 
h - ~ h = i will flow in the conductors and 

h = (<i 1 - fiai) w-P x inax cos to/ = (oC\ I\ max cos to/, 

Z 2 = - (r 22 - Cj o) 0 )P 2 max cos (0/ = -wC 2 P» max cos oj/, 

whence <0^ mM[ + P 2 max )cos <°*= Jr ~ J = *1 (A + 1 ), 

or wP ni0)c cos W = i ( A- + 

where C is the effective capacity of the double-line. Since 

1 __ 1 1 _ 1 1 

0 


it follows 


p _ ( C ll ^12) ( C 22 ~~ C 1 2) 


'll ^'"22 “ ^°12 


In calculating the effective capacities, however, it is not necessary to 
first determine all the capacity coefficients, but the effective capacity is 
calculated for the actual conditions, as will be shewn in Chap. XXL 


121. Specific Inductive Capacity. Until now we have assumed 
that the conductors are surrounded by air. If some other insulator 
(solid or fluid) other than atmospheric air is brought between the 
plates of a condenser, it is invariably found that the capacity of 
the latter is increased. Even in air the capacity is somewhat — although 
very little — greater than in a vacuum. 

(a) The ratio of the capacity of a condenser, in which the space 
between the plates is filled with an insulator, to the capacity of the 
same condenser when this space is occupied by air (or is a vacuum) is 
defined as the specific inductive capacity of the respective insulator. 
Since the insulator in this relation is often called the dielectric, the 
above ratio is frequently referred to as the dielectric constant of the 
particular dielectric. 

In what follows, we shall denote this constant by €. 

With ordinary gases, e differs only very little from unity, and can 
therefore be taken as unity for all practical purposes. 
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All solid and liquid dielectrics have dielectric constants greater than 
unity. 

In the following Table, the dielectric constants for solid and liquid 
dielectrics in common use are given. The values vary within 
fairly wide limits — owing to the fact that the materials were of 
different composition and were investigated under different physical 
conditions : 

Ether - - - - - - 3*4 — 4*7 

Ethyl-alcohol - - - - 24*3 — 27*4 

Amvl-alcohol ----- 15 

Aniline - 7*1 

Benzine ------ 1*9 

Benzol ------ 2*2— 2*4 

Methyl-alcohol ----- 32*7 

Olive-oil ------ 3 — 3*16 

Ozokerit oil - - - - - 2*16 

Paraffin oil - - - - - 1-9 

Petroleum 2 

Rape-seed oil - - - - - 1*47 

Castor oil 4*53 

Carbon disulphide - 1*7 — 2*7 

Turpentine 2*2 

Water (distilled) - 76 — 82 

Xylol - . - - - 2*4 


Ebonite 

Ice ----- - 

P1 f heavy , easily fusible 
ss '( light, difficult to fuse 

Mica 

Rubber 

Vulcanised rubber 
Gutta percha - 
Impregnated paper or jute 
Colophonium - 
Manilla paper - 

Marble 

Paper impregnated with turpentine 

Paraffin 

Porcelain ----- 
Shellac - - - 

Sulphur ----- 
Silk ----- 


2*1— 3*1 
3*0 

2*0— -5*0 

5-0—10*0 

5*0— 7*0 
2*35 

2*5— 3*5 

3 *0 — 5*0 (usually 4*2) 
4*3 
2*5 
1*8 
6*0 
2*4 
2*3 
5*3 
2*75 
4*0 
1*6 


As The temperature increases, the dielectric constant decreases. 
Thus if e 0 denote the dielectric constant at t° Q , then at f we have 

e ^ + ct (to — t os j. 
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For the following substances the values of a are 

Mica (between 11° and 110°) 0*0003. 

Ebonite ( „ 11° „ 63°) 0*0004. 

Glass ( „ 17° „ 60°) 0*0012 to 0*002. 

Benzol and Toluol 0*0035. 

In the case of some media, the dielectric constant depends on the 
strength of the electric field. 

(b) If e is the specific inductive capacity of the dielectric, the 
potential difference of a condenser is, for the same charge, only 

- times that of the potential difference in air. 


Since (from Eq. 195) 


<--Pz> = J f.cls, 


it follows that the strength of the electric field f in a dielectric, for 
a given charge, is only - times as large as in air. Two electric charges 
( h and q 2 , when situated in a dielectric, repel one another with a force 

K=\ q - if-2 (208) 

If we represent the field-strength in the dielectric by lines of force, 
the number of lines leaving positive unit of electricity is — . 

Between two parallel conducting plates with the surface charge c r, 
and separated by a dielectric, the field-strength is 

(» 9 ) 

where P denotes the potential difference between the plates. 

The force acting on unit surface of either of the plates is 

- 2? ro- 2 c F l 

*■-— -si* < 210 > 

If the surface densities o* are given, the attraction between the plates 
is therefore inversely proportional to the dielectric constant. On the 
other hand, for a given potential difference, the attraction between 
the plates is directly proportional to the dielectric constant. 

The capacity for F cm 2 of the effective surface of a system of plates 
in a plate condenser is ™ 

C -5S < 2U > 

where e = dielectric constant of the dielectric, — that is e times greater 
than in air. 

(c) Gauss’s equation (182) for a closed surface surrounded by a 
dielectric will be ^ 

e j fn dF = 4tt 2^ (196a) 
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We shall now consider the boundary surface, F, between two dielec- 
trics I and II (Fig. 339) having the dielectric constants Cj and e 2 . 

The positive direction of the field-strength / is assumed to be from 
dielectric I to dielectric II. 

f It can be deduced from the principle of the 

11 f 2n conservation of energy, just as in the case of a 

F magnetic field, that the tangential component f t 
V j f Jn of the electric field-strength is continuous in 

\ \ passing through the surface F. Let f u and f> t 

) denote these tangential components at two points 
very near to one another, but on opposite sides 
Fio m of the boundary surface ; then 

fi t = fif 

Now consider the normal components f in and f, n of the electric field- 
strength at two such points. Imagine an extremely short cylinder 
placed perpendicularly to the surface F with the points at the centres 
of its end surfaces (see Fig. 339). These end surfaces are parallel to 
the element (IF of the surface considered and both have the same 
area as dF. Let c r be the surface density on the element, then 

tJzndF-zJ^dF- 4:ir<rdF; 

€ a/2« — €j/j w r=4 mr. 

If the surface is uncharged (a- = 0), then 


Thus, in passing from one dielectric to the other, the normal c 
ponents of the electric field-strength vary inversely as the dielec 
constants of the two dielectrics. Thus 
we have an analogous law for electric 

lines of force to that for magnetic. j I 

Similarly, termini of the electric lines j 1 

of force occur at the boundary surface, j 

which appear to give electric charges — 

to the surface. a '~~~ 

Fig. 340 represents the transition of -H - " 

electric lines of force from one medium — Fr^^F^ 

I to another medium II having double ^F^ 

the dielectric constant. One half of I 

the lines terminate at the surface, the d ^ 

other half pass out at an angle which Pia 340> 

is inclined to the normal, such that its 

tangent is twice that in medium I. A horizontal plane a—b e 
the same number of lines of force per unit of surface in both moc 
A vertical plane c — d in medium I will cut twice as many lines 
cm 2 as a vertical plane e—f in II. 
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At the boundary surface of the two insulators there will be an 
apparent electric surface charge, whose density <r t will be given by the 
following equations : 

^2 fin fl n == 9j 

fin fin 


whence 



1 ^ _ q - £, 1 4 


Let an insulator he brought into an insulating medium of smaller 
dielectric constant, then where the electric lines of force enter, there is 
an apparent negative, and where they leave, an apparent positive 
surface charge. Such an apparent electric charge is called the influence 
electricity of the insulator. It corresponds to the magnetic surface 
charge of paramagnetic substances, and vanishes as soon as the insulator 
is removed from the electric field. It disappears also when the in- 
sulator is divided into two parts while in the field, the one part 
containing the positive and the other the negative apparent charge, 
and the individual parts are removed out of the field. The same 
holds also for the magnetic surface-charge. 

On the other hand, a conductor retains its charge in the latter 
case. 

(d) By the term induction flux through an element of surface dF, we 
mean the magnitude 

dt-'fndF, ( 213 ) 


where f n 
surface. 


denotes the electric field-strength normal to the elemental 
The ratio 



( 214 ) 


can be defined as the induction or polarisation in the direction normal to 
the surface element dF at the place considered. In air or vacuum the 
induction coincides with f n . In dielectrics, b is always greater than/. 
From positive unit charge there are always 4?r induction lines 
leaving and into negative unit always 4 it lines entering, no matter 
whether the charge is placed in air or in some other insulator. 
Induction lines only start and finish at actual electric charges, and not 
at apparent charges on insulators. In passing through the boundary 
surface between two insulators, the normal components of induction 
remain continuous, whilst the tangential components are in proportion 
to the dielectric constants. Thus we have 


kin 

6u = !l [ (215) 

b‘2t € 2 j 

At such a boundary surface no induction lines will terminate, 
provided there is no actual electric charge on the same. 
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(e) Let two conducting plates and M 2 (Fig. 341), charged with 
+ Q and - Q, he separated from one another by insulators of different 


dielectric constants 




I: 

1 


f 2> r 3* 


The density of the charge is 


and of thickness r. 


{t _Q 

F’ 

where F denotes the effective surface of a plate. 
The induction between the plates can be taken as 
constant, i.e. }ssWi 

Since the electric field-strength is inversely pro- 
portional to the dielectric constants, we have 


-r- 
Fia 341. 


/l = - 


/ 2 = 


A = : 


.(216) 


C 1 c 2 fc 3 

Let P be the total potential difference between 
the two plates, and P l9 P 2 and P 3 the potential differences between 
the several boundary surfaces ; then 


P = P 1+ P 9 + P-b 


Li Tx 

€, 


a ) = 
3/ 


47TCT 


(?' 


- a \ 


C 1 c 2 c 3 > 

. ^he capacity of the system per unit of effective surface of a plate 
is therefore , 

C'=- 1 


47 T 




Putting = JL • Sl 2 __ 

£ i <2 ~<V ^~o a 

where Gj, C, and C 3 represent the capacity per cm 2 for each of the 
dielectrics at the given thicknesses, then we have 

1 1 


1 

v*; 

4:TT7 


, f ‘2 T ‘- 

+ ~ 

€ 2 e 

1 


.(217) 


4 7TT 3 1 


'cPc t ' 


..(217a) 


J___l_ 

i.e. the capacity of a condenser, whose dielectric consists of several 
parts, equals the resultant capacity obtained when the capacities of 
the several parts are connected in series. 

The potential differences 1\ , P,„ P a between C 

the several boundary surfaces equal the |[_ I I , 1 1 ,, 

terminal pressures which act across the L r > II ’ 

several condensers C\, C 2 and C 3 when P is ' C> C “ 

applied at the terminals. Hence the con- rra 342 - 

denser (Fig 341) can be replaced by the connection shewn ip Fig. 342. 
Let Of be the capacity when we have air between the plates, then the 
ratio between the capacities is 

C + t 2 f 

C, r, r, r, ~ r- 


-± + ^+- 
e 2 6 : 


+ — + -S 
h € 2 e 3 



-5- I !T ! "~ ’ 

1 u fc: r\ ^ ^ 


SPECIFIC INDUCTIVE CAPACITY: 


ARY 


Thus the capacity is increased by introducing %h^dielectrics into 
the field. \ ' v 

If we make e 2 = e 3 = 1 and f 2 + r 3 = r 0 , i.e. we plac^Wiy f^ejeetric-^ 

of thickness r, between the plates, the remainder of the "feldoei^ &L. G ^ 
air, then for the same charge Q , the field-strength in the air' remains 
the same as if the whole space were filled with air. The potential 
.difference between the plates is reduced to the value 

P' = 4wg + r°) 

which is 47 t<t^ 1 - -~-V times less than that existing when the plates 

are separated by air. The introduction of the dielectric of thickness f i\ 
has the same effect as if the plates were brought nearer together by 
the amount / l \ 

0 - -)r 1 . 

For the same potential difference between the plates, the electric 
field-strength in the air is increased in the ratio 


1-1 + 1 

r i e i 


The capacity of the plates increases in the same ratio when the 
dielectric is inserted. The electric field-strength in the inserted 

dielectric is — times that in the air, and is thus : 


times the field-strength in the air before the dielectric was introduced. 

When a conducting plate of thickness is placed between the two 
plate conductors, we have only to insert e 1 = oo in the above equations. 
The two charged plates behave in exactly the same way as if they 
were brought nearer together by the amount ?\. Provided the inserted 
plate is insulated, its position between the charged plates is quite 
immaterial, as in the case in which a dielectric is inserted. 

122. The Energy in the Electric Field. Similar to the magnetic 
field energy i%i< F, the energy required for the production of the 
electric field is, 

A = POP = h (&/\ p Q 2 P 2 P Q S P S + . . .) 'l 

= i (P 11 Q 1 +P 22 Q 2 + ---) P (PizQiQz +PnQ\Qn + *■•) p •••(218) 

== i ( Cj llPl P C 2 qPq P • ••) + ( c i 2 A P 2 + ?,P\ P$ P . ..) J 
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The two surfaces of the plate condenser are attracted by a force 

/o°* ~ h <r f = 2 or ~r 

pei cm-, and exert a pressure on the dielectric equal to the energy per 
unit volume stored up in the same. We thus see that the stored- up 
energy in the electric field (like the stored-up energy in a magnetic 
field) causes a mechanical strain between the respective bodies. From 
this follows that the energies of the electric and magnetic fields do 
not reside in the magnetic and electric charges— as indicated by the 
formula from which they are calculated — but, as first pointed out by 
Maxwell, in the media of the fields. 

(b) From the law of minimum field-energy it follows that a small 
uncharged conductor, exerting no perceptible influence on the field 
distribution in the neighbouring space, tends to move in that direction 
m which the field-strength increases. 

An unchaiged conductor in a uniform field does not experience any 
resultant transverse force; nevertheless it strives to set itself — just 
like a piece of iron in a uniform magnetic field— so that its longitudinal 
axis coincides with the direction of the electric field. This is due to 
the fact that unit volume of the body in this position can embrace the 
greatest number of lines of force and neutralise the same. 

I he following method, which is often used to represent electric 
lines of force diagrammatically, is based on this phenomenon. It is 
similar to the representation of magnetic lines of force by means of 
iron filings. If an insulating liquid is mixed with an insoluble powder 
possessing a greater dielectric constant than the liquid, and the whole 
is placed in an electric field, the powder will set itself in lines which 
run parallel to the electric lines of force. 

A positively charged conductor in a uniform 
field is acted on by a resultant force along the 
positive direction _ of the field, since in this 
direction the field is strong and in the opposite 
direction weak. When a movement occurs in 
this direction, the space in which the field is 
strong is reduced and that in which the field 
is weak is increased, so that the total energy in 
the field decreases (see Fig. 343). 

(c) The insulator also, like the conductor- 
in consequence of the principle of minimum energy in the field— tends 
to erabiaee as many induction lines as possible when it is surrounded 
by a medium of smaller dielectric constant. 

If it has a longitudinal shape, it tends to set itself with this axis 
parallel to the electric lines of force. If the field is not uniform, 
it tends to move in the direction in which the field-strength 
increases. ° 

When an insulated sphere is brought into a uniform field in a 
medium having half the induction capacity of the sphere, then we o-et 
A.C. 2o ^ 



Fig. 343. 
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a distribution somewhat as shewn in Fig. 344. Lines of force and 
induction lines are drawn full, whilst induction lines alone are shewn 
dotted. 



Fia. 344.— spherical Insulator in a Medium Fra 345.™ Spherical Conductor in Electric 
with smaller Dielectric Constant. Field. 


In comparison with this, the influence of a conducting sphere on a 
uniform field is shewn in Fig. 345. All lines of force and induction 
terminate at the influenced charges on the surface of the sphere. 


123. Electric Displacement. 

(a) By the electric displacement at a point in a medium we mean 


a vector whose absolute value is 


47 r 


f- 


b_ 

47t’ 


.( 220 ) 


and whose direction coincides with that of the electric field-strength /. 

Just outside a charged surface of a conductor with surface density o- 
the displacement is i = cr (221) 

and is directed outwards in the case of a positive charge or inwards 
in the case of a negative charge. 

Inside a conductor j — 0, since here /= 0. 

In passing from one dielectric to another e 2 , the normal com- 
ponents of the electric displacement remain constant, provided there is 
no real charge on the boundary surface. 


Jnl Jn2~ 


fl Jnl__ 

4:7T 


47T 


.( 222 ) 


On the other hand, the tangential components are different, for 

,• _ Ul 1 ■ ,• _ • 

J ‘ l ~ 4 7T 5 477 ' 


ftx ftz ftj 
it 2 h " 


and since 
then 


( 223 ) 


ELECTRIC DISPLACEMENT 


ior electric displacement, therefore, the same law of disenni-' 
holds as for electric field-strength and electric induction. t uut . v 

A unit tube of electric displacement encloses 4 ir unit t„i 
electric induction, and is directed from the positive to the f 0t 
unit charge. negative 

The displacement flux through a closed surface F is, from Gauss’s 1 




-\fJF- 


where equals the quantity of electricity enclosed by the surface 
(b) An electric difference of potential can only produce a eon-t 
electric flux, i.e. a continuous-current, in metallic conductors whiW u 
places the dielectrics in a state of strain which can be regarded If. 
elastic displacement. Consequently a continuous current cannot flrf 
m a circuit in which a condenser is connected, when once swif 

wfn n S ar 5 reached > th . at . is > when the charging current ceases 
With alternating-currents it is different, because here the eonden^r 
is always being charged and discharged, whereby the dielectric 1- 
subjected to displacements pulsating to and fro with the current 
Hence, m an alternating-current circuit with a condenser, the eharJw 
current of the condenser will flow. Maxwell designated the current 
m the condenser as displacement currents, and asserted that such current* 
obey the same laws as ordinary electric currents, except that no heitW 
losses occur in the dielectric. This not only holds for the displace 
ment current in the condenser, but also for all the other displacement 
currents m the dielectrics of the electric fields. The magnitude of the 
displacement current i is the quantity of electricity which convevs 
unit quantity to the surface normal to its direction at the instant 
the polarisation of the dielectric occurs. Consequently, the displace- 
ment current has the dimension e ^ e(dildc dnx nr electric charge 
i dt time time ~ 5 

i.e. -) m the electrostatic system of units. If the displace- 

ment current is to lie treated like an ordinary current, it must be 
expressed m electromagnetic units. In this system, current has the 

dimension (. L*M The ratio of the current in electrostatic units 
to that in electromagnetic has therefore the dimension (LT~ l ) that 
is the dimension of a velocity. The value of this ratio has’ been 
experimentally determined, and is approximately 3 x 10 10 cm/sec. 
ihis agrees with the velocity of light v in a vacuum, which Maxwell 
explained on the ground that electric charges must move at very hiodi 
velocities in order to exert the same effect on magnets as ordinary 
currents. ° 

hiom this ratio v between currents in the two systems, it follows 
that the practical unit of current 

1 ampere = 0-1 C.G.S. electromagnetic unit 

= 3 . 10 9 C.G.S. electrostatic units (225) 
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The same ratio exists between the units ot electric quantity in the 
two systems : 

1 coulomb - 0*1 anas, electromagnetic unit 

= 3 . I O'* anas. electrostatic unit s (22(>) 

The ratio between the units of potential in tin*, several systems of 
units can be found by considering that the expression for the energy 
consists of the two factors, electric, quantity and potential, nr. tin* units 
of potential must bear to one another the inverse ratio to that of tin* 
units of electric quantity. 

We have thus : 

1 volt" 10 s anas, electromagnetic units 

“aio Fnns. electrostatic units, ,,.,(2*27) 

or 1. anas, electrostatic unit 300 volts. 

For the units of capacity, we have : 

1 farad = * C ' <>U ^ () | n ^s=: ^ 9. Hi 11 electrostatic units, ,..(22K) 

.1 VOlt , *vy 


9. Hi 11 elect .rostatic units, 


or 1 microfarad = 9 . 1 0*' runs, electrostatic units 

-9 kilometres, (229) 

i.c. a sphere of 9 kilometres radius has a capacity of 1 microfarad. 

For the displacement flux in the electro- -magnet if system of units, 
we have the expression 

< 224 «) 

. (/({> 

and the displacement current is ? ^ . 

(c) Starting from the hypothesis that the displacement current obeys 
the same law as the ordinary current, Maxwell developed the equations 
for the distribution of the electric and magnetic forces, and the pro- 
pagation of their variations in space. It will only be mentioned here 
that Maxwell’s equations can he deduced from the fundamental law 
of electro-magnetism, r 

4««1 ;/,*//, 

where C\ is a closed curve interlinked with the current /, and from 
Maxwell’s fundamental law of electromagnet ic induct ion. 

After inserting the electric field-strength, this is 

( 230 ) 

where C 2 is a closed curve embracing the flux </*. This met Ins! of 
deducing Maxwell’s equations is that given by Galileo Ferrari*.* One 
deduction from Maxwell’s equations is that the electric and magnetic 

* Wmemchaftliche Ctmndlaijm drr Mtkfnthrhuik, 
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forces move in vacuo with the velocity of light. The electric and 
magnetic forces form an angle of 90° and are both transverse to the 
direction of propagation ; they travel by means 


of oscillations just like heat and light waves. 
As a strict consequence of Maxwell’s equations, 
we have the following hypothesis due to 
Poynting : u The direction in which energy 
travels through an electromagnetic field is 
always perpendicular to the directions of the 
magnetic and electric field-strengths : Through 
each unit of area of the plane normal to the 
direction in which the energy is propagated, 
the quantity of energy passing per second is 
equal to the area of the parallelogram (Fig. 346) 



H 
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whose sides are measured by the electric and magnetic field- strengths, 


divided by 47 t.” 


From Poynting’s hypothesis, the energy in a transmission line is not 


propagated in the conductors, but in the surrounding dielectrics. The 


conductor does not represent a channel along which the energy travels, 
but a space in which a part of the energy converges and in which this 
part is converted into heat. 


CHAPTER XX. 


ELECTRIC PROPERTIES OF THE DIELECTRICS. 

124. Conductivity and Absorptivity. 125. Energy Losses in the Dielectric. 
1-6. Influence of the Specific Inductive Capacity and Conductivity of the 
Dielectric on the Distribution of the Electric Meld-strength. 127 
Dielectric Strength. 

In Chap. XIX. mention was made- of the difference in dielectrics in 
respect of their inductive capacity. Other electrical properties are 
also possessed by dielectrics, and as these properties are important in 
practice, they will therefore be shortly dealt with here. 

124. Conductivity and Absorptivity. 

(a) When the two conductors of a cable or the two plates of a 
condenser having either a solid or fluid dielectric are connected 
through a galvanometer with the terminals of a continuous-current 
machine of constant pressure, it is found that a 

\[£__ large current flows at the first instant, thus 

j II charging the condenser. This charging current 

0 £ does not sink immediately to zero, but decreases 

J comparatively slowly, until after a fairly com 

siderable time it reaches an almost constant and 
FlG * 34T * usually very low value. The explanation of 

nin f • 7 2 * , is $^7 ^at the dielectrics have ascertain 

bo f lf e ^ 0 . conchlctmt y> due to which a current of conduction is added 
h ffr lg current ‘ The conduction of the dielectrics may be 

aimiderl^fr 1 C b° r aocoi fP amed b 7 electrolysis. The latter effeot is 
avoided as much as possible on account of damage done to the insulation 
Regarding the conductance of the dielectric as constant, then an act i 
condenser can be replaced by an ideal condenser with a perfectly 
insulating dielectric and a parallel-connected ohmic resistance P fluch an 

tTtimeoVdiXi Sh r ^ M7 ’ Whieh Can be uS^alS^g 

insulated f tAEv °* & C °? dens f r whe » left to itself, i.e. completely 
he discharge takes place m accordance with the equation 


where Q is the initial charge and t is the time of discharge in seconds. 
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The conductance of the dielectric generally increases with the 
temperature and with the electric tension. Media, which retain their 
chemical composition at high temperatures, such as glass, porcelain, 
etc., become comparatively good conductors when raised to their 
melting temperature. An interesting application of this phenomenon 
is the Nernst glow lamp. The dielectric forming the glowing filament 
of the lamp in this case consists of magnesia — the latter is warmed up 
by a special attachment, whereby the conductance increases to such an 
extent that an appreciable current begins to flow through the filament 
which brings the same to incandescence. 

Dielectrics have in general a negative temper ahere coefficient. 

Further, the resistance of dielectrics depends largely on the electric 
conditions (thus on the strength of the electric field) — decreasing as 
these become more stringent. 

The following table gives the specific resistances for several insulat- 
ing materials at ordinary temperatures, and for average electric 
conditions : 


Material. 

Specific Resistance 
p £ in megohms 
per cm/cin 2 . 

Degrees 

Centigrade. 

Gutta-percha - - - - | 

7 X 10“ 

0 

0-45 x 10 9 

24 

Wires insulated with Gutta-percha - 

0*2 x 10 9 

24 

Pure Rubber 

10 - 9 x 10 “ 

24 

Vulcanised Rubber - - - 

1-5 x 10“ 

15 

Paper impregnated with Turpentine - 

3 x 10“ 

15 

Jute impregnated with Turpentine - 

11 -9 x 10“ 

15 

Shellac 

Paraffin wax 

Mica 

9 x 10“ 

24 x 10 “ 

0-084 x 10“ 

2S 


The effect of the temperature on the insulation resistance of a 
transformer (curve A) and of dry cloth (curve B) is shewn in Fig. 348. 
With the cloth the resistance increases at first with the temperature 
until the moisture has been driven out, and then for still higher 
temperatures it falls again to a value of only a few megohms. 

(b) Prof. Schleiermacher* has proposed the use of the same ex- 
pressions for the currents due to conduction as .used by Maxwell for 
the charging currents, when several conductors at different potentials 
are placed in the electric field. These conduction currents for the 
several conductors are : 

h ~ t h 1 4* 9i * 2 ^2 4* [l 1 3 B 3 4- . . . , 

, 0l2 I> l+ 922^2+ 92^2 + ••• > 


E. T.Z. 1905, p. 1043. 
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where the coefficients with like suffixes g ll9 f/ 22 , g 3i] ... denote the ratio 
of the conduction current to, the potential above earth, when all the 
other conductors are earthed. The coefficients with unlike suffixes 



Fig. 348. — Relation between Insulation Resistance and Temperature. 
J, for Transformer; Ji, for dry Cloth. 


correspond to the mutual capacity coefficients, defined as follows : 
9xy denotes the current flowing from conductor y to conductor x, when 
the former has unit potential* and all other conductors have zero 
potential. The experimental determination of jffiese coefficients is 
quite similar to that adopted for capacities. 

To determine g xx , all the . conductors except the «; th are earthed, 
and the ratio of the conduction current i of the x ih conductor to its 
potential P is measured. 

i 

9 xx jp ■ 

In the same way g uy is determined for the ?/ h conductor and q, t , 
for the x a and y lh together. Then it follows 


U = ( 232 ) 


(c).The slow falling off of the charging current with time is not 
explained by assuming a constant conductance for the dielectric, but 
must be considered in connection with the phenomena which occur 
when a condenser is discharged. 



I 
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If the two plates of a charged condenser are connected through a 
galvanometer, at first a large current will flow, which gradually begins 
to sink, and only after some considerable time vanishes altogether. 
If the connection is broken after the first rush of current and made 
again after some time, another but weaker rush of current will ensue 
in the same direction as the first. The condenser can thus give 
several such discharges, which gradually become feebler and feebler. 
This phenomenon is due to the 'residual charge in the dielectric. The 
explanation of the phenomenon was first given by Maxwell. Accord- 
ing to him, the residual charge is due to the heterogeneous nature 
of most dielectrics. 

Fig. 349 shows a section through the dielectric of a condenser, 
whose plates are A and B. Assume the dielectric consists of the 
layers D and having different properties. As shewn on p. 398, 

such a condenser can he replaced by two condensers C and O' con- 
nected in series (Fig. 350). If the dielectric D ' is not a perfect 

A 


--- 4_J 

l£ 1 

A 9 

D r 1 

B 


II 

r' 

jWWW 



Fig. 349 . Fig. 350 . 

insulator, we must suppose an ohmic resistance r' to he connected in 
parallel with the condenser 6". Fig. 350 thus gives the equivalent 
scheme of the condenser in which the dielectric I) is a perfect 
insulator. 

Whether the above mentioned action of the several layers of 
a dielectric is the sole cause of the residual charge or whether 
other influences, e.g. chemical action (similar to that in an electric 
accumulator) are at work, is not yet certain. Certainly very 
heterogeneous dielectrics have specially large residual charges, but 
even quite homogeneous liquid dielectrics appear to shew traces of 
the same. 

Since transmission lines and all electrical apparatus subject to high 
potential differences act as condensers, the formation of residual 
charges (or the so-called absmptim of the dielectrics) must not be left 
out of account when working with high pressure currents, otherwise 
serious consequences may follow. If for example a cable or transformer 
is disconnected from the high-pressure terminals, the disconnected 
apparatus should be first connected to earth before it is touched. A 
single earthing, however, is not always sufficient, since charges may 
afterwards collect and may give dangerous shocks. Special attention 
should be given to earthing where high direct-current pressures are 
concerned, since the liability to residual charge is greater in this 
case. 
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As a practical case in which all parts of the dielectric possess con- 
ductance, the equivalent scheme shewn in Fig. 351 may he taken. 
According to the above, a residual charge should not occur when the 
ratio of the dielectric constant to the electric conductivity is the 
same at all points in the dielectric. 



II C 

II C ' 


A 

II 

'I 

B 


r 

r' 



— vAAM/W 

J\AAAW — 



Fia. 

351. 



125. Energy Losses in the Dielectric. 

(a) The energy loss in a dielectric placed in a constant field 
is given by the leakage current. If, however, the electrification is 
alternating, as for instance in a condenser to which an alternating 
pressure is applied, the losses are in general much greater than those 
corresponding to the insulation resistance. The cause of these 
additional losses has not yet been thoroughly investigated. It may be 
due to the absorptivity of heterogeneous dielectrics, discussed in the 
previous section.* In the dielectric represented in Fig. 350 a loss will 
occur when an alternating pressure is applied, but not with a continuous 
pressure. Also in the scheme in Fig. 351, the loss is greater with 

0 O' 

alternating-current than with continuous when i. e . when the 

r "-r 

ratio of specific inductive capacity to resistance of the several parts of 
the dielectric varies. These losses are often supposed to be due to 
what is called dielectric hysteresis — of a similar nature to magnetic 
hysteresis. 

Steinmetz f found for practical condensers made of paraffined paper, 
with tin-foil plates dried in a vacuum-drying oven and steeped in 
paraffin, that the losses at constant frequency increase with, the square 
of the pressure, which corresponds to a constant conductance g for the 
condenser. Since the dielectric constant, and with it the capacity or 
the susceptance h of the condenser, is— under normal conditions — 
independent of the pressure, the phase displacement of the charging 
current remains constant, at a given frequency. If the thickness of 
the dielectric of a condenser be increased, the current remains the 
same for the same electric field-strength, whilst the pressure increases 
in proportion with the thickness. The loss then increases in proportion 
with the thickness of the dielectric, so that the phase displacement of 
the charging current remains constant for the same frequency. Thus 
for a given frequency, every dielectric has a constant phase displacement, 
btemmetz found for the above paper condensers, cos <£ = 0*0038 to 
0*0068, according to the frequency. 

* Hess, UEdairage fflectr. 1895, vol. 4, p. 205. 
t M. World , 1901, vol. 37, p. 1065. 
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For the power factor of the charging current in electric cables, we | 

have the following values : 

0*01 to 0*025 for paper and jute cables, 

0*02 to 0*04 for rubber cables, 

0*03 to 0*07 for gutta-percha cables. 

(b) The capacity generally decreases somewhat as the frequency 
increases, which is easily explained by the action of the heterogeneous 
nature of the dielectric mentioned in the previous action. 

In the scheme in Fig. 350, for example, let the capacity for con- 
tinuous charge be (7, then for rapid charge and discharge it will be 
(jry t -I 

In a paraffined paper condenser it was found by Eisler * that 

t + u | 

the capacity was 2*5 rnfs. for continuous charge; 245 nifs. for £=18 
cycles ; and 2*01 mfs. for c = 45 cycles. 

The decrease of the effective capacity of condensers with increasing 
frequency must be specially noted in measurements. It follows also 
that the dielectric constant of a dielectric will vary with the frequency 
at which the determination is made. To eliminate absorption phe- 
nomena as far as possible, such determinations are often made with 
very high frequencies, as with Hertzian waves. 

At constant pressure, the losses in the dielectric increase with the 
frequency. The energy absorbed per cycle usually increases at first as 
the frequency is increased, attains a maximum, and at higher frequencies 
may decrease. Eisler found an increase of 17 % in the losses per cycle 
from 18 to 45 cycles. In the experiment of Steinmetz mentioned on | 

p. 411, the loss per cycle increased up to a frequency of about 100, and 
began to fall at higher frequencies. I 

Since the conductance g of a condenser is always small compared 
with the susceptance b , we can write 

l^g j 

, age 

C0Sf/>_ ^TP - b~F^C' . | 

Since C only varies slightly with the frequency, the power factor 
will vary in the same way as the losses per cycle. 

The inconstancy of the losses per cycle is explained by many as a 
kind of viscous hysteresis; or the same phenomena may be deduced 
from the equivalent scheme for non-horn ogeneous dielectrics (Fig. 351). 

126. Influence of the Specific Inductive Capacity and Conductivity 
of the Dielectric on the Distribution of the Electric Field-strength. 

(a) If layers of various dielectrics are placed between the plates of a 
condenser, then —provided no conductance is present — the. distribution 
of the electric field-strength will vary inversely as the. dielectric con- 
stants. Thus a uniform held can by this means be made non-uniform. 

* Zeitsohr. J\ Elehtr . 1895, H. 12, p. 345. 
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Conversely, a non-uniform field can be made more or less uniform by 
the use of various dielectrics. 


Considering a long conductor of radius r (Fig. 352), having potential 
P and surrounded by a co-axial, conducting cylinder of radius 11 and 



potential zero; then at distance p from the 
axis, let the dielectric constant be e. The 
electric induction at this distance is, according 
to Gauss’s theorem, 

6 2>7Tp p 

where 0 = electric charge per cm length of 
conductor. 

The electric field-strength is therefore 


i.e. if the dielectric constant e is constant 
throughout, the field-strength will vary in- 
versely as the distance from the axis of the 
wire, as the figure shews. The variation of 

the potential P — I —fdp is shewn by the 
J a — R 


fig. 352 . second curve P. If, however, we wish to keep 

the electric field-strength constant, an insul- 
ator must be used whose dielectric constant is inversely proportional 
to the distance away from the axis of the conductor. This can be 
obtained by using various insulating materials in several layers. 

Moreover, it follows from the integration to the limit 11, that air- 
’ bubbles and other irregularities in the insulating material are to be 
avoided, both in compound and solid cables. With stranded cables, 
on account of the small radius of the single wires, the maximum 
electric field-strength is 25 to 40% greater than with solid cables 
or lead-covered stranded cables. 


On p. 401 we have seen that particles of a dielectric having a larger 
dielectric constant than the neighbourhood, tend to move in the direc- 
tion in which the field increases. In a liquid or semi-liquid dielectric, 
such particles would assist in forming a uniform distribution of field, 
which is of importance, as will be shewn later in connection with the 
piercing strength, and this property can be utilised in cables. 

W Thy distribution of the electric field-strength is only determined 
by the dielectric constants^ when no conductor is present, or when the 
field is alternating so rapidly that the conduction currents are negli- 
gible compaied with the displacement currents. Otherwise the specific 
resistances determine the distribution. In a uniform and constant field, 
the electric field-strength distributes itself according to the specific resistances 
of the several layers of the dielectric. . If a constant potential difference 
be applied at the terminals A and £ in Fig. 351, the pressures P and 
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F of the condensers U and O' will have the ratio of r to r\ and are 
independent of the magnitudes of the capacities C and C . 

In a non-uniform field produced by a direct pressure, a constant 
electric field-strength can be obtained by giving to each part of the 
dielectric a specific conductivity, proportional to the induction m 
the field at the respective point. In Fig. 352, for example, the con- 
ductivity of the dielectric at any point is inversely proportional to the 
distance of the point from the axis of the conductor. Use is made 
of this in the insulation of cables by saturating the inner layers of the 
insulation with a liquid of higher conductivity than the outer. 



In some cases an approximately uniform distribution of field-strength 
throughout the dielectric may be obtained by an arrangement clue to 
the Siemens-Sehuckert-Werke.t The insulator is composed of thin 
layers separated from one another by a conductor (tm-foil). hig 3o3 
shews a leading-in tube for high-tension alternating-current made on 
this principle. The tin-foil is shewn hy full lines and the insulating 
layers dotted. 


d 0 = diameter of wire, 

l n = length of the inner layer of insulation, 
cl n = diameter of the hole in the wall, 
l n = length of the hole in the wall. 


For a sheet of tin-foil of length l and diameter d, we have 


M- 


- h c h ' 


'UL 


The layers act therefore, neglecting electrical leakage, like a number 
of condensers of equal capacity connected in series, and each layer 

takes up the same pressure. . , , , , , 

Moreover, with this type of leading-in tube, the harmful discharges 
between wall and wire disappear. With the ordinary leadmg-m 


* O’Gorman, “Insulation o£ Cables,” Journ. Inst. E.E. 1900, xxx. p. 608. 
tR. Nagel, EleJctr. Bahnen vnd Betriebe , 1906, p. 278. 
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tube, as shewn in Fig 354, large surface discharges occur, and are 
unavoidable even with very long insulators. The following con- 
sideration will make this clear. Each element of the conductor with 



Fig. 354. — Wall-insulator for Low-tension Lines. 


its insulation forms a small condenser, of which the primary plates are 
metallically connected by the conductor and the secondary plates 
ui e connected m series through the surface resistance, as shewn dia- 
gr animati cally m Fig. 355. If r is the surface resistance per unit 

j[VWV^ 


JT J_ J L x J 1 L 

ll 

Fio. 355.— Equivalent Circuit of Wall-insulator. 

° f the j n ?P la1 ;or and C the capacity, the potential along the 
whole surface is distributed according to the same exponential law, 




€ (l-j)Aa?_ e ~(i -j)\x 

e(W)^_. € -(i~7)XP (234) 

m accordance with which . the potential is distributed over a long 
altei natmg-current cable without conductance or self-induction when 

one end is earthed. In this equation A. = and the slope 

of potential is a maximum near the end of the insulator, where 

x = l. The slope is here almost independent of the length, of the 
insulator, so that surface discharges always occur, even with lono- 
insulators, when the slope of potential is high, relatively to the 
surface resistance r per unit length. When the leading-in tube is 
of the form shewn in Fig. 353, on the other hand, the pressure is 
distributed according to a straight line over the whole surface of 
the insulator, and no harmful surface discharges can occur until the ' 
pressure is sufficient to produce a spark over the whole surface. 
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(c) To determine the electric field-strength, it is best to use the 
same methods as for magnetic fields viz. that of drawing a diagram 
of the lines of forces and thence calculating the field* strength j n 
for each point, equal to the electric flux d<j> of the tube of force 
divided by the section dF of the same at the point considered. 

Thus fi where e is the dielectric constant. 

J edd , 

As starting-points in drawing out the lines of force, we can apply 
the law of discontinuity to the lifies passing from one medium to 



another and the law of maximum field-energy. According to the 
latter, the lines of force between conductors of given potential arrange 
themselves, so that the displacement flux between the conductors is a 
maximum. Owing to the small values of the dielectric constants 
compared with the magnetic permeability, it is much more difficult to 
draw electric lines of force accurately than magnetic, when insulating 
materials of different dielectric constants are present in the field, hor 
this reason Hele-Shaw’s method of representing the lines of force by 
stream-lines between two flat plates, as described on p. 365, is very 
useful in tins connection. From such figures it is easy to determine 
simply the electric flux in each tube and thus obtain the field* 
strength at each point. Figs. 356a to d shew the diagrams for two 
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thr6e-plia.se cables, taken by W. M. Thornton and 0. J. Williams * 
Ihe dielectric constant of the conductor is assumed infinitely large 
and the space between the plates where the conductors are is there- 
fore made as large as possible. At the places where the insulation is, 

P lates is made directly proportional to the cube 
oot of the dielectric constant. The fluid is led in and out at the 

S,rWiI here th ®i eonducto F s a f e > and the quantity of fluid for each 
conductor is made proportional to the pressure in that wire at the 
moment considered. Figs, a and b shew the field when one wire has 
zero potential and the other two the potentials ±V|P v . Figs c 
and d shew the field when one wire has a potential P mav , and the 

notenfinM ^11 o ~ The sheatb ° f the Cable has ^ro 

a V he % ar fl As . ls clear fr °ni the diagrams, the field- 
time & 1 a t61S ^ rom P 0lnt point, and at every point varies with the 

r-n,l?J^r Dl f e i CtnC f tre . ngtL , I {, the . pressure between two insulated 
is (electrodes) is gradually raised, various discharge phenomena 
occur within the dielectric and along its surface, and finally the 
pressure is equalised by a sudcfen discharge through the dielectric. 

£ 0 !, dlele i T 1S the . n ® aid to be pierced. If the dielectric is liquid or 
gaseous, all traces of the passage of electricity immediately vanish : a 
dielectric, however, will remain pierced at the place where the 
discharge occurred. If sufficient electric energy is supplied to the 
electrodes, the. break-down will continue in the form o/an arc, even 
witn comparatively low pressures. 

The pressure between the electrodes at which the break-down 
occurs, is called the piercing pressure. ' This latter depends on the 
material the distance of the electrodes apart, and on the distribution 
l e l ee ,k’ lc fi ® ld in the dielectric (shape of the electrodes). The 
T ° f *\ me 1 d 1 urll J| whlcb , tlle pressure acts on the dielectric has 
also a considerable effect on the piercing pressure. For a very short 
time the insulation can often withstand a much higher pressure than 
continuously. The piercing pressure of a dielectric for a given distance 
between the electrodes is a maximum when the field is uniform as 
for instance, between two parallel plates at a sufficient distance from 

R P twi geS ; 111 f ° aS ? the maximum field-strength is a minimum, 
between two points or between a point and a large plate, the electric 

“ this the r— < > * 

are^rv^^TA 8 , 0 - P“ 1Iel P lates the electric lines of force 
are cui ved. The electric field-strength near the surface of the dielectric 
is consequently increased and on the inside decreased. Since the 
““ field-strength in the dielectric is thus increased, the break 
down between two such plates generally occurs at the edge. For this ' 
reason, high-pressure condensers are often made so that the dielectric 
is thicker between the edges of the plates than elsewhere. 

1909 , p. 297 . 
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In the case of alternating currents, piercing depends chiefly on the 
amplitude of the wave of pressure. 

The dielectric strength of an insulating material can he small even 
when the specific resistance of the same is high and vice versa. Dry 
air, for 'example, is a very good 
insulator, hut compared with most 
solid and liquid insulators its di- 
electric strength is very small. 

The piercing pressure usually in- 
creases somewhat more slowly than 
the thickness of the insulating 
medium. With thin layers, how- 
ever, the converse may be the case. 

Eig. 357 shews by way of example 
the piercing pressure for mica as a 
function of the thickness of the 
same, taken from experiments made 
by Steinmetz. The amplitudes of 
the pressures are given in kilovolts and the thicknesses in hundredths 
of a mm.* In this case an alternating-current at 150 cycles was used. 
Since the material shewed much heating, the pressure could only be 
applied for \ minute. 

In the following Table, due to Steinmetz and Dr. Baur, the piercing 
pressures for 1 mm thickness of various insulating materials are given. 
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Fig. 357.— Break-down Pressure for Mica. 


Dielectric. 


Piercing Pressure 
for 1 mm thickness. 

Mica 

. 


58000 

Mieanite - 

- 

about 35000 

Paraffined Plates^ 

Paraffined Paper J 

- 


30000 

Dry Wood Fibre 

- 

,, 

13000 

Hard Porcelain - 

- 

) j 

13000 

Oiled Linen 

. 

5 J 

12500 

Presspahn - 

. 

,, 

12000 

Leatheroid - 


> 3 

10000 

Vulcanised Rubber - 

- 


10000 

Red Vulcanised Fibre 

- 

>» 

5000 

Asbestos Paper - 

- 


4300 

Vulcanised Asbestos - 

- 

> j 

3500 

Transformer Oil 

- 

> i 

9000 

Melted Paraffin - 

- 

} t 

8000 

Boiled Oil - 

- 

j? 

8000 

Oil of Turpentine 

- 


6500 

Insulating Varnish 

- 

5> 

5000 

Lubricating Oil - 

■ 

> J 

1500 


A.C. 


*&T.Z. 1893, p. 251, 
2b 
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The figures represent average values taken from experiments with test 
pieces of various thicknesses and, on the assumption of proportionality 
between thickness and piercing pressure, are reduced to a thickness 
of 1 mm. Since, however, no relation exists between the thickness of 
the insulating material and the piercing pressure, the values can only 
be taken for plates about 1 mm thick. 

Insulating oil under high pressures gives a straight line increase of 
the piercing pressure with the distance between the electrodes. For a 
mineral transformer oil with plate electrodes, the alternating pressures 

-h-y and at which breakdown occurred, were found, for sparking 

distances d greater than 5 cm, to be 

jP= 124000 + 9000^. 

With very unsymmetrical distribution of the electric field the 
piercing pressure is much less. Between an earthed plate and a 
pointed electrode at potential P, it was found for the same oil as above 

P = 37000 + 7000P 

If the spark gap d is given in cm, the effective pressure will be in 
volts. These pressures can act on the oil for about 5 minutes without 
causing a break-down. If the pressure is quickly raised, much higher 
pressures can be reached before the oil breaks down — in such cases, 
however, the results are generally irregular. 

The breaking-down strength is considerably weakened by moisture 
in the case of both solid and liquid insulating materials. Oils are 
dried for this reason either by heating, or by treating with quicklime 
and such like. Hygroscopic solid substances must be dried in a 
vacuum oven and impregnated with varnish of some kind, so that 
they cannot absorb moisture from the air. 

The breaking-down strength of an insulating material is in general 
reduced when mechanical stresses are simultaneously applied. 

With most solid and liquid insulators, the duration of application of 
the pressure has a considerable influence on the insulation resistance as 
well as on the dielectric strength. The dielectric strength usually 
decreases considerably for the first few minutes, while the insulation 
resistance increases. A well-dried machine usually has a very high 
insulation resistance at the beginning when cold. At first the in- 
sulation resistance decreases very rapidly, even after the temperature 
has become constant, and often reaches a minimum after several days’ 
work, after which it slowly recovers during a still longer time. 
Measurements of insulation on machines and apparatus should there- 
fore be carried out after the normal temperature rise has been reached 
in the process of its work. 

The temperature has little effect on the dielectric strength, provided 
that the same is not sufficient to bring about chemical changes in the 
material. This is, however, often the case even at comparatively low 
temperatures. 
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If the dielectric consists of several layers of different materials 
perpendicular to the lines of force, the electric field-strength dis- 
tributes itself — as previously shewn — over the several materials 
according to their respective specific resistances when the pressure is 
constant. With constant pressure therefore, in order to use the several 
materials to the best advantage, the dielectric strengths of the materials should 
be proportional to their specific resistances. 

If the pressure is alternating, the electric field-strength distributes 
itself over the insulating substances inversely as their dielectric con- 
stants. Hence, with alternating -current apparatus , in order to use the 
insulating material to the best advantage , the dielectric strengths of -the several 
materials should be inversely as their dielectric constants. 

In the construction of insulators for high pressures, attention must 
be paid not only to the dielectric strength of the insulating material, 
but also to the phenomena at the boundary surface of two dielectrics. 
For example, if two conductors at a large difference of pressure are 
supported in air by solid insulators, it is not sufficient that the distances 
between the two conductors, in air and through the insulator, corre- 
spond to the pressure, but it is most important of all to see that the 
distance apart measured along the surface is sufficient. 



P 


Fig. 358. 


Sparking may easily occur through the collection of moisture and 
dirt on the surface. Moreover, if the capacities of the two electrodes 
are different, the electrode with the smaller capacity produces surface 
discharges in the form of rays, which assist the sparking between the 
electrodes. Also, the capacity of the two conductors under pressure 
with regard to a third insulated conductor can influence the piercing 
pressure between the two former conductors to a less extent. For 
example, if two electrodes E l and (Fig. 358) stand on an insulating 
plate J under such a pressure that sparking does not yet occur, and an 
insulated conducting plate P is brought to the other side of the 
dielectric /, surface discharges occur between the two electrodes and 
sparking takes places from one to the other. This phenomenon is 
similar to the surface discharges with leading-in tubes. Sparking 
occurs with a still smaller pressure when the plate P is connected to 
one of the electrodes. The surface discharges are then seen only about 
the electrode not connected to P, in the form of rays. In order to 
obtain the largest possible distance over the surface with the smallest 
distance between the electrodes and still avoid sparking, bell and 
petticoat insulators are used. . 

In accordance with the standards of the Verband deutscher Elektro- 
techniker the dielectric strength of electric machines and transformers 
should be tested for one minute when they are warm. 
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The testing pressures shpuld be : 


Working Pressure. 

Test Pressure. 

Under 40 volts 

At least 100 volts. 

40 to 5000 volts 

2| times working pressure, but not less than 1000 volts. 

5000 to 7500 volts - 

7500 volts above working pressure. 

7500 and upwards - 

Twice working pressure. 


The dielectric strength must be tested between windings and frame 
and between electrically separated windings. In the latter case, with, 
windings of different pressures, the highest must be used as the 
test-pressure. 



CHAPTER XXI. 


CONSTANTS OF ELECTRIC CONDUCTORS. 


12S, Resistance of Electric Conductors. 129. Self- and Mutual Induction of 
Electric Conductors. 130. Self- and Stray Induction of Coils in Air 
and Iron. 131. Increase of Resistance, due to Eddy Currents in Solid 
Conductors. 132. Stray Fields and Electrodynamic Forces due to 
Momentary Rushes of Current. 133. Capacity and Conduction of Electric 
Cables. 134. Capacity of Coils in Air and in Iron. 135. Telegraph and 
Telephone Lines. 


128. Resistance of Electric Conductors. Most conductors consist 
of copper. With continuous currents and alternating-currents of low 
frequency, the current is uniformly distributed over the section of the 
conductor. If l denotes the single length of the line in km and q its 
section in mm 2 , and p = 0-016 (1 -f0*004r°), the specific resistance of 
the copper, then the ohmic resistance of the whole line is 

r = — 1 000 ohms. 

2 

The heating loss in the line is 

/%• = 2%^ 1000= 1000 P Vs°-, 

where V='2 lq denotes the volume of the line in dm 3 , and s the current 
density in amperes per mm 2 . 

Of late years hare aluminium conductors have also been used for 
transmission lines. An aluminium line with the same ohmic resistance 
as copper will have a diameter j .3 times, 
a section 1*69 times, 
a weight 0*513 times, 

larger than the copper line. The aluminium wire, however, has only 
0*65 times the tensile strength of the copper. According to circum- 
stances, sometimes the aluminium is cheaper and sometimes the copper. 

In the following table the specific resistances and weights of the 
materials most commonly used are given. The specific resistance is 
ft>r 1 metre length and 1 mm 2 section. If this is required for 1 cm 
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length and 1 cm 2 section, as it occurs in many formulae, the values 
given in the table must he divided by 10 4 . The specific weight is 
given in gms. per cubic cm. 



Specific Resistance 
at 0° in ohms 
per m/mni 2 . 

Increase of 
Resistance per 
1°C. in %. 

Specific 

Weight. 

Silver - - 

0*015 

0*36 

10-5 

Copper - - - 

0-016 

0*40 

8-9 

Gold 

0-021 

0*35 

19*3 

Aluminium .... 

0027 

0*40 

2*75 

Zinc 

0-056 

0*39 

7-2 

Platinium .... 

0-090 

0*24 

21-5 

Tin 

0-10 to 0-13 

0*45 

7 3 

Nickel 

0-10 to 0-12 

0*4 to 0*3 

8-9 

Lead 

0T9 

0*37 

11-4 

Pure Iron - 

0*095 

0*5 

— 

Wrought Iron and Mild Steel 

o-io 

0*5 

7-8 

Iron Wire Conductor 

0-125 

0*5 

7-8 

Cast Steel .... 

0*20 

0*4 ! 

7-8 

Alloyed Stampings - 

0-54 

— 

7-8 

Cast Iron .... 

1-00 

0*1 

7*2 

Brass (30 % Zinc) 

0-065 to 0*085 

0*12 to 0*20 

8-3 

Manganin - - - 

0*41 to 0-45 

0*001 

8-4 

Constantin - - - - 

0*48 

0-003 

8*8 

Niekelin I. 

0-41 to 0*43 

0*24 

8-8 

German Silver 

0*36 to 0 38 

0-27 

8-7 

Rheotin 

0*47 

0*21 

8*55 

Kruppin 

0-84 

0-07 

8*1 

Retort Carbon 

13 to 100 

0-08 to 0-02 

2*3 to 1*9 


The specific resistance of ordinary fresh water is about 10 4 ohms. 
For liquids and electrolytes the lowest specific resistances are those 
given in the following table,* along with the corresponding solutions. 


- 

Specific 

Resistance. 

Percentage 

Solution. 

Specific 

Weight. 

HNOjj 

1-36. 10 4 

29*7 

1-185 

HC1 - 

1*39. 10 4 

18*3 

1-092 

h 2 so 4 

T45. 10 4 

30*4 

1-224 

KOH - 

1-96. 10 4 

28*0 

1-274 

NaCl - 

1-70. 10 4 

25*0 

— 

MgS0 4 

21-7. 10 4 

17*0 

1-183 

ZnS0 4 

22-6. 10 4 

23*5 

1-286 

CuS0 4 

22-7. 10 4 

18-1 

1*210 


* Deutscher Kale ndar fiir Mlelctrolecliniker von Uppenborn. 
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The resistance of the earth, in so far as it affects electric railways 
and earthed installations, is very variable. It not only depends on the 
nature of the soil and on the weather, but chiefly on the arrangement 
of the earthing plates , or rails. The highest value that has been 
observed for the earth’s resistance in the case of railways is 0*2 ohm 
per km. It may, on the other hand, be also nearly zero. To 
obtain low contact resistance, it is advisable to have several parallel 
plates placed at some distance from one another and sunk as 
deeply as possible, so that they come into contact with underground 
water. 

* The contact resistance of a plate is proportional to the specific 
resistance of the soil surrounding it, and inversely proportional to 
the mean linear dimensions of the plate. Let r denote the contact 
resistance in an unlimited medium having a specific resistance p. 

Then for circular plates of diameter cl , 


for square plates with side cl , r= 

for cylindrical electrodes of diameter cl and length l , 

r -JL loU-Y 
/ 2irl be \d J 

129. Self- and Mutual Induction of Eleetric Conductors. 

(a) In the determination of the self-induction of conductors, we shall 
first start with the case of a single-phase system. The two conductors 
which serve as the outgoing and return lines are assumed to be fixed 
to poles and parallel to one another over the whole length VVe 
suppose that the two conductors are connected by wires at both ends 
instead of by the actual apparatus, so that we have to determine the 
self-induction of a rectangular loop. . , 

For the time being we assume that the current is distributed, 
uniformly over the section of the conductors, and further that no 
ferro-magnetic bodies are present in the magnetic field produced by the 
current in the conductors. It is therefore allowable to superpose the 
magnetic fluxes produced by the current flowing in each of the wires. 
As shewn in the introduction, the current flowing m each conductor 
produces a magnetic field, whose lines of force are circles round the 

conductor. , » ,, . ^ 

The field-strength II at a point P at a distance p from the axis ox 

the wire is \Hdl__ m.m.f. 

ll ^ — -“length 0 f Rue of force’ 

or, when the point P lies outside the wire, 

„ 0*47ri 0*2 i 
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and, when the point P lies inside the wire, 


0‘47rt 




'Irrp 


0*2 ip 


From this we get the diagram of the field-strength for the plane AB, 
as shewn in Fig. 359. 




Figs. 359 and 360. — Magnetic Field of Two-wire System. 


If there are two conductors serving as outgoing and return lines, 
the current produces a field for each of the two wires. Superposing 
these fields, we get the resultant field-strength of a double line, as 
shewn in Fig. 360. The shaded surface serves as a measure for the 
flux per cm length interlinked with the conductors. 

Since, however, the total current is not interlinked with the whole 
flux, we must take this into account. 
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The energy supplied to the magnetic field during a time interval dt is 

dA= 2(iu, x *J = jd(V). 

Here iw x (or w x , since in the calculation of L, i is put equal to 
1 ampere) denotes the current interlinked with the tube of force 
From Formula 27, p. 41, we get the following expression for the 
coefficient of self-induction L, 


1 = 2 10" s = 2 (w x $ x ) 10 -8 henry, 

\Az/ 


where the summation is to he taken over all the tubes of force in the 
field. Since, however, the field is produced by the superposition of 
two equal fields, it is sufficient if we integrate the tubes of force in one 
field and multiply the result thus obtained by 2. 

We calculate first the sum for the space between the wires. The flux 
in this part is interlinked with the whole current in the conductors ; 
hence w x is here unity, and the sum is 

— it p—ct pp = ct 

2? («,*.„)- 2 $ *a = 2 d lH a dp, 
d d J P = J 

P ~~2 p = ¥ 

where d = diameter of wires 

and a = distance between the axes of the wires. 

By assuming the limit p = a, a small error is introduced, which, how- 
ever, is negligible for small values of • 


I ‘ 


or, substituting ordinary for natural logarithms, 

p — a /2ft\ 

2 (*«)- 0-921 lpg 10 f 7 V 

d ' 7 

p - 2 

For the interior of each wire we consider only that field produced by 
the current in the wire itself, and since here 


_ d d _ d 

p " 2 p p “ "2 p p “ 2 p 2 

2 (w x $ xi ) = 2 I lH ( w z dp= 2 l IHijyr-^dp 
p = 0 Jp = 0 Jp = 0 


_ M r T «ge_ 0 -4i 

Jp-« ( d \ 


we have 
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Hence the coefficient of self-induction of a double line is 


l 

To® I 


and its reactance 


x = 27 rcL 


where l is measured in cm. 


[o-921og 10 ( 
, 2 ird r 

,L ~ io 8 L' 


+ 01 


.( 235 ) 


0-92 log 10 


+ 0-1 


reactance is 


'2ttcI 
z W 


0-921og 10 g 


If l is measured in kilometres, the 
2aN 


- 0*1 


ohms. (236) 


We have seen that the magnetic field inside a conductor is not 
constant. It follows from this that the current lines in the conductor 



Fig. 361. — Effect of Earth on the Self-induction of a Conductor. 

do not all have the same inductance, and that when the alternating- 
current is of high frequency the current is not uniformly distributed 
over the section of the conductor. We shall return to this in Section 
131. 

(h) In a system in which only one overhead conductor is used and 
the earth acts as a return, the self-induction of the former can be 
ascertained from the following considerations. 

In Fig. 361 the lines of force of the magnetic field represented are 
those produced by the current flowing in the two conductors A and 
It is clear that perpendicular i>, passing through the middle point 
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of the line joining the centres of the two circles, represents a line of 
force. The flux above is interlinked with the conductor A and that 
below with the conductor B r . If we now substitute for the conductor 
B' a surface-carrying current (for instance, the surface of the earth) B, 
then this will have no effect on the diagram of the lines of force and 
equipotential surfaces above B, so that the self-induction of the con- 
ductor A remains the same and that of the conductor B vanishes, 
since the radius of B is infinite. From this it follows that as regards 
self-induction the earth return acts like a conductor which is the 
image of the first conductor with respect to the earth’s surface. 

If a denotes the distance of the conductor from the surface of ^ the 

earth, then the summation 2 (ayF,) must be extended from p— to 
p = 2 a, and since we only have one conductor the coefficient of self- 
induction will be _£ |' 0 . 46( '|) + 0 . 05 j (237) 

(c) We have still to investigate the influence of a current in a 
conductor on the neighbouring conductors of other circuits. If, for 
example, there are four conductors on the 

same pole, of which A and B belong to A B 

one circuit and C and D to another, then 

some of the tubes of force of the magnetic V 

field produced by the currents in A and ^ | \ 

B will be interlinked with the loop ; a, \ 
formed by the conductors C and D, and \dV I Pm 

will therefore induce e.m.f.’s in the latter \ X-lffi I 

conductors. It is simplest, however, to V i J 

calculate the effects of the two fields due c o 1 

to the current in A and due to the current | | 

in B separately and afterwards to super- 1 | ^ 

pose them. j 1 1 

The magnetic lines of force produced 
by the current in A are concentric circles, fig. 302 . 

whence it follows that the mutual indue- 

tion coefficient of the conductor A and the loop formed by 0 and 

I) IS p=ct 1 / / (X, \ 

M A _ CI) = 2 K^) = - f 08 0 ‘ 461ogl0 W‘ 

p =«2 2 

In the same way we find the mutual induction coefficient between 
the conductor B, and the loop CD equals 




M U . CI> = P S 1 Q-46 log 10 (^)- 

Since the currents in A and B are equal but of opposite direction, 
the mutual induction coefficient between the two circuits is 


- jo* 0-46 ( lo Sio a l lo 


Z>,\ l fajhi 

,gi ° U"io » 0-46 los, ° Ua. 


•••(238) 
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If the circuit CD consists of one overhead wire with an earth return, 
then a 2 and b 2 are to be taken as the distances of the conductors 
A and B from a conductor situated symmetrically, with respect to the 
earth’s surface, to the conductor C. Accordingly a 2 = b 2 , and we get 
for M An _ c , the simple expression 

M a b-c— yq 3 0*46 log 10 

In general, the mutual induction between neighbouring conductors, 
(as, for example, between telephone wires on the same poles as a 

„ transmission line) is made as small 

A Q as possible. This is done by cross- 

ing the wires A and B or by placing 
the telephone wires symmetrically 
with respect to the conductors A 
and B; for in this case we get 
a x b 2 = h a 2 an d M A!1 _ cd = 0. 

(d) In an uninterlinked two- 
phase system, which is the system 
usually employed for two-phase 
transmission, the best arrangement 
for the wires is that shewn in 
Fig. 363. The mutual induction 
coefficient between the two phases 
in this case equals 

m ab-c D = Yq 8 0-46 log 10 (||j) = o, 

since a 3 = a 2 and b l = b 2 . The two 
phases are entirely independent of 
one another as regards inductive 
action between the wires, and the resultant coefficient of self-induction 
for one phase is 

i= io 5 [ 0 ' 921oglo (v) +0 ' 1 ' 

(e) If the three conductors of a three-phase system are symmetrically 
arranged, i.e. placed at the three angles of an equilateral triangle 
(Fig. 364), then equal currents flowing in lines II and III will induce 
the same e.m.f. in phase I. 

Since now two wires can always be considered as the return for the 
third, the coefficient of self-induction of a phase with the above 
symmetrical arrangement of the wires is independent of the load in 
the several phases and equals 

= x^a [0‘46 log 10 (^) 4 - 005], (239) 

since here for one phase only the single length has to be considered. 
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If the three wires are not symmetrical, but arranged in a straight 
line, as shewn in Fig. 365, the current in the middle wire cannot exeit 
any inductive effect on the two outer wires and conversely. I he 
coefficient of self-induction of the middle phase is, therefore, 

An= jg* [o-46 logio (jf) + °' 05 ]’ 

while with a symmetrical load in all three phases the coefficient of 
the two outside phases is 

4-^,[0-461og,.(|) + 0' 11 9]. 

To make the coefficients of self-induction of all the phases equal 
with this arrangement, each of the three phases may in turn occupy 



Fio. 3G4. Fig. 305 » 


Fig. 3G4. Fig. 305 » 

a third of the length l as the middle phase. In this case the coefficient 
of self-induction of each phase will he 

*-£[ 0'«.o Sl .(|) + !lo g ,.(|) + 0-0»] 
.i,[0-461og„(|) + 0096]. (2*0) 


(f) With concentric cables the conductor forming the core is a 
complete cylinder, whilst the other is a hollow concentric cylinder. 

This arrangement of the two conductors as one cable used to be 
almost exclusively used and was most convenient for manufacture. 
The capacity of the outside conductor of such a cable, however, with 
respect to the inner conductor, is so large that in recent years stranded 
cables, in which the conductors lie side by side, have come more into 
use. If each conductor is arranged in a cable by itself, an iron sheath 


r 
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should be avoided, because the latter would considerably increase the 
self-induction of the conductor. Since the iron covering is only re- 
quired for giving strength to the cable, stranded cables with several 
conductors are largely used. 

For stranded cables with two and three conductors we get precisely 
the same formulae as for a double line and a three-phase line. Hence 
with a double-line cable, 



.(-235a) 


and in a three-phase cable, for each phase 


£== 


i r 

10 3 


• 461 °gio ( : 


2«\ 

d 


+ 0-05 


(239a) 


When cables are provided with an iron sheath, the lines of force outside 
the conductor close through the covering, whereby the self-induction 
is increased. The eddy-currents produced in the iron covering by 
these lines of force are however so small that no heating is pro- 
duced in the covering when the load is symmetrical, and only very 
little heating when the load is slightly unbalanced. 


130. Self- and Stray Induction of Coils in Air and in Iron. 

(a) Of all coils the simplest is the circular coil formed by a wire of 
circular cross-section (Fig. 366). Its coefficient of self-induction is 


L-- 


I, 

To 8 


0*46 1 + 1*645 


d 2 


logio 2 +0-37 £-0-163 


, ...(241) 


d 

or, if the value of j is not too large, 



0*163 


This can only be determined by means of a complicated integration. 



r ; 


5 

i a 


- Xl 

c 

‘ 

l s 

Lj 


Fig. 367 . 


Another simple coil is of a circular wire wound in the form of a 
rectangle of sides a 2 and a 2 . Since the coefficient of self-induction per 
unit length for two parallel round wires of diameter d and distance 
a apart (Eq. 235) is 


L= if [ 0 ^ 2 logi ° (t) +0 " 1 ]’ 
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and since, further, two conductors at right angles can exert no in- 
ductive action on each other, the coefficient of self-induction of the 
rectangle, shewn in Fig. 367, is 

r 1 , /2a«\ , /2a, \ , 1 


0-92OJ log 10 


- 0-92^ 2 log 1( 


j + ( a \ + a f) const. J. 


By accurate calculations this constant is found equal to -0*24 
instead of 4-0*1, which might have been expected ; hence the coefficient 
of self-induction of a rectangle equals 


L = L 0-92a 1 log 10 (~fj + 0-92 a 2 log 10 (~T- 
or approximately 

T ~ a i a ' 2 rt-99 ["lno- 2(ffi]+a 2 ) « 9 ""] 0'46Z, 

L - W u y - _ og i° 3 J ~ '10 s 


0-24(« 1 + a 2 ) (242) 

=>°(l)~ 0 ' 2 ]’ (242a) 


L ~ 0-92 [log 10 _ 0- 2 ] = « [log 1# (§) - 0-2] , (242a) 

where Z, is the mean length of the coil. 

If the circular or rectangular coil is not formed of 
wire of circular section, but say of rectangular section, /MU 
the calculations may be carried out with sufficient j M > \ 
accuracy by taking the diameter d as the diameter of f/ffy, | 
a circle having the same periphery as the section of !\ /\ 

the conductor (see Fig. 368). This, however, is only ! | 

permissible when the section is not too fiat. ^ j 

If the circular coil consists of several (w) turns, as is K 
shewn in Fig. 369, the formula becomes FlG * 3bS * 

i= i9[ o ‘ 46 iog io@ - °' i63 ]> ( 243 ) 

where d s is the diameter of a circle of equal periphery to the coil and 
I s — ttD is the mean length of the coil. It is assumed in this formula 
that l s is large compared with d s . 


i = ^[ 0 -46 log 10 g)- () - 163 ] > 



From the above formula it follows directly that the coefficient of self- 
induction is proportional to the square of the number of turns . 

Treating a rectangular coil with w turns (Fig. 370) in a similar way, 
we have 


L = ^[0-92a 2 log 10 (^) + 0-92 Ol log 10 (^) - 0-24 (a, + «,)] 

0*46^ 2 r [l s \ A cf\ /OAA\ 

gl0 W" J- (244) 
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If such a coil is laid on a flat iron surface, the coefficient of self- 
induction is approximately doubled, because the magnetic reluctance is 
practically reduced to half. 



This is also approximately the case, even when the iron surface is 
cylindrical, because the lines of force always pass into the iron at 
rio-ht angles ; the surface of the iron forms an equipotential surface. 

^Eig. 371 shows the distribution of the lines of force for a • coil of 
circular section half embedded in an iron cylinder. The lines of 

force are dotted for the case in which the 
cylinder is made of non-magnetic material. 
From the distribution of the lines it is clear 
that the introduction of the iron cylinder 
into the field of the coil reduces the mag- 
netic reluctance to half and thereby doubles 
the self-induction. 

The field-strength in the middle of a long thin coil of diameter D 
and length l s (Fig. 372) is 

jj 0*47 two iw 

Denoting the section of the coil by = the flux through the 

middle part of the coil equals approximately q s II m ; at the ends of 
the coil, however, the flux is somewhat smaller, so that all the w 

turns do not embrace the same flux. is a measure of the flUX- 

^s 

interlinkages with the coil, where the factor Jc 8 is greater than 1 and 
takes into account the decrease in flux at the ends of the coil. 



Fig. 372. 
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Hence we obtain the coefficient of self-induction L of such a coil, 
(Rial to the sum of the flux-interlinkages for i— 1 ampere, 


w 2 q s 

Io8o W/ 


(245) 


s depends on the dimensions of the coil, especially on the ratio 
The greater this ratio, the nearer h s approaches unity. If ~ is 
ei T large, is the magnetic reluctance of the cylindrical coil and 
magnetic reluctance of the effective flux, which is com 

idered to be interlinked with all w turns. 

(b) When dealing with the coils in electric machines and trans- 
formers, it is not usual to calculate with self- and mutual induction, 
is mentioned in Chap. YII., p. 116), but with the main and leakage 
uxes, or the quantities corresponding to these, i.e. the coefficients of 
lutual and leakage induction. It would carry us too far here to 
alculate all the coefficients occurring in machines and transformers ; 
nd therefore we shall confine ourselves to pointing out the methods 
y which they may be calculated. 

Fig. 373 shews the distribution of the lines of force in a single-phase 
*on-core transformer with a cylindrical winding. I denotes the 
rimary coils and II the secondary. Both embrace the main flux, 
'hich is produced by the difference between the primary and secondary 
mpere turns. The leakage lines, of which the primary are inter- 
red with part of the primary winding and the secondary with part 
t the secondary winding, are squeezed between the primary and 
scondary coils, in which currents flow in opposite directions. The 
akage coefficients S 1 and S 2 are given by the summations (p. 112) 




hich extend over all the tubes of force interlinked with the primary 
id secondary turns respectively. 

In general, it is only necessary to know the sum of these two 
►efficients, and this can easily be approximated as follows. 

For each limb of the transformer, 

S\ + >% = A ^ henry s, 

here w l is the number of primary turns per limb, S! 2 the secondary 
akage coefficient reduced to the primary and R s the effective magnetic 
luctance of the space between the two windings. This reluctance can 

A. C. 2 Fi 
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be expressed in the same way as the reluctance of a cylindrical coil 
(Eq. 245), 

'’“OS kX 

where C[ s is the section of the effective flux between, the primary 
and secondary winding, l $ the mean length of the . two windings and A,, 
a factor which takes into account the magnetic reluctance of the 



Fig. 373.— Leakage Field of Transformer with Cylindrical Winding. 


leakage flux outside the space between the two windings, and the 
decrease in the leakage field at the ends of the windings. Denoting 
the radial distance between the two windings by A, the depth of the 
primary and secondary windings by A l and A 2 , and the periphery 
between the two windings by U 9 we have 


q.= v ( A + 


V+A). 


The presence of ^ and ^ in this expression is due to the fact that 
the integration has to he carried out for the interlinkages of the tubes 
of force 2(A) and not for the tubes of force 2(A). The result of 
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this is not the mean of A 1 and A,, hut a third of their sum. Hence 
tne sum oi the leakage coefficients of the windings per limb is 

' S 'i + '^=10« cF SkJ s ~ henl T s (246) 


The strength of the leakage field itself for a section in the middle of 
the windings is shewn by curve C in Fig. 373. 



Fig. 374a.— Leakage Field of Tliree-plaase Generator. 

Prof. G-. Kapp has determined experimentally the values of h s for 
several transformers; in modern transformers h s lies between 0-95" and 
1*05. In order that no local leakage fields may exist in the trans- 
former, care must be taken that the two. windings are as far as 
possible alike in shape and arranged 

symmetrically with respect to each sfrft ft ft U. U -x 

other. cd> ^ ^ 

The armature coils of electric C ”> 

machines are nowadays nearly always 

placed in slots. In this case it is of — - == 1 a ___ * =r 

advantage in calculating the leakage — ' = 

coefficient to split up the leakage lines — - ■ 

1. Lines A (Fig. 374a), which ||i|li|=|| — f — 

entirely pass through the slots. — — —L L ■■ EE 

2. Lines B, which pass between the c:p <FT 

tops of the teeth. c - 5 c <- ) 

3. Lines G (Fig. 3746), which are „ c ^ ) 

closed round the coil-ends outside the y Q r -Q Q 1 g Q, (y j 

t nr j. i i t n Fl °* 3746. — Leakage Field of Coil-ends. 

In addition to the leakage lines, there 

are also the lines D of the main flux, which pass through the armature 
coils and produce in them the e.m.f. of mutual induction. The main 
flux of a polyphase generator, as shewn in Fig. 374a, is produced by 
the resultant of the field and armature ampere-turns. 
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As was pointed out in Sect. 118, p. 382, the resultant ampere-turns 
of an n -phase armature winding having w turns per pole and phase, and 

having a current of maximum value I xmxf is equal to ^I m ilx w \ this 

rotates in synchronism with the field, and is displaced from it hy a 



certain angle This angle is identical with the internal phase 
displacement ^ of the armature current, if the angle of a pole-pair 
is just equal to 2 t. 

Using the same method as employed above, the leakage coefficient of 
an armature coil can be written 

«__ 1 _ ^ 

*" 10 *# 

where B s is the magnetic reluctance of the effective leakage flux, 
interlinked with all the w n turns in a slot. It is, however, more 

convenient for our division of the 
; leakage lines to write 

r | = 2ft, H- 2 ft* + 

'/ i 'v, 4 I _ 

— ; :^bsu~'1jr 4 where k n is the permeance of the 

| | |‘7 leakage field across the slot for 

\p Y/y/\"\. 1 cm length of iron, \. k the same 

fa y//// r for the leakage field across the tops 

'V p- ■ -yj - r- ! of the teeth and X s for the coil-ends 

^-■*"1 or overhang. I is the length of 
h- /jj — J the iron and l s the length of the 

Fig. 3f5.— Slot Field. Overhang. 

In Fig. 375, the leakage lines A 
passing through the slots are considered, and curve C shews the 
strength of the leakage field. The permeance X n , calculated from this 
distribution of the leakage lines, neglecting the magnetic reluctance in 
the iron, is given hy 

l _ rf?\*A + JL + _?!L_ + Ja 

* J*=o W 0-87-y O-S^o-S^ Hh r s ) + 0-8 h 


= 1-25 


(247) 
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Heie we have again g— and not — , because we integrate over 
the interlinkages of the tubes of force sS i.e. (-Ydx. 

. -ft* w 

ror the leakage lines B we take the distribution as being two 
quaiter-encles and the straight lines joining them, as shewn in 
Fig. 375. From this we have 


i _ dx 

J x=n 0*8 (tx + z ^) 

~ 0*92 log 10 (gl). (248) 

The integration is here taken to the limit jf 13 which it is best 
to. put equal to the slot-pitch, since all the tubes of force outside 
this limit usually embrace several slots. To estimate these correctly 
necessitates complicated constructions, into which we shall not enter 
further. 

.To calculate the leakage lines C, it is best to consider the two 
coil-ends as comprising one rectangular coil (Fig. 374c), whose per- 
meance is equal to 

A, = 0*46 log 10 (|) -0*2j, (249) 

Hence the leakage coefficient of an armature coil is 

! 0, / Up 

+ + henrys, (250) 

where A. u , A* and A, can be calculated from the above formulae. 

If two similar coils, belonging to different circuits, lie side by side in 
the same, slot (Fig. 376), the currents in them are mutually inductive. 
The coefficient of mutual induction M of two such coils 

is equal to the leakage coefficient S, assuming the dis- | 

tribution of lines of force in Fig. 375. ~P\ ^ 

The distribution of the lines of force, however, will be F]H1 
quite another thing if the currents in the two coils are \ ' # 

very different from each other, and especially if they are ' i ' ■ 

oppositely directed. In this case M is somewhat smaller p— ' 

than S. „ 

The. above formulae for the calculation of the leakage 
coefficients of armature coils do not of course give quite accurate values, 
since the lines of force are not distributed along the assumed geometric 
lines, but always choose complicated paths, for which the magnetic 
permeance of the leakage fields is a maximum. For this reason 
experimental values are usually somewhat greater than calculated. 

131. Increase of Resistance, due to Eddy Currents in Solid 
Conductors. In the previous section we have seen that the magnetic 
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field in the interior of an electric conductor is not constant, from 
which it follows that the current lines do not all possess the same 
self-induction. On this account the distribution of a high-frequency 
alternating-current over the section of the conductor is not uniform, 

but such that the variation of the potential energy L - is as small as 

possible. For this reason the greatest current-density is obtained in 
that part of the conductor in which the magnetic field is strongest. 
Lord Kelvin first demonstrated this phenomenon, which is known as 
skin-effect . 

Its action produces an increase in the resistance and reduction in the 
self-induction of the conductor. When the field in a wire is due to 
the current in that wire alone, the current-density is dependent on 
the distance of the point considered from the axis of the wire. The 
current-density is greatest at the surface and least at 
the axis. 

( a ) W 0 first calculate the distribution of current 
\ over the section of a round wire, in which case the 
1 v?1 // / approximate equations are similar to those for the 
V J distribution of a rapidly alternating magnetic flux in 
a round iron wire. 

fig. 377. Let us consider the element of the wire formed by 

a cylinder of thickness dx at a distance x from the 
axis (Fig. 377). Let the maximum current-density be I x and the 
magnetic field-strength H x . This increases from the inside to the 
surface by the value 

7yr Q'i'rrlJZ’rrxdx n 
dlL = ~ = 0*47 rl x dx, 

while the induction, assuming constant permeability, increases by 
/ idII x — dB x . On the outside of the cylinder a smaller e.m.e. E x is 
acting than on the inside. The increase in the e.m.e. E x , assuming a 
phase displacement of 90°, is 

dE x = 2irj cB x dx\ O' s = 2ttJ C filljlx 1 0 ~ s volts. 

This increase in the pressure requires an increase in the current- 

P-E 

density, according to the equation l x —'~ — equal to 
dl x = -y?= -iTrjc^HJ.x 10-s volts. 


Hence 


d% ^ . ixdEx 


1Q~ S . 


Substituting now the value of we have 

ax 

-<>' 8 ^* 10 -*. 


INCREASE OE RESISTANCE 


439 


Introducing (in the same way as for the distribution of induction in 
iron wires) 

= (251) 

10*\l0 0 K ' 


we obtain 


10* A/ 10p 

2/ 

jm x . 


The solution of this equation is 

where A and JB are equal, since the same value is obtained for I x for 
both + x and - x. Hence 

At the surface of the wire, where x = r, the current-density is a 
maximum r n ~ 

r r •*-»* + <-*-»** 


Therefore 


* x ' max Al~j)Ar , .-(l-j)Ar’ 


The current-density therefore decreases from the outside to the inside 
in a curve like the induction in an iron wire. To determine the 
effective resistance of the wire, the mean of the squares of the current- 


■xdx must be divided by the square of the mean of 


densities Il^irxdx must be divided by the square of the mean of 
J«=o’ _ _ 

the current-density ' I x 27rxdxJ. The real ratio of these two 

quantities gives the ratio k of the effective resistance r eff to the ohmic 


resistance r. 


r<e 

b*ff _ J x—0 

r r f* =r /j 

L J x—0 


I^TTXdx 


(real part). 


Since this ratio can only be determined by tedious calculations, the 
result of exact calculations is here shortly given. For low frequencies, 

we have for copper wire (p— 1 and p = 0*017 x 


for aluminium wire ( /x = 1 and p = 0*0285 x 10 


f rn 2 \2 

t - 1 + 0 ' 25 (iooo) -°' 05 
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for thin iron wires (u= 1000 and p = (H0x 10~ 4 fl— 
V cm'V 


&= 1+2 




where the diameter d of the wire is expressed in cm. 

For medium frequencies it is best to use the table calculated by 
Hospitalier, which gives the values of k for different values of cd 2 . 
This table applies to copper wire with /> = 0*017 ohm. To obtain the 
ratio for wires of other materials, the value of cd 2 must be multiplied 

by ~0‘0 17, and the value of k corresponding to this new value of cd 2 
found from the table : 


cd 2 

k 

cd 2 

k 

0 

1-0000 

1520 

1-8628 

20 

1-0000 

1880 

2-0430 

SO * 

1-0001 

2280 

2-2190 

170 

1-0258 

2710 

2*3937 

300 

1-0805 

4820 

3-0956 

470 

1-1747 

7500 

3-7940 

680 

1-3180 

17000 

5-5732 

920 

T4920 

30000 

7-3250 

1200 

(b) For very high 

T677S 

frequencies and conductors of magnetic material, 


A — I 

“ToWlOp 


reaches such high values that e Xx can be neglected compared with c Xx . 
The current-density I x can then be written 


L=L 


(1 -j)kx 


* max (1 -j)kr • lliax 


Jl 


.(253) 


This, like all the previous equations, serves not only for round 
wires, but also for bars of rectangular section. For such a bar, x 
denotes the distance from the middle of the bar and 2 r — A its thickness. 
For very high frequencies or permeabilities, the mean current-density 
in a bar is . 


/ 

•f-mi 




21 r 

-'■finax 


(l-i)AA 






or 


P-J max (1 j')^' £) pd-m 


.(254) 
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When we remember that p/ max denotes the pressure-drop per cm 
length of the conductor, due to the ohmic resistance and to the field 
within the conductor, we see that this pressure-drop, based on the 
mean current-density / mean or on the current A / mean flowing in the 
conductor, is composed of two equal components. One of these com- 
ponents is in phase with the current and represents a resistance-drop, 
while the other leads the current by 90°, and therefore becomes a 
reactance-drop. Each component is equal to Hence the same 

resistance would be obtained, if the current in the conductor was 

divided into two layers each of thickness i, since these layers would 

have an ohmic resistance of per cm length. For this reason it is 
said that high-frequency currents only penetrate into the conductor to 

a thickness ~ or that an outer layer of the conductor of thickness 


. 10 4 / 1 

r V < 


carries the whole current. The effective resistance of the conductor is 
equal to the resistance of this outer layer, and at the same time this 
is equal to the effective reactance of the conductor, due to the field 
within itself. This reactance, however, is usually negligible compared 
to the reactance due to the field outside the conductor. 

The same result is obtained for round wires, where only an outer 

cylindrical layer of thickness S eff =^- serves to carry the current. For 

this reason copper tubes are also used as conductors for very high- 
frequency currents. They not only possess the advantage of utilising 
the copper better, but they also have a smaller self-induction. Such 
tubes are used, for example, in switch-gear, and especially .for the 
connections of lightning protectors. The thickness of the conducting 
layer is as follows : 


For copper conductors f p = 0*017 x 10 4 12 


1 /l0p_6*5 
V 15 - J~c 


for aluminium conductors (p = 0*028x 10 4 12 — 

V cmv 

* 8*5 

cm, 

sjC 

for iron conductors (V=1000, p — 0*10 x 


__ 1Q4 / 1( 

2^V a 


c /* ~ Jc 
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For railway rails we obtain S eff =0T cm= 1 mm. at 25 cycles. If U 
is tbe periphery of the rail in mm, the effective resistance per kilometre 
length at 25 cycles is 

OT x 10 3 100 , 

r eff = jj — =— ohms. 

At 15 cycles the resistance is V-LJ = ^0*6 = 0*775 times as large, 

• 77*5 , 

i.e. ohms. 

The effective reactance of the rails, due to the field within them, 
is of course equal to the effective resistance. 

(c) If the wires lie near one another as in cables, their mutual 
induction affects the distribution of current. The highest current- 
density here occurs in the parts where the wires are near together, and 
the skin-effect may become very considerable. For this case we can 
use the formulae given by Prof. G-. Mie ( Wied . Ann. 1900) for non- 
magnetic wires at low frequencies. The ratio for twin-copper cable is 
approximately 


Jc— I + \ 0*70 + 8*1 


~(d VI ( cd 2 V To. m ^ so ( d VI ( cd ' 2 Y 
^ \2a/ J \1000/ L 040 + 3 "V2a) J(iooo) 


and for aluminium cable 


*25 + 3*0 


1*05 + 4*1 


where a denotes the distance between the axes of the two conductors. 
For conductors of magnetic material the distance between the wires 
has little effect on the current distribution, and in this case the same 
formulae may therefore be used as for a single conductor. 

If the reactance of a cable, due to the field within itself, forms a 
considerable part of the whole reactance, it is also necessary to correct 
the coefficient of self-induction at high frequencies. Instead of 0*1 in 
formula 23 ha, we have to put for copper cables 

0-1 {l - [ 0-85 + n-S ( 4)'] [»-22 ♦ 45 ( 0 ] 

and for aluminium cables 

0' 1 {l - [°' 125 + 40 (e)’] (wT + [o + 6 ' J (s)liw)‘}- 

If the conductor in the cable consists of several small wires more or 
less insulated from each other, the skin-effect is considerably reduced, 
due to thus splitting up the section. 

Prof. Mie has given the following formulae for rapid oscillations, in 
the same place as the above. The ratio h for copper wires is 


cd 2 1 

1000 + 8 + 


(ft — \Ja? — + aVa 2 - d?) 
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and for aluminium wires 


7,_ n.qo / c ^ ~ \/& 2 - $) (d 2 + aja 1 - d 2 ) 

c - J^j 2 y -'Vl0()0 + 8 + 2 s /(a--i-^) 3 ’ 

whilst the coefficient of self-induction approaches the value 


1000 + 8 + 


t °‘ 92 i 
i = W lo gi< 


J + \I Cl 2 - cP\ 

d J 


as the frequency increases. 

(d) In a coil consisting of several turns, the distribution of the lines 
of force of its field is still more complicated 

than with one or two wires, so that the cal- 1 i 

culation of the effective resistance is much 

more difficult. In order to keep the increase f \ 

in resistance as small as possible, the conductors yYYyy' 

should be made of flat copper strip, arranged 

in such a way that the longer side of the section 

coincides with the direction of the leakage yyyyy 

lines. Further, turns which lie in different yyyw' 

leakage fields should not be connected in yyyyw 

parallel, since heavy local currents might ensue, 

producing an apparent increase in resistance. yY/yy 

Messrs. Field* have exhaustively treated the 
distribution of current-density for coils in slots ’ 

and the increase in resistance due to fields 

occasioned by the presence of the teeth. Only h 

the main points and the result of these investi- ^^Yyyy 
gations will be given here. syyyy/ 

Let us consider two bars placed one above yy/ y yy i 

the other, as in Fig. 378, and again assume yyy/ty/ 

that the leakage field traverses the slot in ~ r 777777Z / r I 


straight lines, and that the magnetic reluctance wy/yY I 

of the iron can be neglected compared with x 

that of the slot. Then it follows that the y^//W I 

current-density I x does not vary in the breadth l ' YYyyy J j 

of the slot, but only in the height. The lx. Y\ 

field-strength increases with the height x ac- ! u_ r 2 j 

cording to the following law : h* $ * 

7yr 0-47 TT f> I x dx Fig. 37S. 

dH x — — — 

r B 

In the upper surface of the element of conductor of thickness do), 
which we are considering, an e.m.f. is induced, which differs from that 
induced on the lower surface by dE x , equal to 

dE x = 2irjcfAlI x dx 10“ 8 volts, 


* Transactions A.I.E.E. 1905 and Proceedings I.B.B. 1905. 
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which causes an alteration in the current-density of 


dl x = - 2wjc ^ H z clx 10~ s . 


Hence, from these two differential equations we obtain 


f-$= ~ 2-/A / - ^10- s = - °— 2 

dxr ' p dx J P r 3 

V- 


X 1 0“ 8 


which differs from the equation for wires in air on p. 438 only in the 


A= — JO"'* 

10‘"V 10pr 3 5 

we have I x =Ae ( ‘ 1 ~^ Kx - f- £e~ ( X~^ Kx 

and 7/= - - ^ = - ~(yl € (1 

^TrjCfjidx Sttjcp ** /• 

To determine the constants d. and Z>, we have the following two 
limits : 

Firstly, for *-0, ,, 


factor jf we substitute 


IT _ 0 - 4 tt(«.- l)/ mMn ,T, 

• £ 3 


where / mean rn 2 denotes the maximum current per conductor, and (n ~ 1) 
is the number of conductors in the slot underneath the conductor 
considered. The conductor considered is therefore the n th from the 
bottom, and (n - l)I me&n rr 2 is the maximum current-volume lying 
beneath this conductor. 

The second limit is, that the maximum current in a conductor is 
equal to 

I 7x^2 ^ =: /mean ^ Vj • 

Jx = 0 

By means of these two limits we can first determine the constants 
A and B and then find the ratio k of the effective resistance to the ohmic 


7 , _ / eff_ 

T~ n2 VAC ^ 

[L**] 

A. B. Tield has given the following formula for this ratio : 

k = ~ 1 )^ CQsh Ar Z CQS M(sin h Ar - sin Ar) -f- (sinh 2 Ar + sin 2 Ar) 

cosh 2 Ar — cos 2Ar ’ 

(256) 


fx=r 

P x dx 

Jx=0 


(real part). 
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and this is shewn in Eig. 380 for different values of An By means 
of these curves the ratio k for each turn of the armature coil can now 
be found, and thus the mean increase in resistance of all the turns 
easily determined. Fig. 379 shews the current-density and phase- 
displacement with regard to the main current as functions of the 



Fig. 379.— Current Density and Phase Displacement in two Armature Conductors. 


height of bar. The curves were calculated by A. B. Field for the two 
conductors shewn in Fig. 378 at 25 cycles. It will be noticed that 
great variations occur in the current-density. For the lower conductor 
it is a maximum at the upper corner, while for the upper conductor 
it is a minimum in the middle. From this, as well as from the curves 
in Fig. 380, it is clear that the increase in resistance is much greater 
for the conductor near the armature surface than for the other. 

As for wires in air, the skin-effect has not only the effect of in- 
creasing the resistance of armature coils, but also of decreasing their 
self-induction. This is due to the fact that the current is driven 
upwards in the bars, so that the path of the leakage field across the 
slot is not straight, as shewn in Fig. 375, but passes chiefly between 
the bars and through the highest and lowest parts of the bars. # If 
many turns are arranged above one another in the slot, the distortion 
of the leakage field is not so marked, since the conductors are very 
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tliin and the leakage field varies from the bottom to the top almost 
according to a straight-line law. 

If there are only a few large conductors in the slot, it is advan- 
tageous to laminate them parallel to the lines of force or to make them 

X r 



of pressed cable. In many electric machines, such as continuous- 
current machines, and to a still higher degree in rotary converters, the 
wave-shape of the currents flowing in the armature conductors is very 
different from a sine wave. In such cases the current must be resolved 
into the fundamental and higher harmonics, and the losses on the 
ratio k calculated for each of these currents. If these ratios are k x , 
Jc 3 , fej, etc. for the currents I v / 3 , Z 5 , etc., then for the effective current 

Wif+if+if+v 
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tie effective ratio k is obtained from the equation 


1 c P = Ul + k 3 Il + k s Il+.... 


Hence k = k 1 + ^ 5 \l) + ' 

These considerations and formulae for armature coils can ^also be 
used in many other cases with close approximation so long as tne 
S4” lines run parallel to .K« surfaces of 

path of the lines of force is not appreciably altered trough unsy 
metrical distribution of current. Such cases occur in transtormer 
and induction coils ; but here the paths of the lines of force must be 

taken into account in choosing the ratio 

(e) Besides the eddy-currents induced in electric conductors by fields 
within them, there are also currents induced by externa J 
however, do not result in an apparent increase in resistance but only 
fn lnroduction of heat in the conductor. For these currents the foi- 

mulae may be used which were developed for the examples 1 

wires and Blates. It will be best to demonstrate tins by two examples. 

On the surface of a smooth armature there is a copper conductor o 
breadth A and thickness r (Fig. 381). The armature has a diametei D 

and pole-pitch r = ’g, and rotates with a peripheral speed of v. We 


and pole-pitch r = and rotates with a penpnerai speeu - — 

will consider the field in the air-gap as ■. dx 

being distributed sinusoidally over the ^ ^ ' 

pole-pitch r. Then the field-strength at 

any point in the conductor at any moment — Jj * 

can he expressed by 1 i 

b = B t sin ^ Fia 8SL 

The middle of the conductor, where ® = 0, then falls ^middle 
of the neutral zone of the magnetic field, where l> = 0, at time t-U. 
In an element of the conducfor at distance * from the middle, an E. . • 
■per cm length is induced equal to 

e x =vb 10 -6 volts, 

where « is expressed in metres per second. Hence the current-density 
in this element is N 

The nre°enee of the constant C is due to the fact that the sum of 
»11 fcB currents, induced in the conductor .a equal to aero. 

Therefore + | - 


o )t--$ 

T 


Ax — -■ 


. 7 T i— v /™y a 

■ 2 cos at sin - + CA 

T Ji 


from which 0 ca.i he calculated and placed in the expression for i,. 
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Hence the current-density is 


. 7 r A 
sm T Y 


cos u>t + sin ( tot — x ) I. 


To find the loss w w per unit volume, we integrate over i x p C lj^~ an* 1 
obtain ^ ^ 

, ^(r's) 

Developing the sine into a series and neglecting all terms of tf»* # 
higher orders, we have 

1 “’(rDli^ray 

/irA\2 3 \t 2/ * 


Further, putting 100?; = ^^= ^g™ = 2 t c, and expressing A in mui. 
for a form factor of f t = 1 -1 1 = ~=, the loss per dm 8 is 

4 10- 5 /a c '/' BA 2 ■ ,, , or ~ , 

®“ = 3 V A A ioo Tooo) watts {2 °' ' 

This formula corresponds exactly with the expression given on 
p. 351 for the eddy-current loss in iron plates. It holds only so lo*i|4 



Fig. 382a. Fig. 3S2&. 

Slot Fields. 


as the eddy-currents do not appreciably affect the distribution of tilt* 
lines of force. 

If the armature bars lie in slots, e.m.f.’s are also induced in them by 
the main field. These e.m.f.’s are due mainly to the lines of force** 
passing between the surface of the pole and the sides of the teeth * 
which are chiefly present with large open slots and a small air-gap, 
as is shewn in Fig. 382a. 

The field-strengths of the slot-leakage field can be resolved int < * 
radial and tangential components; the tangential component mainly 
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induces harmful eddy-currents in the upper conductors. Strongly 
saturated teeth also raise the field- strength in the slots. If the slots 
are very deep and the teeth only strongly saturated at the root, 
the lines of force pass between the sides and bottom of the slots 
(Fig. 382b). They induce eddy-currents in the lower conductors, and 
in this case the radial as well as the tangential components determine 
the magnitude of the eddy-current loss. 

The eddy-current loss can be determined in this case also by formulae 
similar to those used for a smooth armature. It is, however, much 
more difficult to determine, as the calculation is much more com- 
plicated, and can only be approximated. 


TaT„» 



w 

Armature H Armature HI Armature VI 

i h m w r h 

• Fig. 383.— Eddy Currents in Armature Conductors. 

I)r. Ottenstein* has determined the order of magnitude of this loss 
by a long series of careful experiments, and has found that maximum 
tooth-densities of 24-25000 can be employed before large losses occur, 
due to the lines of force between the sides and bottom of the slots. 
In Fig. 383 the loss per cm 3 is plotted for different slots and different 
arrangements of the conductors in the slots as a function of the ideal 
maximum tooth-density B i(l (i.e. the tooth-density calculated on the 
assumption that all the lines of force pass through the teeth, which 

* “Das Nutenfelcl in Zahnarmaturen und die Wirbelstromverluste in massiven 
Armatur-Kupferleitern.” Sammlung elektrotechnischer Vortrage , Stuttgart, 1903. 
a.c. 2r 
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is not actually tlie case with Eighty saturated teeth). From, this figure 
it is clear that the lines of force between the pole-face and the surface 
of the slots may give rise to very high losses. 

[: The highest loss of 1 watt per cm 3 occurring in the curves corresponds 

to an effective current-density s, w , which is obtained from 

sip = 1 * 0 . 

If p = 0’02 is inserted for warm copper, the loss of 1 watt per cm 3 
corresponds to an effective current-density s. w —J 50 amp/mm 2 , a value 
which far exceeds the usual mean density in armature bars. It is 
therefore advisable, when the copper armature bars lie in open slots, 
as is usually the case in direct-current machines, not to have the 
conductors too near the armature surface, that the air-gap should not 
he too small compared with the breadth of slot (i.e. not less than ^), 
and that the maximum tooth-saturation is not too high (i.e. not above 
25000 on full load). In large alternators with open slots the armature 
bars near the surface should be laminated tangentially in order to keep 
the eddy-currents induced by their own field within permissible limits, 
and the same bars should be laminated radially, in ? order to destroy the 
eddy-currents induced by the main field. Since this is not possible in 
practice, the bars in the neighbourhood of the surface are either made 
of stranded cable, or they are sunk very deep in the slots and at the 
same time laminated tangentially. 

132. Leakage Fields and Electiodynamic Forces due to Momentary 
Rushes of Current. During recent years, commercial requirements 
i have led to the building of very large power-stations with large units. 

At first all the machines were connected to the same bus-bar system 
and therefore to the same network, since no apparent reasons were 
forthcoming why the usual practice for small units should be departed 
from. It had not been considered that with large units working to- 
gether on the same network, when a short-circuit occurred anywhere 
in the system an immense amount of energy would act on the short- 
circuit, and therefore give rise to enormous rushes of current. These 
rushes produce great mechanical as well as electrical forces, and often 
lead to destructive explosions in the automatic circuit-breakers, which 
are provided to cut out the faulty part from the rest of the net- 
work. In the following section some formulae will be given for 
calculating the mechanical forces due to such momentary rushes 
of current. To determine the mechanical forces, however, the dis- 
tribution of the leakage fields at the moment of short-circuit must be 
known, and for this reason the strengths of the leakage fields will be 
calculated together with the mechanical forces. 

To illustrate the forces which act between straight conductors, Eig. 
384 shews the switchboard of a 6500 volt motor, destroyed by a short- 
circuit. The motor was connected to the large network of the 

H Manchester Corporation power-station, and the figure was supplied by 

C, L, Pearce, Esq., the chief engineer. All the cables were well hung 
between insulators at a distance of about 12*5 cm apart. The figure 
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shews clearly how the outgoing and return cables of the same phase 
were repelled from each other, and the cables of different phases 
attracted. The insulators a and b were broken and the insulating 
plate J made of asbestos board was cut clean through. The thin 
cables, which were for the most part bent, normally carried 10 amperes, 
but as the following calculations shew, must have carried a very much 
higher current during the short-circuit. It is clear that the bending 



Fin. 3S4. —Effects of a Short-circuit on the Cable Connections of a Switchboard. 


of the cable was greatest near the angle-iron carrying it on account 
of the magnetic field-strength being greatest there. Also, we may 
conclude from the figure, that the bending started near the angle- 
iron, and after the wires had first approached this place the motion 
proceeded further downwards. 

(a) We first calculate the repelling force between two parallel con- 
ductors, serving as the outgoing and return lines. The force must be 
repulsion, since the currents in the two conductors are oppositely 
directed. It can also be said that the wires tend to move in such a 
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way that the self-induction of the loop formed by them becomes as 
large as possible ; since the magnetic field-energy is then a maximum. 
The wires therefore tend to move away from each other. Parallel 
wires carrying currents in the same direction have the opposite effect. 
From Ampere's law the repelling or attracting force between two 
parallel wires per cm length is equal to 

iir= a9810oVxTOO kg “ «10« k ®’ ^ 258 ^ 

where q and i 2 denote the currents in the wires in amperes and a their 
distance apart^in cm. This formula is amplified when we consider that 

one conductor produces a magnetic field of II the position of 

the second conductor, and that the mechanical force on the second 

Hi 

conductor, from formula (7a), is -y^ 2 dynes. If the two conductors carry 
the effective current 1 , the maximum force per cm length is 

_ 4/ 2 , 


Substituting in this /= 10 amperes and a= 12*5 cm, we have 

r _ 4 x 100 _ 32 
A “12'5 x 10 s ~10 8kg ‘ 

32 

For a length of 100 cm the force is thus only about kg, 

and to obtain a force of 1 kg, the rush of current must therefore 

V HP 

-p- = 175 times its normal value. 

Considering further that each cable in Fig. 384 was repelled from 

175 

one side and attracted from the other, it still requires -j— = about 1 25 



Fig. 3S5. — Field Intensity of a Long Thin Conductor, 

times the normal current to exert a force of 1 kg on a cable 1 metre 
long. This calculation shews clearly that very considerable rushes of 
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current are met with in networks of large systems. Short-circuits in 
such networks act almost like dynamite explosions, in that the forces 
which occur are sudden shocks, acting momentarily. This accounts 
for the great damage so often done to the windings of generators and 
transformers. 

In order to calculate the mechanical forces acting on the coils, we 
shall first consider the field-strength E y produced by a long flat con- 
ductor (Fig. 385). 

For this purpose we divide II into a component H X ~E sin a perpen- 
dicular to the conductor and a component H 1( = II cos a parallel to the 
fiat side of the conductor. If the conductor, which stands perpendicular 
to the paper, is very thin and carries the current idy in the element dy, 
then the field-strength produced by this element at the point P is 


and its components are 

7 7T 2i dy sin a . irr 2i dy cos a 

dH x = — ~r and dE, = — • 

lOr J lOr 

Integrating over the whole conductor, we now obtain, since 
r da = dy cos a and dr = dy sin a, 
the two resultant components 

Tr C2idy . 2 i f dr 2i n r 2 A u 

^ == Jw slua= ioj7=To i * * * * * * * * lo ^r gl0 'i " 


i is here the current per cm 
breadth of the conductor. If the 
length of the conductor is not 

very great, but considerable with 
regard to the distance of the point 

P, the two components H x and II }J 

must be multiplied by where 

y is the angle in degrees which 

the conductor subtends at the 

point P. If the conductor is not 

very thin, the components II x 

and H ?/ (Fig. 386) must be deter- 

mined by a double integration 




[ a 2 ~ a l)‘ ■■ 

(260) 
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Since tana x =^ and tana 2 = —- (Fig. 386), 


we have 
whence 




x 

x=x . 2 2 i 


io L 


tan 1 — - tan :i 
?/ 2 


i(±\ 

W'J 


^-ro 


H = 


*2 (A “ft) -‘«i(“ 2 - a i) + 1-15 y2 lo gio(^) - MS^lo&o^) 

(260a) 

where i denotes the current-density per cm- and x 1) x 2 , y 1 and y % are 
expressed in cm. In the same way we have for II x , 

y 2 ( a - 2 - ^-h( a i-/ 8 2 )+ 1-15a; i lo gio(|r) - l'I5a; 3 log M (^) 

(259a) 

and the resultant field-strength is 

h-JM+b*- 

If die conductor is not very long, the factor — T must be added to 

ISO 

this. This formula also holds for a coil-side consisting of several turns, 
in which case i denotes the current volume per cm 2 , and the lengths 
are expressed in cm. As a first approximation, the field-strength 
can also be written ^ a»(g,-g 1 )(y a -y 1 ) (261) 


where r denotes the distance of the point considered from the centre 
of the coil. 

(b) Considering two coils placed over one another, as in Fig, 387, 

then if they are connected in series 
to oppose each other (or if either coil 
is short-circuited on itself), the two 
coils will.be repelled by a momentary 
rush of current. The leakage field, 
passing between the two coils, tends 
to spread out as much as possible and 
thereby exerts a strong repelling force on the upper coil. This 
repelling force can he calculated from the above formulae for the 
field-strength. The field-strength is approximately equal to 


X 






m 


T/>?{777777?. 


Fig. 387.— Two Mutually-repelling* Coils. 


and the repelling force 


jsr- 


2m 

Wa 


7r _7 (iw)H_2(m)% 
8 10 7 " alO 8 


kg, 


(262) 


where l s is the mean length of the coils, iw the ampere-turns and a the - 
distance between the coils from centre to centre. 

The leakage field in all electric machines and transformers strives 
to attain maximum field-energy, just as do the two coils in Fig. 387. 
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Since the leakage field is squeezed between the primary and secondary 
windings, and always tries to expand as much as possible, the 
windings are driven apart by momentary rushes of current, if they are 
not fixed securely enough. Rushes of current which exert these 
forces are chiefly due to short-circuits in the secondary circuit, that is, 
in the stator circuit in the case of alternators. In this case the field 

winding is the primary and the stator wind- 

mg the secondary. Besides this, mechanical 7 

forces also occur in machines and apparatus \ 

between the several coils of one • winding { 

carrying the same or proportional currents. ^ 

These coils need not belong to the same : r~ z~ 

In a transformer in which the coils of j^j 

the primary and secondary windings are ^L- Ml 

sandwiched between one another, as in Fig. 

388, the leakage fields are squeezed between 

each primary and secondary coil, so that Ml 

these mutually repel one another. E^L II 

It has even happened that the coils ; } 

themselves have been blown apart. The 

mechanical forces acting on the upper and ( 

lower coils are of course the largest, since > 

in the neighbourhood of the yoke the Flw * 
permeance of the leakage field is greatest. 

To determine the repelling force between two coils, we must first make 
a calculation of the field-strength produced by one coil at the position 
of the next coil. On account of the great magnetic permeance of the 

iron core, this is not but almost double this value. It must of 
10a 

course be considered that the rushes of current occur so rapidly, that 
the iron partially loses its permeance owing to the eddy-currents 
induced in the plates. This remains, however, so large on the sides 
where the leakage lines enter the iron parallel to the laminations, that 

the field-strength here must be put equal to while on the sides 

where the leakage field enters at right angles to the plates, — - must be 

used. The mean field-strength is therefore somewhat smaller than 

For this reason the short-circuit reactance of a transformer 
10a 

becomes somewhat smaller during a momentary rush of current 
than under steady conditions. Denoting the effective value of the 
momentary short-circuit current by I mk and the number of turns of 
the outer coil by w„ the maximum force by which the upper and lower 
coils are pressed against the yoke is 

= 6 %J^kg, (263) 


F lo. 388 .— Section of Transformer 
with Disc Winding. 


iron core, this is not but almost double this value. It must of 
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if all the coils have the same ampere-turns. If the coils in the middle 
have double as many ampere-turns as the two outer coils, the force is 
approximately double as large as that given by the formula. The 
formula is not very accurate, because of the very great difficulty in 
calculating I mk . 

In transformers with cylinder windings, shewn in Fig. 373, the field- 
strength produced by one winding at the position of the second can be 
calculated from formulae 259 and 260. It only interests us here to 
find the maximum field-strength, which occurs at the middle of the 
windings. Here H x = 0 and 

H = ^=^(a 2 -a 1 ), 

Iw 

or if AS=-j- denote the effective ampere-turns per cm length of the 


winding, the maximum field-strength is 

2V2 AS, . 

( a 2 " a l)* 


TT __ * 
-^juax 


10 


Hence the force exerted outwards on a coil of w s turns per cm length 

0fC0iliS ~ u 

•^max 2QS ( a 2 a i) (—'6*4) 


If the coil is circular, the force, distributed uniformly over the whole 
coil, exerts a bursting action on it. If, on the other hand, the coil is 
rectangular, which is usually the case in large transformers, the long 
sides of the rectangle tend to bend out, so that the shape becomes 
elliptical. 

Mechanical forces do not only, however, act between the primary 
and secondary coils on the same core, but also the outer coils on 
neighbouring cores are mutually attracted, since currents flow in the 
same direction in the adjacent coil-sides. These forces of attraction 
can be calculated from the same formulae. 

In addition to short-circuits, rushes of current also occur in trans- 
formers when they are switched on to the network. These rushes are 
heavier, the more strongly the iron is saturated. In this case the 
secondary circuit is open, and therefore carries no current ; the primary 
coil then tends to move towards the position of highest reactance. For 
this reason care must be taken with cylinder windings that the coils 
are at equal distances from the two yokes, while in all transformers 
the upper coils must be well fixed relatively to the yoke, so that they 
are not drawn against the yoke on switching in. 

(c) The argument for generators is similar to that for transformers. 
The primary and secondary leakage fields strive to press between the 
stator and field windings and to drive them apart. Here the field 
winding is fixed so well on the inner rotating member that it cannot 
be displaced. For this reason the repelling forces tend to drive the 
coil-ends of the stator winding away from the field system. Forces of 
repulsion or attraction also occur between the coil-ends of the several 
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phases, according to the direction of current in the phases at. the 
moment of short-circuit. If a coil-end is very near the iron, it is 
usually drawn against the iron. With the arrangement of the coil- 
ends of a three-phase generator shewn in Fig. 389, the coil-ends of 
phase I are usually bent outwards by the leakage fields between the 
stator and field windings, while those of the second and third phases 
are mutually repelled. To calculate the 
repelling force on phase I, it must be 
borne in mind that at the moment of 
short-circuit the main field cannot sud- 
denly vanish despite the demagnetising 
effect of the stator current and that a 
greater current is induced in the field coil, 
which strives to maintain the field. In 
this way a large primary leakage field 
crosses over to the pole-shoe, and bends 
the coil-end of phase I outwards. To 
determine the forces present it is neces- 
sary to know the momentary current in 
the field coils as well as the magnitude 
of the main field. If this momentary 

exciting current is known to be i meJ the magnetomotive force i me w e - aw m 
acts on all the tubes of force between pole-shoe and yoke, where <m m 
denotes the ampere-turns necessary to send the flux through the field 
system. The field-strength about phase I can be calculated approxi- 
mately by drawing the lines of force, and we have 



Fig. 3S9.— Section of Three-phase 
Generator. 


E - 


i me w« - aw ni 


0 * 8 1 


The maximum mechanical force per cm length of the coil-end is then 
3i amax w. L l mk - aw. 


K-- 


10 ^" 


0 - 8 / 1 0 7 


kg, 


.(265) 


where i nmilx is the effective momentary short-circuit current in phase I 
and w s is the number of turns in the coil-end. Since i mc v) c may in the 
case of large machines attain a value of 100,000 ampere-turns at the 
moment of short-circuit, while i amax at the same time reaches a value of 
150,000, we have 

10 5 x 1-5 x!0 5 _ 1500 , 

/V o 7 i r\7 r\.m "o* 


0 - 8 / 10 7 


0 * 8 / 


Thus if l = 36 cm, K= 52 kg. If the pole-arc of the machine is 60 cm 
and the length of the coil-end 80 cm, we can reckon on a force on the 
coil-end of about ^a , on 

52 bU ±^ = 3600 kg. 

Evidently very considerable forces may occur in large machines. 
For this reason the arrangement shewn in Fig. 389 is not used, and 
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when possible, the coil-ends are arranged in two planes, as shewn in 
Fig. 390. The coil-ends are now so far removed from the field coils, 
that these have little effect. In this latter winding there are chiefly 
repelling forces between the coil-ends, since at any moment the currents 
are almost always oppositely directed in the two planes. In the part 
of the coils running axially, where they come straight out of the slots, 
the same direction of current occurs in groups, so that attracting as 
well as repelling forces are here present. The latter are the largest, since 



Fig. 390.— Current Distribution in the Coil-onds of Three-phase Generator. 


the leakage field between the coils is the greatest, where the current 
changes its direction. In order to make the repelling forces between the 
coil-ends of the several phases harmless, they must be fixed as firmly as 
possible; and further, care must be taken that the coil-ends are 
sufficiently far from the iron. It is possible to calculate the field 
strength of the leakage field, which one coil produces where the other 
is situated, for various positions. To calculate it accurately, the for- 
mulae on p. 454 must be used, but we can write as an approximation 

IT ^iiuax^s 

H= 10a 




10 a 10 7 


(imax^s) 2 

' ' alO 8 * 


This holds for the moment when the current is a maximum in one 
phase and half as large in the other two. For inuax^s 2=3 150,000 and 
a — 10 cm, we have 


2-25 x 10 10 
= 10 x 10 8 


= 22*5 kg per cm. 


TV ith an active length of 60 cm, the total force on a coil-end becomes 
K= 22*5 x 60 = 1350 kg, 

which is certainly a considerable force. It is clear from the foregoing 
that it is of the utmost importance to keep the momentary short- 
circuit current in electric generators and transformers as small as 
possible. This, however, is not possible without allowing an undue 
fluctuation in pressure, due to alterations in the working load. In 
this matter, as so frequently happens in practice, a compromise has to 
be made between two evils. 
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133. Capacity and Conduction of Electric Cables. 

(a) In order to begin with the simplest case, the capacity of a con- 
centric cable (Fig. 391) will first be calculated. The two conductors 
may be considered as the plates of a condenser consisting of a pair of 
cylinders. Denoting the electric charge of the inner conductor by Q, 
its potential by P, the dielectric constant of the dielectric between the 
two conductors by e, the diameter of the inner conductor by cl and 
the inside diameter of the outer conductor by 2a, formula 202 (for the 

capacity of a pair of cylinders) gives the capacity 

of the concentric cable per unit length (1 cm) in F a *1 
electrostatic units, thus 


or for the length l in kilometres and C in electro- j 
magnetic units ! L q — 


'9x10“ (2a 

210 g hr 


Fio. 391.— Section of a 
Concentric Cable. 


Since capacity is usually measured in microfarads (mfd), where 
1 mfd = times the electromagnetic unit, we have 

,, i diono 15 

6 - 9 -xTd 72FN mfd 

21o H7tJ 


d 0*0242 el , V1 

or C- 72a\ = 72iT\ mtd (2b,) 

9 x 2 x 2*3 log 10 l-jj log,*) J 

The susceptance b 0 due to the capacity of a cable is 

b 0 = 2ircC, 

where 0 is the capacity measured in practical units (farads). The 
capacity susceptance of a concentric cable is therefore equal to 


L — 2 ttc - 


0 * 02426 ^ 
10 6 log l0 (^ 


Denoting the effective alternating pressure between the conductors 
of the cable by P, the capacity gives rise to a wattless displacement 
current r _ pi. 

1 H’l 0~~ 1 l/ u ) 

which leads the pressure by 90°. 
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Since the insulation "between the conductors is never perfect, and on 
account of the dielectric hysteresis, a current in phase with the pressure 
also flows into the cable. This watt-current is equal to 

J-wQ ~ i^O * 

Of this we shall calculate the part due to imperfect insulation, i.e. 
the conduction-current JPg a . g a is the electric conductance, or the 
reciprocal of the resistance, between the two conductors, and is called 
the conduction of the cable . It is given by 

= pl\ 0 j^\ 


2ttI 




where p t is the specific resistance per and l is the length of the 

cable in cm. Substituting l in kilometres and as is usual in 

megohms per we have 
cm 2 

2tW10 5 0-27 'll 

f Ja=- = ——mho. 

2-3 x 10 6ft log 10 ffj Pt log 10 (fj 

(Jai however, is strongly affected by the junctions in the surface at 
the ends and connecting-points of the cable, and therefore in a network 
with many branches the conductance g a is much greater than the value cal- 
culated from the above formula. 

In the above calculation it is assumed that the insulation between 
the two conductors consists of a homogeneous material with a constant 
dielectric constant €. If this is not the case, the calculation becomes 
very complicated, for the dielectric must then be considered as several 
condensers in series with different insulation resistances. The capacity 
of the cable in this case may he approximated as follows : 


0-0242/ 


\ los fd) + l l0 ^©- 




....(270) 


where d x is the outside diameter of the x th layer of insulation. Simi- 
larly the conduction is approximately 



In addition to the capacity between the two conductors, the capacity 
between one conductor and earth must be considered. 
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If the inner conductor is disconnected while the outer still remains 
under pressure, the capacity of the outer conductor (Fig. 391) with 
regard to earth is 


If the inner conductor is earthed, the capacity of the outer conductor, 
with regard to the inner and to earth, is 


0*0242eZ 


logi, 


2 A 
I) 


mfd. 


G 7 = 0*0242^ 



mfd. 


If, on the other hand' the outer conductor is disconnected, the 
capacity of the inner conductor, with regard to the outer, is in series 
with that of the outer with regard to earth. Hence the capacity of 
the inner conductor with regard to earth is 


<7=- 


O02426Z 


0-0242 d 


logic 


(l l ) +logl0 (¥) logi °6r) 


mfd. 


This is much smaller than the capacity of the outer conductor with 
regard to earth. 

Further, the capacity of the inner conductor with regard to earth, 
when the outer is earthed, is 


0- 0242 d 


mfd. 


(b) We now proceed to calculate the capacity of an air-line in a 
system, using the earth as a return. 

In Fig. 392, the electric lines of force (current curves) x and the 
equipotential surfaces y of the electric field are shewn as they are pro- 
duced by the conductors A and JB charged with equal quantities of 
electricity, but of opposite sign. The curves x and y represent only 
the intersections of the current and equipotential surfaces with the 
plane of the paper. The electric resistance of any element of- a tube 

of force is proportional to 

By means of a mathematical transformation,* we can now replace the 
diagram in Fig. 392 by another simpler geometric diagram, in which 
each elemental tube of force has exactly the same resistance as the 
corresponding tube in the original system. 

The capacity and conduction are thereby unaltered, and their calcula- 


LSteinmetz, E.T.Z. 1893, S. 477- 
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tion is considerably simplified. Denoting the new system of current 
and eqiiipotential curves by v and u, then, in order to satisfy the 
above condition, we must have 

chi clx 
civ ~ dy 

As is well known, this condition is fulfilled by any equivalent 
transformation from one plane to another ; any transformation being 



called equivalent or equiangular, 
plane make the same angle as the 
plane. 


when any two curves of the one 
corresponding curves of the second 


1 .„Y e alre f*y had recourse several times to a transformation of 

or ;,“ 11 * ls » 

thesTstem'TciltZ’^ *S° 7e > ^ tle , earth se ™ng « return, 
circle A and linp P z+u f and equipotential curves given by the 

another equivalent system*" ^ l3e transformed into 

A and the hrn B (Fi«7wZlT 7, f ° r exa “P le ’ convert the circle 

we mark off tL itv fsioflen i rer CentriC “ rcles - To do fcHs > 

through the centre of AT °’ , ¥ P er P en dieular to B drawn 
* 6 0t elrcle A > and further choose the inversion 
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coefficient in such a way that circle A corresponds to itself and line B 
to a circle concentric with A. We then have 

and OT 2 = T= OB . OB,, 

where I is the constant of inversion. 



Oj 

Fig. 393 . 


MP = a is the height of the conductor A above the earth, MT — ~ 

.. ... .. j • .1 ITiJr rij.i_. _T c , i i • i " 


its radius and OK = R the radius of the large circle. 


Hence 

Of 2 = m -(jj S = I = (R-a) 2R 

or 

li 2 -2Ra + (^J = 0, 

that is, 


If il is negligible 

compared with a , then 


Pi = 2 CL 


that is, the capacity and conduction between a conductor at a height a, 
above the surface of the earth and the earth are the same as between 
the conductor and a concentric cylinder, of which the radius R is 
approximately double the distance of the conductor from the earth. 
The capacity in this ease is therefore 

n _ 0*0242 4 = _ 0*024 2 eJ 
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or very closely 0-0242J 

0= mi d, (272) 

lo s>° UJ 

and the conductance for determining the conduction current is 

(273) 

(c) In calculating the capacity of a double line, where the two 

conductors are arranged near 
t j one another as overhead lines 

i ^ or placed underground, either 

f Rj d M) ( )/ together in one cable or as 

\HjoT/ j R 2 WmJ^ separate cables, it must be 

remembered that the earth af- 

|* g! ^ x | fects the electric distribution. 

J We shall first consider the 

oj simple case, in which the effect 

fig. 394 a. of the earth on the capacity of 

the double line can be ne~ 
J o glected. If the two conductors 

! are represented by the circles 

1 A and B in Fig. 394a, we 

® l ! I know that the line 00 per- 

} i . / g ) pendicular to the line joining 

■ j I ^ ' the centres of A and B re- 
i presents an equipotential sur- 

jo face of zero potential. The 

fig. 3946 . electric field between con- 

ductor A and the surface 00 
and between conductor B and the surface 00 can therefore each he 
replaced (Fig. 39 by a condenser of capacity 

(7= 0-02426/ 

i /& d?\ 


and of conductance g' Q — ^ ^21 

a1 °K 2 ) 

Connecting these two equal condensers in series, we obtain a capacity 
equal to half of each condenser. The capacity of a 
double line, neglecting the influence of the earth, is therefore equal to 

C = °'0242 el 0-0242 d 

f«Wa 2 -d 2 \ ~ 01 /2a\ mfd ’ 

■ 21og H— 3 — ) 2l0 M¥ 
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and the conductance equals 

0-272Z 

ffo = 7~o — 7. 

0 -i (d + — & 


0-2721 


From this we come to the conclusion, as Steinmetz first shewed, that 
an earth-return, as regards capacity and conduction, behaves like a 
conductor symmetrical to the overhead line with respect to the earth, 
whose distance and potential are the same below the earth as the air- 
line is above it. The conductor , equivalent to the earth , is therefore the 
image oj the overhead-line in the earth! s surface. 

In Fig. 392 are shewn the electric lines of force and the equipotential 
curves of the electric field of a double line. All the lines of force are 
arcs of circles, which, if produced inside the conductors, intersect at 
the points 0 1 and 0 2 . It is further known that 


Of) 2 = 2 


= Ja 2 - cl' 2 . 


The physical meaning of this is that the electric field produced by 
the charges on the cylindrical conductors A and B is the same, 
as if the charges of the conductors were concentrated on the straight 
lines 0 1 or 0 2 , running parallel to the axis of the conductors. 

We can now determine the capacity of a double line in the same 
way as for a concentric cylinder (p. 387). Thus we calculate the work 
done in moving unit positive electric mass from the surface of a 
conductor to the neutral zone. This work is equal to the potential of 
the respective conductor, and is equal to half the pressure between the 
conductors. The force acting on unit positive mass at the point P 
(Fig. 394a) is 12 0 1 2 q. \/2Q\ 1 / 2(7 \ 

• a P + e V o~P ) 7 V P ) * Kop 7- p) ’ 

Multiplying this equation by dp and integrating from p = EfQ 2 to 
p — 0U 2 , we obtain the work for half the pressure equal to 


IpA 0g3 

£ & lioO , 


2 Q, 0U 1 2 Q, R-,0, 

— log — L = — log 

£ ° Ji,0, * 


It follows from Fig. 394a, that 

JIJJj = 00 1 — IPO = 7 (s/a 2 - (P + a -d ) 
id ^ = dl) 2 -E$ = l(Ja^~&-a + d), 

and therefore Ji Tj = ^ = “iPLzl?. 

lip . 2 v ci 2 - d ' 2 - a + d d 


Hence the capacity of a double line per cm length, in electrostatic 
units, is € 

P ha-\-\/a 2 -d 2 \ 


A. 0. 


2 g 
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which formula corresponds to the previous ones. In this case we have 
moved the point P along the central line Of)^ but since the potential 
difference between P 2 an< ^ 0 is independent of the path of P , the same 
result m always obtained, whatever the motion of P. From this it 
follows, in general, that the work done by the electric charge of a straight 


line 0 2 , when unit mass is moved from P to S, is proportional to log -2^. 

Ot) H 

To determine the capacity of a double line, taking the earth's 
influence into account, we substitute for the earth, two equivalent 
conductors A' and B\ forming the images of A and B in the earth's 
surface. If A and B have the charges - Q and + Q, then A' and B 
will have the charges + Q and - Q respectively. 

To obtain the effective capacity of the double line, including the 
effect of the earth, we calculate, as shewn on p. 392, the work done 
in moving unit positive mass from the earth to the surface of the 
conductor B. The work done by the charge on B itself is equal to 
(cf. Fig. 394) _ 

00 , 


20, 

— log : 


'pa 


by charge A 


by charge B 


and by charge A' 


2 Q. 00, 

• -Mo g=4, 
c *PA 



2 Q, 

+ -f!°g 


00 ', 

Tip', 

Off } 

Ko’i 


Since the dielectric constant is here equal to 1, the total work equals 


iP-2G(log 


r RA 

'ED, 



■2 Q 


log(' 


a + A a 2 - d' 2 \ , /Jih' 2 + ck 

n — — S — 


The capacity of the double line therefore equals 


0-0242? 


logio 


ft + Va 2 - d 3 


) - logic ^/l + (A 


■ mfd. 


.(276) 


(d) To determine the capacity of the conductors of a three-phase 
system, we proceed in the same' way, by moving unit positive mass 
from one conductor to the neutral. • The work done in this way is 
equated to the phase-pressure P p . If conductor I, from which the 
mass is moved, has the charge Q sin otf, the other two conductors will 
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have charges 120°) and Q sin (vt ~ 240°). The work done 

(Fig. 395a) is therefore equal to 



Fia 395a. Fig. 3955. 


Neglecting the effect of the earth, the capacity per phase of a three- 

phase line is 0-0242^ „ 

C = = — mfd. 


logic 




If further, as in the case of overhead lines, the distance a, between 
the wires is very great compared with their diameter, the capacity may 
he written with close approximation 


0-0242? 


mfd. 


(277) 


The capacity of the mains of a three-phase system can thus he 
considered as three condensers connected in star, each of which has- 
the capacity C. 

Since three-phase concentric cables introduce dissymmetry into the 
system (and possess a higher capacity), cables for three-phase work are 
almost always made stranded. Each phase of a concentric cable has a 
different capacity to the others. 

"With stranded cables the effect of the earth on the capacity of each 
phase must be considered. This can be done approximately in a 
simple way. In Fig. 396a-, the circle A represents the conductor of 
one phase, and the circle B, the surface of the cable-sheath. ^ This 
system, consisting of two eccentric circles, is replaced by inversion by 
a.c. 2g2 
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a system consisting of the circle A , which corresponds to itself and the 
straight line F. We have 



OT 2 
D ' 


The system consisting of the circle A and the straight line F is 
again replaced hy an equivalent system, consisting of the circle A and 
its image B" with respect to B\ The circle B" has the opposite 
electric charge to A , that is - Qsin (ot Carrying out this transforma- 
tion for each phase, we obtain Eig. 396A Assuming, for the sake of 



Fro. 396a. Fig. 3966. 


simplicity, that 0 1 coincides with M v 0 2 with M 2 , etc., the capacity 
of each phase becomes 

c _ 0 m 024:2d 

! Tpi , MZPi! 

0*0242 d 

'zr m m <2,a> 

610 MUk 

We have thus reduced the capacity of a three-phase cable with 
separate conductors to that of three condensers of capacity C connected 
in star. 

. (. e ) a two-phase system, without connection between the phases, 
it is found that the two phases are independent of each other as 
regards capacity and conduction; the same formulae therefore hold 
as in the ease of a single-phase system. The capacity of each phase 
of a four-phase system (Pig.. 397a) is obtained from the equivalent 
arrangement shown in Eig. 39 1b. For phase I III and phase II IV 
the capacity is the same, and equals 

n 0 * 024 M 

0 — — — - — mfrl 

, MJi, MjR, 

MgR, 
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For an interconnected two-phase system, two concentric cables are 
frequently used, of which the outer conductors are earthed and serve 



Fig. 3 97a. 



0 - 


as the middle wire. The capacity of such a cable can be‘ determined 
by the above methods. 

(f) As already mentioned, conduction alone is not a measure of the 
losses in cables and conductors. Losses are also present in the 



dielectric, which are much greater than those due to conduction, and 
act like an increase of the latter. Usually the losses in cables are 
estimated by assuming some definite power-factor. This was given 
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on p. 411 for different cables. It is evident that this method can 
only give approximate results, since the power-factor of a cable varies 
with the temperature, and to a certain extent with the frequency. 
Fig. 398 shows the variation of the power-factor as a function of the 
temperature from tests carried out by Dr. P. Human. * It might be 
thought that the variation of the power-factor is due to the variation 
of the insulation resistance This, however, is not the case ; for 
the^ curve^ r in Pig.^ 398, giving the insulation resistance, falls very 
rapidly with increasing temperature, while the power-factor does not 
show a corresponding increase, but rises only for the lower tem- 
peratures and then falls as the temperature increases. The jmver-fador 



Fig. 399. 


of a cable, therefore, bears no direct relation to its insulation resistance. In 
addition to a sufficiently high insulation resistance, it is usually 
required of a good alternating current cable that the power-factor at 
temperatures up to 50° C. must not rise appreciably above the value 
measured with the cable cold ; also the ratio between the capacities 

" tS at ^ tem P e -ture 

Jlter Sn S C ? nduefc T S als °’ the losses are considerably 

due to tbe ni? due f 0 conductlon - The extra losses here are 
due to the passage of current over the insulators, and to the 

* Meter* Bahnen und Betriebe, 1906 , S. 518 . 
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dielectric losses in the insulators and in the other electric fields. In 
damp weather a part of the electricity is also conducted directly by 
the moisture and rain. With high pressures, this latter loss may 
become very large, if the critical pressure is exceeded. 

Fig. 399 shows the relation between the loss of power between two 
wires in air, at distances of 38, 56, 89 and 127 cm apart, and the 
effective alternating pressure, being the results of tests carried out 
by C. F. Scott and E. D. Mershon. The diameter of the wires was 
4T mm. The losses are taken over 1 km double line. It is seen here 
that the critical pressure occurs at about 50,000 volts, since the curves 
bend sharply upwards at this point. The losses for other lines can 
be estimated from these curves. A double line of 8*2 mm wires, 
250 cm apart at 100,000 volts pressure, for example, will have approxi- 
mately the same losses as one of 4T mm wires, 127 cm apart at 
50,000 volts. 


134. Capacity of Coils in Air and in Iron. The capacity relations of 
coils in electric machinery and apparatus are very complicated. It is, 
however, possible to arrive at simple practical formulae, if we calculate 
with the capacity between elements of the conductor, as well as 
between the conductor and the earth. 


Theoretically this is not quite free from 
objection, but since an approximate formula 
is better than none at all, we shall now 
proceed to obtain such an expression. For 
the sake of brevity we -shall denote, in the 
following, the expressions deduced on p. 390 
for the mutual capacity coefficient by the 
term “capacity of a conductor-element.” 

(a) Firstly, the capacity of a conductor- 
element will be calculated with regard to the 
neighbouring turns. In Fig. 369 a circular 
coil of flat copper strip is shewn. Such coils 
are frequently used. Each element of such 
a coil possesses capacity with regard to all 
the other turns of the coil, but only the 
capacities of the adjacent turns are of im- 



portance. If the insulation between the fig. 400 . 


turns is thin compared with the thickness 

of the strip and has the dielectric constant e, the capacity of an 


element of length 1 cm and breadth b cm equals 


O = - — electrostat. units = 
* 4 ? tt 


~I0“ 6 mfd., 


in which each element and the adjacent turn is considered as a plate- 
condenser with a thickness of insulation of r. This formula for the 
capacity of an element also holds for the case in which the coil is wound 
with flat copper strip on edge. If the coil consists of several layers of 
rectangular bars with n turns per layer, as shewn in section in Fig. 400, 
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u here /■ iK the thickness of the slot insulation (i.e. the distance between 
...ppm- and iron) and e its dielectric constant. The capacity is not 
tit mill greater than that given by the right-hand side of the formula ' 

si >i‘*n (he roil ends have very little capacity with regard to earth ’ 

With transformer windings and choldng-coils, the capacity with 
regard to earth is more difficult to calculate and depends so much on 
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the shape of the surface, that general formulae are too inaccurate and 
have therefore no value. The capacities of these windings can be 
calculated in any particular case with some accuracy, however, by using 
the formulae for plate and cylinder condensers. 

(c) Losses, like those in the dielectrics of cables, also occur in electric 
machines ; but still fewer measurements of these are available than of 
the foregoing. Skinner measured the dielectric losses in two 5000 K.w. 
generators made by the YVestinghouse El. Mfg. Co., Pittsburg, for 11,000 
volts maximum and 25 cycles. These values are plotted in Fig. 401 



as a function of the test pressure. The lower curve A was measured 
on one machine with the winding at a temperature of about 21° C. and 
curve B on the other machine with the winding at about 31° C. 
At 25,000 volts the maximum loss was 0*021 watts per cm 3 of 
insulation, and this was not sufficient to raise the temperature of the 
insulation appreciably in 30 minutes. 

Dr. P. Hollitscher * measured the dielectric losses on two machines 
made by the Lahmeyerwerke, Frankfurt, for 500 h.p. and 400 K.w., 
10,000 volts, 50 cycles. These are shewn by curves A and B in 
Fig. 402. This test shews that the losses increase practically pro- 
portionally to the cube (instead of the square) of the pressure, which 
may be due to a certain extent to a discharge of electricity from the 
coil-ends at higher pressures. I)r. Hollitscher found further, that 
the losses increase proportionally to the frequency. Also the test 
shews that the capacity increases with the pressure, i.e. with the 
electric field-strength ; this corresponds to an increase in the dielectric 
constant. The slot insulation of the machines consisted of micanite 


*E.T.Z , . 1903, S. 635. 
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tubes, and tests upon these gave the figures shewn in Fig. 403, 
the dielectric constant increasing from 2*8 in one case and 2*2 in the 
other at normal pressure to about 5 at double pressure. On the 



other hand a variation of frequency shewed no appreciable effect on 
the dielectric constant. 

Care must also be taken in electric machines and transformers, 
that the electric field-strength is at noplace so great that the insulating 
material is injured thereby, an effect which may happen even if no 



appearance of glowing can be seen. With transformers for very high 
pressure, in which one winding is made of very fine wire, a well- 
rounded metal plate is often placed between coil and insulating 
material, to protect the insulation from too strong an electric field. 
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Besides this, care must be taken in the choice of insulating material 
in high tension machines, to see that they can withstand the mechanical 
forces of attraction between the copper and iron, which form the two 
plates of a condenser. For this reason soft materials should always 
he avoided. 

Up to the present no insulating material has yet been found which 
can wholly withstand continuously the simultaneous effects of heat 
and electro-mechanical stresses, as well as the chemical effect of the 
nitrates formed in high tension machines. Most insulating materials 
change their structure in time ; nevertheless, they still come up to the 
requirements, because initially they have been rated very liberally. 

135. Telegraph and Telephone Lines. As is well known, the trans- 
mission of signs in telegraphy is effected by means of unidirectional 
currents, obtained from any source. The telephonic transmission of 
speech on the other hand makes use of alternating-currents, induced 
in the secondary windings of induction coils. The differences in the 
construction of the lines, especially of cables, is due to this difference in 
the kind of current. For the same reason the influences of power 
cables on telephone and telegraph lines are different. 

(a) Telegraph lines. Air-lines are usually made of galvanised iron 
wire of 3 to 7 mm diameter or of 3 mm bronze wire. Cables placed 
underground usually contain many wires, and are insulated with either 
gutta-percha or jute and paper. The strands of gutta-percha cables 
are made up of several (up to 14) twisted copper wires 07 mm 
diameter, while the wires of cables with fibrous insulation are 1*5 mm 

diameter. . , . , 

Submarine tables are always made with a single core, insulated vitn 
gutta-percha and heavily armoured against the great mechanical stresses. 
The resistance of these cables varies between 2 and 6 ohms, the 
insulation resistance between 500 and 1250x 10° ohms and the capacity" 
between 0*2 and 0*15 mfd, per km length. With overhead conductors 
and short cables, which require only very small charging currents, 
the current at the receiving station follows immediately on the closing 
of the circuit by the key, and up to 1000 words of five ; lett f rs ? an 
be transmitted per minute. With long submarine cables, the charging 
current is so great, that an appreciable time elapses before the cable is 
fully charged, and the rush of current is noticeable at the receiving 
station. With long submarine cables, therefore, the charging v a\ s 
are used as signals. The number of possible signals, i.e. current-waves 
per minute depends chiefly on the capacity and the resist * e 
cable and only to a small extent on the conduction and self- nduction 
As a’ first approximation the product (rC) of r esiyauce and capac t 
per km length of line serves as a measure of the signalling-speed o 
a telegraph line. With underground cables the greatest signalli _ 
speeursf obtained, when the o^id. di.nteten over the m «Ja .on of 
each conductor is 1-65 times the diameter of “"L „“side 

Taking mechanical strength into consideration, hov\e\er, the outs 


diameter is made 2 


to 4 times the bare diameter. 
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(1)) Telephone lines. Air-lines are usually made of silicon-bronze wire 
1*5 to 5 mm in diameter, according to the distance. Recently, also, 

for very long lines, double lines are 
frequently used to eliminate external 
disturbances. When several double lines 
are fixed to the same poles, they are 
arranged as shewn in Fig. 404, as 
suggested by Chris tiani. In this way 
adjacent double lines do not induce any 
currents in each other. 

Telephone cables consist of many con- 
ductors and are usually insulated with 
paper. Since the capacity must be as 
small as possible — in modern double-line 
cables it should not be more than 0*05 
mfd per km — the paper is either per- 
forated or arranged in such a way that 
there are air-spaces round the conductors. 
On account of the capacity, the diameter 
of the wire is chosen larger, the longer 
the cable is, and the usual diameter ranges 
from 0*8 to 2*0 mm. Telephone cables 
are laid either in iron tubes or cement 
troughs. In order to further eliminate 
the effect of the capacity in very long 
lines, small induction coils are connected 
in the lines at certain distances as sug- 
gested by Pupin, or the self-induction 
of the line is increased by wrapping it 
round with iron wire. The damping of 
an alternating-current in a long line is 
proportional to e " at , wher^ the damping-factor 



Fi«. 40-1. -Non-inductive Arrangement 
of Telephone Lines. 


and 


2X d / 2(7, 


is the time the current takes to traverse the length l 2 of the line. 
Hence we have 



(282) 


where II is the total resistance and & the total conduction of the 
telephone line, while C t is the capacity and L d the self-induction per 
km length. To make at and therefore the damping of the telephone 
currents as small as possible, we must have the following relation 
between the four constants of the line 

9i 
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1 Q 7 \ 

which is also the condition for a line free from distortion CP- t | H1 
Since the self-induction of an ordinary telephone line is smaller * 1 ^* n0 

value given by the formula, Pupin’s coils are connected OI . ||y 
is hound with iron wire, in order to raise the self-induction sur( ’ K l 

In this calculation the constants of the line r d , L di g t and O z , *7 

with continuous current, will^ not serve. The frequency w idc 
alternating-currents, occurring in telephony, varies over a a v«lue, 
range. Usually 1000 cycles per second is reckoned as a mean '<■ )() 

and hence the constants of the line are measured at a frequency m alK i 
(c) Effect of 'power-circuits on telegraph and telephone lines. 11 p , the 
signalling lines run close together, the heavy currents may c is _ are 
weak currents. These disturbances are of different kinds *• ; n _ 

due either to (1) direct conduction of current, (2) electromag ^ , T- on 
duetion, or (3) electrostatic induction. To avoid direct con _ 
of current, both lines must be carefully insulated With clcc ■ ^ 
railways in which the rails serve as return, it is desna order 

account to us4 double lines for parallel telegraph lines 
to avoid as far as possible a transference of current, clue to 
pressure-drop in the rails. , 

The pressures induced in the low-current lines by ^ i )( * 

magnetic fields of the heavy currents are usuaily small, anc ' { 

calculated from the formulae on p. 427. To make the E.M.F. . - 

by electromagnetic induction harmless, it is of advantage to cio> , 
feeble-current lines on every third or fifth pole. _ 

In general telephone lines are disturbed by static charges 
can he calculated from the formulae given m Section 134 as bn - 
product of the electric potential and the mutual capaci y o ^ _ . « 

These charging currents, however, can easily be eliminated, i 
telephone lines, by leading them to earth through a special chokin ig- to 
connected between the two lines. The terminals of the clmik g - 
are connected to the two telephone lines and the middle point is cut U»c< I . 
The choking-coil offers a high inductive resistance to a current t o t 
line to line, whilst it provides only a very small inductive resistance 
from the line to earth. Such a choking-coil cannot he used tot 
telegraph lines, since in this case the current- is continuous and oat 
therefore pass through the choking-coil to earth without any 
resistance. By using high-pressure continuous current (1-.0 volts; 
telegraphy, the disturbance from electrostatic charging currents can 
be made almost entirely harmless. 
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